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1. Evaluating Feynman diagrams in dimensions D > 4 is an important aspect of
dimensional regularization and higher-dimensional field theories (e.g., in string
inspired theories, SUSY, Kaluza-Klein models and ...).

Relatively recently: D.I. Kazakov, L.V. Bork, R.M. lakhibbaev, M.V. Kompaniets,
D.M. Tolkachev, D.E. Vlasenko, ... (nonrenormalizable theories, dual conformal
symmetry, ...)

K.B. Alkalaev, S. Mandrygin (2025), ....

2. The relations of (conformal) Feynman integrals in different dimensions D by
means of special operators acting on the variables of the external legs, masses,
etc, were considered by many authors S.E. Derkachov, J. Honkonen, Y.M.
Pis'mak (1990); O. Tarasov (1996); J. Drummond, J. Henn, J. Plefka (2009);
R. Lee (2010); M.F. Paulos, M. Spradlin, A. Volovich (2012); F. Loebbert,

S. Stawinski (2024); A.C. Petkou, a.o. (2024),...

3. For certain F.D., analytical results are expressed in terms of multiple (nested)

zeta-values and (multiple) polylogarithms — subjects for investigations in
mathematics.



Feynman diagrams (graphs) visualize perturbative integrals. We associate each
vertex of the graph with the point in R?, while the lines (edges) of the graph
(with index «) are propagators of massless particles

x 4y = Y(x—y)

D o
where | (x — y)?® = (Z(x,- —yi) (xi — y,-)) , a€C, x,yeRP.
i=1

We have 2 types of vertices: the boldface vertices e denote the integration over
RP and not boldface vertices (not integrated).

These Feynman diagrams are called F.D. in the configuration space.




Star-triangle relation (STR):

/ dPz B f(a1, a2, a3)
(xi = 2)24 (xp — 2)2%2 (x3 — 2)2%  (xq — x2)2% (32 — X3)2%% (1 — x3)2%2

where ‘ a1 +ar+az3 =D ‘ — conformal condition and

f(an, a2, a3) = (2m)2P a(an) a(a2) a(as),

7T_D/2 o
a(a) = Wl(_((l))v o =D/2—«.

X2 X2

Qo
= f(ai,a,03)

X1 X3 X1 % X3

E.S. Fradkin and M.Y. Palchik, Phys. Rept. 44 (1978) 249;

A.B. Zamolodchikov, Phys.Lett. B 97 (1980) 63;

A.N.Vasilev, Y.M.Pismak, Y.R.Khonkonen, Theor.Math.Phys. 47 (1981) 465.;
D.l.Kazakov, Phys.Lett.B 133 (1983) 406;
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A.B. Zamolodchikov, "Fishing-net” Diagrams as a Completely Integrable
System, Phys.Lett. B 97 (1980) 63-66. | INSPIRE 112 citations |

The star-triangle relation can be visualized on R? as the Yang-Baxter Equation

(faces are painted in a checkerboard pattern).
02

deZ . X1 01 =

zZh

X3

Fig. 1

where‘91+02+93:7r‘and

Me(0 1 D
x%/ _ Era((O))) T a(f) = 5= (m = 0).

A.Zamolodchikov calculated "fishing-net” planar Feynman diagrams as partition
functions of certain integrable statistical model.

6/29



Remark, K. Symanzik (1972). The n-point conformal vertex, is the vertex for

Xi

n
. C e . 1
which the sum of line indices is E B; = D|. It is transformed under x; — — as

b1 S
B2 _ 1 X
B o Xi (Xi)2
Xl N
" X3

s Xn; E) which is depicted as a Feynman graph with n external

An integral /(xi, ...
,Bn), and all conformal internal boldface vertices is

lines having indices g = (P, -

transformed as
L 1. 201
I(—,...,—; 8 ! S eees Xni
(X17 7Xn HX Xl 3 X ﬁ))

Then, the conformal invariant function can be chosen as

) | LT PR

fug, uz,..) = 1(x1, .., (Xiy1,it2)% ’
1 N

i=1

where uy, up, ... are conformal invariant cross-ratios.



Operator formalism for massless diagrams.
Let {g¥, p;} (a,b=1,...,n) be generators of the D-dimensional Heisenberg

algebras A, (a=1,...,n)
[ 4] = 0 =[P, Byl (G5, ppl = 16" 6ap  (,v=1,..,D).
We introduce states |x,) € V;, which diagonalize coordinates §%:
g xa) = xt'[xa) -

These states form the basis in the representation space V, of subalgebra H,. We
also introduce the dual states (x,| such that the orthogonality and completeness
conditions are valid

(xalt) = 8°(xa — x3), / A% ) (xal = 1 |,

where [, is the unit operator in V, and there are no summations over indices a.
So, we have the algebra H(") = ®?7_,H, which acts in the space Vi ® --- ® V,
with basis vectors [x1) @ -+ - |xp).



Further we use operators (G,)%* = (3. §4¢*)* and (p.)?” = (3 prp4)? with
I3 I

non-integer o and 3. These operators are understood as integral operators with
kernels; e.g. for HD: (x| () >* y) = (x) **6°(x — y) and

Ly [ 9Pk e a(p)
e = | e

aB) =478, B =D/2-5.
Note that STR is
[ dPz (x|p?|z) 228 (2|2 |y) = &2 (x|p2FA)|y) g2
(x|p** gt pPly) = (x|g** pPetP g2 |y)

and STR in operator approach takes a remarkable form [API, NPB 662(2003)461]:

ﬁ2a A2(a+6)p2,8 _ a2,8ﬁ2(a+6) ~2a A2oc EI ~2a

é2aﬁ2a . a2’y’ﬁ2’y — a27’ﬁ2’y . é2aﬁ2u{vza+3 = H()z H’y _ H’Y H()z ,

which is commutativity condition for operators H,, = §2“p>*  (Va).



The spectral theory of 3 follows from the theory of infinite dim. irreps of sl,:
(6%, Pl =4H, HG =q*(H+2), HpP*=p°(H—2), where
H:=1i(§p)+ D/2 - Cartan element and quadratic Casimir is:

Coy = (PP +2H+H*) = (H1+ (H+1)*—1).
Proposition 1. Let |1);,,) be common eigenvectors of operators Hp = p**§*° :

H,@ |¢j,u> = TJ,V(B) |wj7u> ) (1)

where 7j () are corresponding eigenvalues. We numerate |1; ) by two numbers
v,j € R which are fixed by eigenvalues of H = —H' and Cp):

H{jw) = =2ivin;) ,  Coylviw) =40 — 1) [¥.) -

Then, the eigenvalues 7; ,,(3) in (1) are

g TU+pB—iv)T(j+iv) . D n
O = - T ata)

They are degenerate and the eigenvectors |¢J’-L;"'“"> form complete system

+00
> 2"-10(D/2 + n)
S oulo) [ avlugs gy =1 ) = T

n=0

— 00



We consider D-dimensional L-loop ladder integrals with arbitrary indices on the
lines vk, B, Yk:

I(L)(X]_,XQ,X3,X4; ai, Bivi) = | dPxs ... dPx 44 ¥
L

» 1 H 1 1 1
(X1,5)27° pate} (X2,i+4)2ai (X4,i+4)25" (Xi+4,i+5)2'y" ’

X 45 ="3

and /(0 = x1_327°. These integrals are presented in the dual form in Fig.1, where

integrations are over boldface vertices which are placed in the boxes.
X2

Fig.1




We consider the special case when all boldface vertices in Fig.1 are conformal
Ye—1+ak+ Bk +w =D  (Vk),
and in addition we fix 8¢ = ax = 8 (Vk), thus v = D/2 — 8 = 3’. In this case
1O 8) = () () (xs)*% (xa 2218 (xi; 8) (2)
and we have
(324 )P (xa3)2P/2A (D) (x5 B) = £y (u, v; B)

where f(;) — is a conformal invariant function that depends only on two
cross-ratios

2.2 2 .2

_ X12X3 v — X14%23

XX XX
24%13 24X13

Remark. For the choice S5k = ax = 3, 7k = beta’ (Vk), the functions (associated
to the diagrams in Fig.1) give contributions to the 4-point amplitude in general
D-dimensional bi-scalar fishnet CFT [V. Kazakov and E. Olivucci (2018)] with the
Lagrangian

L= YTu(61 %901 + 2 0% 60 + 81626102 ).



Taking the limit x4 — oo in (2) we prove that all propagators to the point x4 in
Fig.1 disappeared and we deduce operator formula

(x —y)? 1 ( 11 )L|y>

foluviB) = Tt X 525 (325 25
1 1 1 1 y2 u (x—y)? 1
Xi=———, Yy =—-——-— 5 T T -
X2 Xa2 X320  Xa2 x2 v X2 v
gy - (x= v 1\ (x—yP"e? 1
(. vi8) = e Wlamas) W = gm— T )

We need to use eigenvalues and eigenfunctions of graph building operators Hg.

Remark. The generating function of the L-loop ladder conformal functions
fiiy(u, v; B), related to the L-loop ladder integrals /(5)(x;; 3) is represented as a
Green's function for D-dimensional conformal quantum mechanics

) S (ga(8) fiy(wvi B) = (x| e 1)

(x — y)2(D/2=F) - i 1
a(f) (Xl 1),

(X — y)2(D/2_5) - [’)\25




It is convenient to replace the L-loop integrals /(Y) and conformally invariant
functions f(;y with the functions

Llaba(p)E+t _ _

B L L+1_2(D/2—B) _2(D/2—B) _2LB /(L
o7 (x,y) = mf(u = L14ta(B) iR 2 OGP AL G )
From operator representation by inserting the unity (completeness condition for
eigenfunctions of operators #Hg) we find the integral representation

() () L4 o (2EZ) (z2)”
q) _ /7 )\ Cn d T o A\LHT
i (xy) 2mA2(x2 y2)D/4 nz::o(” +A) 2Vz2Z) o v [7a (B ]

where \ = % — 1, parameters z and Z are related to cross-ratios:

zZ 1
l-21-2 '~ (-20-2)° (3)

and 7, ,(3) are eigenvalues of Hg.

u =



Consider the simplest case § = o =1 (v = D/2 — 1). This choice of parameters
in the case D = 4 leads to the usual ladder integrals, when all indices on the lines
are equal to 1. For an arbitrary D, the formula for ®,(x,y) gives the answer for
the diagram Fig.1 with D/2 — 1 on the horizontal lines and 1 on the lines that go
to x2 and xs. Using the definition of 7, ,(3) with 3 = 1, we derive the formula

F(\) LI x? x A) fon
Pr(x,y) = W z_:o(”‘F)\) M (59) -
+00

- / dv (y2/x2)"

5 5 ] [ES
% ((z—l———n/)(f—i—%—i—n/—l))

Integrating over v gives

Sulx.y) - 47;911%2 e @

where we introduce the function

() S e <Z_> Z\n/2 ,
(2= 2, &7 vz ) ¥ oy

and denote s = 2L — k.



Proposition 1. For general D > 2 The function ¥ s expressed in terms of

known special functions:

A SA

TWV(z,2) = Py(20,) <(2572)A¢(z,5,)\)> + Py(205) (ﬁﬂz,s )\))

where 1 T(20, + )
z0; +
P\(z0;) = ——1——+—=,
Ne0:) = Y Fza, 1)
and -
zn
o A) = —
(2757 ) ;(A—Fn)s
is a Lerch function, which generalizes the polylogarithms
o0 Zn
Lis(z) = z®(z,s,1) = —.
nS
n=1



If we restrict ourselves to the case A = D/2 — 1 € Z~, which corresponds to
even dimensions D = 2(1 + \), then the operator Py(zd,) becomes a polynomial
in z0,:

1 T(z0,4 A) 1

Px(z0,) = FO) (0. + 1) = (/\_1)!(282—1—1)---(2824—)\—1), (5)

where P1(z0,) = 1, and the action of this operator gives explicit expressions for
yM(z, 2).

Proposition 2./n the case A = D/2 — 1 € Z~, the function Zg’\)(z, Z) has
explicit expression via polylogarithms

YN (z,2) = Px(20,)

Lis(2) Loy Lis(2)
@2 T

where operators Py(z0,) and Px(z0z) were defined in (5).



Explicit answers for Zgl)(z, Z) in terms of polylogaritms and rational functions for
several first values of \.

o \=1:
TW(z,2) = I;li(z)—l—(z(—)z)
o \=2;
2(2)(2 Z) (28 +1)(Lls(;;2 +(z<—>2)
. z+z (s Lis—1(2) N
STt Tz D)
o \=23:
¥0)(z, 2) :%(zaz +2)(z0, + 1)% +(z & 2)
7z2+4zz—|—z () 3(z+2) . S Lis_2(2) S
e et Gl e S O T R G



o \=4:

Z£4)(z, z) :%(282 +3)(20; +2)(z0, + 1)% +(z+2)
. (z+2)(2% + 82z + 2?) (2 1122 + 382z + 1122 . S
= S A G P et O
z+zZ (2 Lis—3(2) S 3
7(2 — Z)5L s—2(2) + 76(2 ~ ) + (z ¢+ 2).
@ \A=05:
¥0)(z, 2) :2—14(zaz + 4)(20, + 3)(20, + 2)(z0, + 1) (i“ii(gs +(ze2)=

7Y + 16237 + 362272 + 16223 + 7* _ .
= — Lis(z)—
(z—2)°

5(z + 2)(52% + 322z + 52°) _. 5(722 + 2227 + 77%)

_ T30z 7p Lis_1(z) + 24— 7 Lis_o(2)
5(z+2) . Lis_4(2) _
_les%(Z) + 24z -z +(z 4 2).



At the end we give explicit expressions for of L-loop ladder integrals in

D =4,6,8,10.

1. Thecase D=4 (A=D/2—1=1) and indices on the linesa ==~ =1
[N.I. Usyukina and A.l. Davydychev (1993)]:

Suley)loms = E-D T (_i)k(” — K oak(23) (Liot4(2) ~ Liot4(2))
k=0

472%2 |(L — k)l
(6)
2. The case D =6 (A =2) and indices on the linesa=3=1,y=2:
z—2)7? —1)%(2L — k)!
®L(x,y)|p=6 = ( 47r3x)4 kLo( il)(L(z_Lk)lk)lLogk(zZ)- -
= ! ! 7
( Ei i— 3 (Lizr—«(z) — Liog—«(2)) + Lisr—k—1(2) + Liszkfl(Z)) :

3. The case D =8 (A =3) and indices on the linesa =5 =1, y=3:
(z—=2)7° & (=D 2L - k)!
47T4X6 k=0 kl(l_— k)

(22 +4zz + 2?) (z+2) . _
(ZW ( Z)L12L k— 1( ) + L12L_k_2(z) + (Z L Z()S))

Sr(x,y)|p=g = Log“(22) -

Lioi—«(z) +3



4. The case D = 10 (A = 4) and indices on the linesa =5 =1, vy =4

_ (=2 L (=D)AL — k)

® . “Log"(zz) -
t06¥)lp=10 v D A TR G
(z+2)(22 + 822+ Z2) |
( 6 (Z — 2)3 L12L,k(z)+
(1122 + 382z + 117?) _, (z+2)

ipr—k-1(z) — 6 Lip; —k—2(2)+

(z— 27 (z-2)
Ly 3(2) + (z & z)) .

(9)



Remark 1. Define operator
[D. Simmons-Duffin (2014), F.Loebbert, S.F.Stawinski (2024)]

L (20, - 705). (10)

zZ—Zz

Rp =

This operator (for general D and ) is the shift operator in dimension of the
space-time D — D + 2 for conformal (ladder) 4-point diagrams.
Indeed, the conformal functions

~ Z\1/2
(2,7 ) = 8(5)L+127T>\+2((1 — z)((l )_ B fi(z,2; ),

obeys differential equations (recursion in D)
Ro®\(z2,z0) =0 (2,z:0+1) = Rp -TW(2,2) = AxO (2, 7).

l.e., since A\ = D/2 — 1, the operator Rp translate the expression for conformal
L-loop 4-point ladder integral from dimension D to dimension D + 2.

Remark 2. For all D and 3, the functions f;(z, Z; 3) possess the symmetry

fi(z,z; B) = fu(1/z,1/z B) .



Remark 3. For 8 =1 and arbitrary A = D/2 — 1 the L-loop conformal functions

Z(l) _ 87T>‘+2
¢, (z,2)= TO)

22 (1) _ 2L!r(/\)l‘ (ZZ)A/2 _
(X2y2) q>L (X,y) - 7TL)\+1 (1—Z)A(1—2)>‘ fi[_)(z,z,l)

satisfy differential equations (recursion in L) [F.Loebbert, S.F.Stawinski (2024)]

1 =~ ~(1) ~
R &, (2,2) =, _4(z,2)

where
RY =

_ |og(zf) (zaz + Zaz) s



The generalization of the graph building operator is

1
Gy . A—2( A—2K Aa—27 A—2
Q%znw-:mﬂquchl “h Gy, C+B=k+7.

We depict the integral kernel of the D-dimensional operator Q;5"" as follows
((k":=D/2 =k, v :=D/2—7))

noox——,n

W’ K .
<Mﬁ = p = Gl ) =
K
Y2 X1 Y2 ~~—
' B by 7 a7 Iy ye) =

v = e - (el P dn

1
(a = x)%(x —y1)*" (xa = y2)2" (1 — y2)?#

Thus, the operator Q{é’“’”) is the GBO for the ladder diagrams

’ ’

X2 K/ ’Yl l‘:,, K ,\/ yl
Brd Brq Brd - B+ = (31— x)* (x,l(Q5 )N [y, y2) (y1 — y2)*?
X1 p — > _’Y’_._K’_ Y2

24 /29




Proposition 2. The eigenfunction for the operator Q{g’“”)

correlation function (conformal triangle)

is given by 3-point
N Y1

J n o,n
b D)) = aDy (553 - 655 “‘Dy
P pyn

2 y2

where we depict the nontrivial rank-n tensor numerator as arrows on the lines
(the rank is fixed by indices on the lines: p — (p, n), etc) and denote

204:A1+A2—(A—n), 25:A1—A2+(A—n), 2,0:A2—A1—|—(A—I‘l)7

i.e., conformal dimensions A, Ay, A, are arbitrary parameters in this case. Thus,

we have
Qs V() = 7 7i 6, m) (W ()

where a + p =K/, a + 8§ =+ and T(k,7;d,a; n) is an eigenvalue
T(kyy:0,c;n) = (=1)" - 7(&', ky n) - T(cx, 7y, n)

n 722T(B) ()l (o'~ B+n)
(@ B, n) = (-1)" "yt mr@i




Remark 1. We introduce new notation 8 + ( = —2u — spectral parameter, and
express parameters «, 0, p via conf. dimensions Aj o:

B—(=D—-NA1—DNy, y—C=DJ/2—NA1, k—C=D/2—1N,.

In this case the general GBO dependes on u, Ay, A, and is equal (up to a
normalization factor) to the R-operator [D. Chicherin, S. Derkachov, A. P. Isaev (2013)]

RA1A2(U) = a(ﬁ)a(f}/)Qg’“W) _

D—A%—A2 ) A2(U+ A2;A1 ) A2(U+ A1;A2) A2(U+ A1+A22—D)
by 123 q12

~2(u+
= P12 Cllgu

which is conformal invariant solution of the Yang-Baxter equation

RAlAz(u - V) RA1A3(U)RA2A3(V) = RA2A3(V) RA1A3(U)RA1A2(U - V) :



The operator Ra,a,(u) intertwines two spaces Va, ® Va, = Va, ® Va,, where
Vi, is the space of scalar conf. fields with dimensions A;. Let we have

Va, ® Va, =3 a , VA~ where V( ") _ s the space of tensor fields of rank n.
Formally we have

o) = / ) 3 Cln IV, sV, 4

Thus, eigenfunctions of Ra,a, () = a(x)a(7) Q™) should describe the fusion
of two scalar conformal fields with dimensions A;, A, into the composite tensor
field with dimension A. Thus, conformal triangles are Clebsch-Gordan coefficients
which produce this fusion.



Remark 2. The special case (for D =1 and A; = A, = 7 — &) of this
R-operator Ra,a,(u) underlies Lipatov's integrable model of the high-energy
asymptotics of multicolor QCD. Indeed, we have

(see D.Chicherin, S.Derkachov, API, JHEP 04 (2013) 020)

s A2 A A A2 0
PRy ™ = a5 B g3 @y " 14+

A2
hS = 21In g%, + 855 In(p? 53) 415"
where h%) is a local density of the Lipatov's Hamiltonian (holomorphic part of)
N—1
H= hl i+1

i=1



Conclusion.

1.) In this report, we found new explicit formulas for L-loop ladder conformal
integrals in even dimensions D = 6, 8,10 and reproduce known result

[N.I. Usyukina and A.l. Davydychev (1993)] for D = 4.

2.) The method of evaluating of the L-loop ladder conformal integrals is based on
the use of graph building operators 3 which form the commutative family in
view of STR [A.P.I. NPB (2003)].

3.) We also wonder if it is possible to apply our D-dimensional generalizations to
evaluation similar 4-points functions (with fermions) that arise in the generalized
"fishnet” model, in double scaling limit of ~-deformed N = 4 SYM theory.

4.) Very recent paper M. Kade, M. Staudacher, Supersymmetric brick wall
diagrams and the dynamical fishnet, arXiv:2408.05805 [hep-th]. Supersymmetric
generalizations of Basso-Dixon fishnet and brick wall diagrams.

S.E.Derkachov, A.P.l., L.A.Shumilov, Conformal triangles and zig-zag diagrams,

Phys.Lett.B 830 (2022) 137150, 2201.12232 [hep-th];

S.E.Derkachov, A.P.l., L.A.Shumilov, Ladder and zig-zag Feynman diagrams, operator
formalism and conformal triangles, JHEP 06 (2023) 059, 2302.11238 [hep-th]

S.E.Derkachov, A.P.l., L.A.Shumilov, Conformal four-point ladder integrals in diverse
dimensions and polylogarithms, in preparation
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