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Singh-Hagen vs gauge invariance

Singh-Hagen formalism

Massive field with spin s is described by a set of completely
symmetric traceless tensors:

φµ(s), φ̃µ(k), 0 ≤ k ≤ s − 2

Lagrangian is constructed so that from the equations of motion
one obtains:

φ̃µ(k) = 0, 0 ≤ k ≤ s − 2

(D2 −m2)φµ(s) = 0, (Dφ)µ(s−1) = 0

An interacting theory must keep all these (appropriately modified)
constraints.
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Singh-Hagen vs gauge invariance

Gauge invariant formalism

Massive field from the collection of massless ones
Fields: a set of completely symmetric double-traceless tensors

Φµ(k), 0 ≤ k ≤ s

Gauge parameters: a set of completely symmeric traceless
tensors

ξµ(k), 0 ≤ k ≤ s − 1

Each double-traceless tensor is equivalent to two traceless ones:

φµ(s) φµ(s−1) . . . φµ(2) φµ φ

φ̃µ(s−2) φ̃µ(s−3) . . . φ̃

so gauge fixing reproduces a Singh-Hagen formalism
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Field redefinitions

Types of cubic vertices

Trivially gauge invariant ones

L1 ∼ RRR ⇒ δ1φ = 0, [δ1, δ2] = 0

Abelian ones

L1 ∼ RRΦ ⇒ δ1Φ ∼ Rξ, [δ1, δ2] = 0

Non-abelian ones

L1 ∼ RΦΦ ⇒ δ1Φ ∼ Φξ, [δ1, δ2] 6= 0
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Field redefinitions

Field redefinitions

Field redefinitions (due to non-homogeneous transformations) can
drastically change the type of the vertex.
Any vertex with one massless and two massive fields (i.e. e/m or
gravitational interactions) can be transformed into an abelian one.
Any vertex with three massive fields can be transformed into an
trivially gauge invariant one.
In both cases the field redefinitions contain higher derivatives.
These properties can be used for the classification of vertces.
What about minimal ones?
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(Non)-minimal intractions

Minimal interactions

E/m interactions
I minimal substitution

D ⇒ D + A

I for s ≥ 3/2 we need non-minimal ones

Lnon−min ∼ ΦΦF , F = DA

Gravitational interactions
I minimal substituion

ea ⇒ ea + ha, D ⇒ D + ωabLab

I for s ≥ 5/2 we need non-minimal ones

Lnon−min ∼ ΦΦR, R = Dω
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Example: spin 5/2

Massive spin 5/2
Massive spin 5/2 (±5/2,±3/2,±1/2) requires three fields:
Φ
α(2)α̇
µ + h.c., Φα

µ + h.c. and φα + h.c.. Lagrangian

L0 = −DΦαβα̇eβ
β̇Φαα̇β̇ + DΦαeα

α̇Φα̇ − 3a0DφαEα
α̇φ

α̇

+
M
2

[3Φαβα̇Eβ
γΦαγα̇ − Φα(2)α̇E α̇

β̇Φα(2)β̇] + 2mΦα(2)α̇Eα(2)Φα̇

−3MΦαEα
βΦβ + 6a0ΦαEα

α̇φ
α̇ + 9Ma0Eφαφα + h.c.

where
M2 = m2 − 4Λ, a0 =

16
3

(m2 − 3Λ).

Gauge transformations

δΦα(2)α̇ = Dρα(2)α̇ + eβ
α̇ρα(2)β +

M
2

eα
β̇ρ

αα̇β̇ +
m
3

eαα̇ρα,

δΦα = Dρα + meβα̇ρ
αβα̇ +

3M
2

eα
α̇ρ

α̇,

δφα = ρα.
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Example: spin 5/2

Partially massless spin 5/2

Λ

m2

m2 = 3Λ m2 = 4Λ

In de Sitter space Λ > 0 there exists an unitary forbidden region
m2 < 4Λ

Inside this region at m2 = 3Λ field φα decouples leaving us with
partially massless case (±5/2,±3/2) described by Φ

α(2)α̇
µ + h.c.,

Φα
µ + h.c. only.
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Example: spin 5/2

Gravitational interactions
Non-invariance of the Lagrangian after standard minimal
substitutions arises due to non-commutativity of Lorentz covariant
derivatives:

δL0 = 2eβ
β̇(Rα

γΦγα̇β̇+Rα̇
γ̇Φαβ̇γ̇+Rβ̇

γ̇Φαα̇γ̇)ραβα̇+2eα
α̇Rα̇β̇Φβ̇ρα+h.c.

So we need non-minimal interactions:

L1 =
g√

m2 − 4Λ
RαβΦαα̇(2)Φβ

α̇(2) + h.c.

Complete variations can be compensated by the following
corrections for the graviton

δhαα̇ = [
1
M

(ραβ(2)Φβ(2)
α̇ − Φαβ(2)ρβ(2)

α̇) + ραββ̇Φββ̇
α̇

−2m
3M

(Φαβα̇ρβ − ραβα̇Φβ) + Φα̇ρα] + h.c.
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Example: spin 3

Massive spin 3
In massive case (±3,±2,±1,0) each helicity requires a pair
(physical field, auxiliary field)

Ω
α(3)α̇
µ + h.c. Ω

α(2)
µ + h.c. Bα(2) + h.c. παα̇

fα(2)α̇(2)µ fαα̇µ Aµ ϕ

Gauge transformations for physical fields

δfα(2)α̇(2) = Dξα(2)α̇(2) + eβ
α̇ηα(2)βα̇ + eα

β̇η
αα̇(2)β̇ +

m
3

eαα̇ξαα̇

δfαα̇ = Dξαα̇ + eβ
α̇ηαβ + eα

β̇η
α̇β̇ +

2m
3

eββ̇ξ
αβα̇β̇ − a0

4
eαα̇ξ

δA = Dξ − a0

2
eαα̇ξ

αα̇, δϕ =
ã0

12
ξ

where
M2 = m2 − 6Λ, a0

2 = 20[m2 − 4Λ],
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Example: spin 3

Partially massless spin 3

Λ

m2

m2 = 4Λ m2 = 6Λ

m2 < 6Λ: unitary forbidden region
m2 = 6Λ: first partially massless spin 3 (±3,±2,±1)

m2 = 4Λ: second partially massless spin 3 (±3,±2)

Yu. M. Zinoviev (IHEP, Protvino) Massive higher spins and gravity 14.08.2025 12 / 14



Example: spin 3

Gravitational interactions

Non-invariance of the Lagrangian after standard minimal
substitutions:

δL0 = −2[Rα
γΩαβγα̇ + Rβ

γΩα(2)γα̇ + Rα̇
γ̇Ωα(2)βγ̇ ]eβ

β̇ξ
α(2)α̇β̇

+2[Rα
γ fαγα̇β̇ + Rα̇

γ̇ fα(2)β̇γ̇ + Rβ̇
γ̇ fα(2)α̇γ̇ ]eβ

β̇ηα(2)βα̇

+2[Rα
γΩβγ + Rβ

γΩαγ ]eβ
α̇ξ

αα̇

−2[Rα
γ fγα̇ + Rα̇

γ̇ fαγ̇ ]eβ
α̇ηαβ + h.c.

So we need non-minimal interactions:

L1 = gRαβ[
1

m2 − 6Λ
Ωαα̇(3)Ωβ

α̇(3) + fαγα̇(2)f βγα̇(2) − fαα̇f βα̇] + h.c.

Now complete variations can be compensated by the appropriate
corrections for the graviton.
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Example: spin 3

Final remarks

To construct minimal vertices and solve the ambiguities related
with field redefinitions, we work in down-up approach, using a
minimum number of derivatives possible.
To simplify constructions of non-minimal interactions, we start with
the partially massless cases, and then turn to the general massive
case.
In both cases considered, we have a non-singular massless limit
for non-zero (negative) cosmological constant, a non-singular flat
limit for non-zero mass, with special points at the boundary of
unitary allowed region in dS4.
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