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Singh-Hagen vs gauge invariance

Singh-Hagen formalism

@ Massive field with spin s is described by a set of completely
symmetric traceless tensors:

¢“(s)» &u(k)’ 0<k<s-2

@ Lagrangian is constructed so that from the equations of motion
one obtains:

oK =0, 0<k<s-2
(D? — m?)¢"() = 0, (D)) = 0

@ An interacting theory must keep all these (appropriately modified)
constraints.
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Singh-Hagen vs gauge invariance

Gauge invariant formalism

Massive field from the collection of massless ones
@ Fields: a set of completely symmetric double-traceless tensors

oK) 0<k<s

@ Gauge parameters: a set of completely symmeric traceless
tensors
¢® 0<k<s—1

@ Each double-traceless tensor is equivalent to two traceless ones:

Nq;u(S) ?H(S*U ¢u~(2) oM b
¢H(3*2) ¢u(573) b

so gauge fixing reproduces a Singh-Hagen formalism
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Field redefinitions

Types of cubic vertices

@ Trivially gauge invariant ones

L1~RRR = 616=0, [6,02] =0
@ Abelian ones

L1~RR® = 6O~RE [61,0]=0
@ Non-abelian ones

£1 ~ RO = 51¢N¢f, [51,52] 750
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Field redefinitions

Field redefinitions

@ Field redefinitions (due to non-homogeneous transformations) can
drastically change the type of the vertex.

@ Any vertex with one massless and two massive fields (i.e. e/m or
gravitational interactions) can be transformed into an abelian one.

@ Any vertex with three massive fields can be transformed into an
trivially gauge invariant one.

@ In both cases the field redefinitions contain higher derivatives.
@ These properties can be used for the classification of vertces.
@ What about minimal ones?
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(Non)-minimal intractions

Minimal interactions

@ E/m interactions

» minimal substitution
D=D+A

» for s > 3/2 we need non-minimal ones
Lnon—min ~ POF,  F=DA

@ Gravitational interactions
» minimal substituion

e?=e+h, D= D+uw®ly
» for s > 5/2 we need non-minimal ones

ﬁnonfmin ~ ¢¢R, R = Dw
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Example: spin 5/2

Massive spin 5/2
@ Massive spin 5/2 (+5/2,4+3/2, +£1/2) requires three fields:
0@ L pe, ®% + h.c. and ¢* + h.c.. Lagrangian

Lo = _D¢a5deﬁﬂ_¢ad5 + Dd)aeadd)d - 330D¢aEad¢d
M aya & [ 3 e ¢
+§[3¢aﬂdEﬂ7¢ 18— By 2)a EY 507 P] 4+ 2m, o) E“ P
—3Md,E 5P + Bagd,E®4¢% + IMagEpao® + h.c.

where 16
M2 =m? — 4N, ag= 3 ( 2 _3NA).

@ Gauge transformations

: : : M caomo
5¢a(2)a — Dpa(2)a + eﬁapa(Z)B + EeaBpaaﬁ + §eozapoz7
C3M
50 = Dp™ + megsp™ + €%,

0p* = p°.
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Partially massless spin 5/2

m? = 3A m? = 4\
A

@ In de Sitter space A > 0 there exists an unitary forbidden region
m? < 4A

@ Inside this region at m® = 3A field ¢® decouples leaving us with
partially massless case (+5/2,+3/2) described by ¢ﬁ(2)d + h.c.,
&4 + h.c. only.
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Example: spin 5/2

Gravitational interactions

@ Non-invariance of the Lagrangian after standard minimal
substitutions arises due to non-commutativity of Lorentz covariant
derivatives:

5[:0 = 2655(Ra,ycb,ydﬁjLFi'd;y¢aﬂ'ﬁ/+Rﬁﬁ¢ad7)paﬂd+26adRd5'¢6-pa+h.(

@ So we need non-minimal interactions:
9
Vme — 4N

@ Complete variations can be compensated by the following
corrections for the graviton

Ly = Raﬁq)ad(z)q)ﬁd(g) + h.c.

. 1 . . .
Shed  — [M(paﬁ@)(bﬁ(Z)a _ ¢a,3(2)p/8(2)a) + paﬁﬁq)ﬁﬁ_a

2m

BM(cbaﬂa — p*Pidg) + d%p?] + h.c.
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Example: spin 3

Massive spin 3

@ In massive case (+£3,+2, +1,0) each helicity requires a pair
(physical field, auxiliary field)

2@ L he [ Qi@ 4 he.[B°® 4 he. |76
2)a(2 ad

@ Gauge transformations for physical fields

§F@aR) — pea@i@) eﬁana(z)ﬁa ey nad(Z)B n g eadgad
A 2m afa aa
P e — Dgaa +eﬁana5+ e 577a6+ ?8,3,35 Bapg _ 5
_ . @ pe’e’ _ %
where
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Example: spin 3

Partially massless spin 3

m? = 4A m? = 6A

@ m? < 6A: unitary forbidden region
@ m? = BA: first partially massless spin 3 (+3, £2, +1)
@ m? = 4A: second partially massless spin 3 (+3, +2)
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Gravitational interactions

@ Non-invariance of the Lagrangian after standard minimal
substitutions:

0Lo = —2[Ra"Qapya + RsQa(2yra + Ra'Quz)ss]e” 5@
+2[R a'yaﬂ + Rd;yfa(Z)B»'y + RB&fa(g)d&]egﬂ.na(Z)’Bd
+2[Ry"Qp, + R57Q0, €%

—2[R, 5 + Ra'f €50 + h.c.

@ So we need non-minimal interactions:

1 . . _
= GRupl 5 —gn WOV ) + 1O ) — 16175+ hic

@ Now complete variations can be compensated by the appropriate
corrections for the graviton.
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Final remarks

@ To construct minimal vertices and solve the ambiguities related
with field redefinitions, we work in down-up approach, using a
minimum number of derivatives possible.

@ To simplify constructions of non-minimal interactions, we start with
the partially massless cases, and then turn to the general massive
case.

@ In both cases considered, we have a non-singular massless limit
for non-zero (negative) cosmological constant, a non-singular flat
limit for non-zero mass, with special points at the boundary of
unitary allowed region in dS;.
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