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Superconformal indices of 4d, N = 1 supersymmetric gauge �eld theories:

• Space-time symmetry group SU(2, 2|1): Lorentz group, Ji, J i;
supertranslations, Pµ, Qα, Qα̇; special superconformal transformations, Kµ, Sα, Sα̇;
dilatations, H; U(1)R-symmetry, R.
• Local gauge group G and global �avor group F (generators Fk).

• Take Q := Q1 and Q
† := S1 ⇒

QQ† +Q†Q = 2H, H = H − 2J3 − 3R/2

The superconformal index (Romelsberger, 2005; KMMR, 2005):

I(p, q, yk) = Tr
(

(−1)FpR/2+J3qR/2−J3
∏
k

yFkk e−βH
)
, R = H − 1

2R.

• p, q, yk, β = group parameters for maximal Cartan generators preserving taken SUSY.
Gets contributions only from BPS-states

Q|ψ〉 = Q†|ψ〉 = H|ψ〉 = 0, Q2 = (Q†)2 = 0,

⇒ does not depend on β ⇒ a topological object, coinciding with SUSY
partition function of theories on S3 × S1 in external �elds.

1



2

Computation ⇒ the matrix integral:

I(y; p, q) =

∫
G

dµ(z) exp

( ∞∑
n=1

1

n
ind
(
pn, qn, zn, yn

))
with the Haar measure dµ(z) and single particle states index

ind(p, q, z, y) =
2pq − p− q

(1− p)(1− q)
χadjG(z)

+
∑
j

(pq)Rj/2χrF ,j(y)χrG,j(z)− (pq)1−Rj/2χr̄F ,j(y)χr̄G,j(z)

(1− p)(1− q)
.

χRF ,j(y), χRG,j(z) = characters of the group representations, Rj = R-charges of chiral �elds.

Example: G = SU(2), F = SU(8), (f, f) chiral super�eld with R = 1/2 (Dolan, Osborn, 2008)

IE = V (t1, . . . , t8; p, q) =
(p; p)∞(q; q)∞

4πi

∫
T

∏8
j=1 Γ(tjx

±1; p, q)

Γ(x±2; p, q)

dx

x
,

tj = yj(pq)
R/2 ⇒

∏8
j=1 tj = (pq)2, (z; p)∞ =

∏∞
j=0(1− zpj),

Γ(z; p, q) =
∞∏

j,k=0

1− z−1pj+1qk+1

1− zpjqk
, |q|, |p| < 1.

This is the elliptic hypergeometric function V.S., 2003
W (E7)-symmetry ⇒ Seiberg duality.
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The elliptic hypergeometric equation∏8
j=1 θ(εjz; p)

θ(z2; p)θ(qz2; p)
(ψ(qz)− ψ(z)) +

∏8
j=1 θ(εjz

−1; p)

θ(z−2; p))θ(qz−2; p)
(ψ(q−1z)− ψ(z))

+
6∏

k=1

θ
(εkε8

q
; p
)
ψ(z) = 0,

8∏
k=1

εk = p2q2, ε8 = qε7,

where θ(z) = (z; p)∞(pz−1; p)∞ and ψ(z) ∝ V (. . . , cz, c/z, . . . ; p, q), c =
√
ε6ε8/p

2.

The most general known solvable (discrete) Schr�odinger equation V.S., 2004
= a particular eigenvalue equation for the one-particle Hamiltonian
of integrable many-body van Diejen model (generalized Ruijsenaars model)

NB: Quantum mechanical wave function ∼ QFT partition function
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4d→ 3d reduction: Dolan, Vartanov, V.S., 2011

Γ(e−2πvu; e−2πvω1, e−2πvω2) =
v→0+

e−π
2u−ω1−ω2
12vω1ω2 γ(2)(u;ω1, ω2). Ruijsenaars, 1997

Faddeev's (1994) modular dilogarithm, or hyperbolic gamma function

γ(2)(u;ω) = e−
πi
2 B2,2(u;ω) (q̃e

2πi uω1 ; q̃)∞

(e2πi uω2 ; q)∞
, q = e2πi

ω1
ω2 , q̃ = e−2πi

ω2
ω1 ,

B2,2(u;ω) =
1

ω1ω2

(
(u− ω1 + ω2

2
)2 − ω2

1 + ω2
2

12

)
,

Then V (e−2πvgk; e−2πvω1, e−2πvω2) =
v→0+

e
π
4v

(
1
ω1

+ 1
ω2

)
Ih(g), Rains, 2006

Ih(g) =

∫ i∞

−i∞

∏8
j=1 γ

(2)(gj ± z;ω1, ω2)

γ(2)(±2z;ω1, ω2)

dz

2i
√
ω1ω2

,

SUSY partition function of a particular 3d �eld theory on the squashed S3
b .

A particular 3d N = 2 quiver gauge �eld theory on duality
wall of 4d N = 4 theory Hosomichi, Lee, Park, 2010

G = U(1)× U(2)× . . .× U(N − 1), F = U(N)

with the explicit partition function
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Ψλn(xn; g) = Λn(λn)Ψλn−1(xn−1; g), xn = (x1, . . . , xn), Ψλ1(x1) = e
2πi
ω1ω2

λ1x1,

(Λn(λn)f)(xn) =
γ(2)(g)n−1

(n− 1)!

∫
Rn−1

Λ(xn, yn−1;λ) f(yn−1)
n−1∏
k=1

dyk√
ω1ω2

,

Λ(xn, yn−1;λ) = e
2πi
ω1ω2

λ(
∑n
i=1 xi−

∑n−1
i=1 yi)

n∏
i=1

n−1∏
j=1

K(xi − yj)
n−1∏
i,j=1
i6=j

µ(yi − yj),

K(x) = γ(2)(1
2g
∗ ± ix), µ(x) =

γ(2)(g∗ ± ix)

γ(2)(±ix)
, g∗ = ω1 − ω2 − g.

Origin: K - bifundamental chiral �elds, g - mass term, µ - vector supermultiplet, λj - FI terms.

Surprize: the eigenfunction of hyperbolic Ruijsenaars Hamiltonian (Hallnas, Ruijsenaars, 2014)

HΨλn(xn; g) =
( n∑
j=1

e
2π
ω2
λj
)
Ψλn(xn; g), H =

n∑
j=1

n∏
k=1, 6=j

sh π
ω2

(xj − xk − ig)

sh π
ω2

(xj − xk)
e−iω1∂xi .

Full solution: Belousov, Derkachov, Kharchev, Khoroshkin, 2023
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Quantum integrable many-body systems

Calogero model (1969-1971)

H
(
p, x
)

=
1

2

N∑
n=1

(
p2
n + ω2x2

n

)
+ g2

N∑
m,n=1;m 6=n

1

(xn − xm)2 , [xn, pm] = i~δnm

Trigonometric(hyperbolic) and elliptic extensions: Sutherland, Inozemtsev, etc.

Relativistic generalization: Ruijsenaars, van Diejen

Two particle hyperbolic Ruijsenaars Hamiltonians in the center of mass

Hh =
∑
ε=±1

sh π
ω2

(x− iεg)

sh π
ω2
x

eεω1p, H ′h =
∑
ε=±1

sh π
ω1

(x− iεg)

sh π
ω1
x

eεω2p, p = −i d
dx

Hyperbolic wave function:

F g
λ (x) = γ(2)(g;ω)

∫
R
e

2πi
ω1ω2

λzγ(2)
(

1
2g
∗ ± 1

2ix± iz;ω
) dz
√
ω1ω2

Eigenvalue problems

HhF
g
λ (x) = 2 ch

πλ

ω2
F g
λ (x), H ′hF

g
λ (x) = 2 ch

πλ

ω1
F g
λ (x).
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Standard degenerations: 1) x→ ω1x, g = bω1, ω1 → 0, 2) x �xed, g = bω1, ω1 → 0,

1) Hh →
x− ib
x

ep +
x+ ib

x
e−p, 2) Hh → −∂2

x − π2b(b− 1)

sh2 πx
.

New complex degenerations (Sarkissian, V.S., 2022; Belousov, Sarkissian, V.S., 2025)

3) rational relativistic: δ → 0 , N ∈ Z, N →∞, Nδ → α ∈ R in

ω1 = i+ δ, ω2 = −i+ δ, x = n+ uδ, g = i(r + hδ), λ = N + β.

Hcr(b) =
∑
ε=±1

z ± b
z

eε∂z , H ′cr(b
′) =

∑
ε=±1

z′ ± b′

z′
eε∂z′ , e∂z := e∂ne−i∂u, e∂z′ := e−∂ne−i∂u,

z =
n+ iu

2
, b =

r + ih

2
, z − z′ = n, b− b′ = r, n, r ∈ Z.

4) non-relativistic of Sutherland type: δ → 0, x = N + β, N ∈ Z, N →∞, Nδ → α,

γ = α + iβ, g = i(r + hδ), Hh → −∂2
γ − π2b(b− 1)

sh2 πγ
, H ′h → −∂2

γ̄ − π2b
′(b′ − 1)

sh2 πγ̄
,

A degeneration of the hyperbolic gamma function Sarkissian, V.S., 2020

γ(2)(i
√
ω1ω2(n+ uδ);ω) =

δ→0+
e
πi
2 n

2

(4πδ)iu−1Γ(u, n),

√
ω1

ω2
= i+ δ,

where Γ(u, n) is the complex gamma function

Γ(u, n) =
Γ(n+iu

2 )

Γ(1 + n−iu
2 )

, n ∈ Z.
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Limiting wave function ∝

F r,h
α,β(u, n) =

1

4πΓ(h, r)

∑
k∈Z+ε

∫ ∞
−∞

e−2πi(βk+αy) Γ(1
2h±

1
2u± y,

1
2r ±

1
2n± k) dy,

where ε ∈ {0, 1
2}, satis�es eigenvalue problems

Hcr(1− b)F r,h
αβ (u, n) = −2 ch πγ F r,h

αβ (u, n), H ′cr(1− b′)F
r,h
αβ (u, n) = −2 ch πγ̄ F r,h

αβ (u, n).

and their duals

Hc F
r,h
α,β(u, n) = −(πz)2F r,h

α,β(u, n), H ′c F
r,h
α,β(u, n) = −(πz′)2F r,h

α,β(u, n),

Hc = −∂2
γ − 2πb coth(πγ) ∂γ − (πb)2, H ′c = −∂2

γ̄ − 2πb′ coth(πγ̄) ∂γ̄ − (πb′)2.

5) complementary rational relativistic: ω1 = 1 + iδ, ω2 = 1− iδ, δ → 0,

x = i(−k + uδ), g = `− hδ, Hh →
∑
ε=±1

z ± b
z

eε∂z , H ′h →
∑
ε=±1

z′ ± b′

z′
e−ε∂z′

6) complimentary non-relativistic: δ → 0, N ∈ Z, N →∞, Nδ → α, x = i(N + β),

g = `+ hδ, y = α + iβ, Hh → −∂2
ȳ − π2b

′(b′ + 1)

sh2 πȳ
, H ′h → −∂2

y − π2b(b− 1)

sh2 πy
, b′ = −b̄.


