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The theory of totally antisymmetric tensor-spinor field model is a gauge
theory with reducible generators.

The first such field theory was proposed by Ogievetsky and Polubarinov
(notoph theory) | V.I. Ogievetsky, [.V. Polubarinov Yadernaya Fizika
(Soviet Journal Nuclear Physics), 4 (1967) 156. |

Later a lot of various reducible gauge theories were constructed and
quantized by different methods. The current state of art with the
relevant references in this area is presented in detail in | S.M. Kuzenko,
E.S.N. Raptakis JHEP, 09 (2024) 182, arXiv:2406.01176 [hep-th].|

There exist general BV (Batalin-Vilkovisky) method of covariant
quantization | [.A. Batalin and G.A. Vilkovisky Phys. Rev. D 28(1983),
2567 [erratum: Phys. Rev. D 30 (1984), 508].]

Our purpose is to guantize a reducible gauge theory using the method
analogous to the Faddeev-Popov method for irreducible gauge theories. J
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Faddeev-Popov procedure for irreducible gauge theories
Functional integral for non-gauge theories is
P /D(I)A £iS[®]

d4 are the physical fields.

For gauge theories with fields ¢ = ¢’ the action S[¢] invariant under
gauge transformation

o' = (6 =o' + Rlaf® S[¢’] = Slg)
where R’ are the generators of gauge transformations and f< are the
gauge parameters.

We assume that the gauge transformations form in general a
non-Abelian closed algebra, gauge field ¢ and group parameters f are
bosonic, though the extension to the generic boson-fermion system is
straightforward.



Faddeev-Popov procedure for irreducible gauge theories

If we consider the functional integral

/ D¢’ e [¢]

it includes the integation over phisical gauge fields (=over orbits {¢'})
and integation over the gauge group (—along the orbits).

Since S[¢] = S[(¢)f] = S[{#'}] the integral over the gauge group
should be factorized

/ D¢t eS8 = / Df / D{p} SN = / D{¢} eiSlsH

The last factor is the functional integal for the gauge theory

g / D{e} SlieN



Faddeev-Popov procedure for irreducible gauge theories

In the case when the gauge generators R’,, are independent (irreducible
gauge theory) we can apply the Faddeev-Popov method.

The main idea of the Faddeev-Popov method consists in the insertion
under the integration over ¢ the unity factor defined by the following
integration over the group parameters

A9] [ DS aTxen)] = 1

Here x(¢) denotes the set of gauge conditions and
A, [¢] is the Faddeev-Popov functional determinant in this gauge,
which on the surface of enforced gauge conditions reads as

B ox(9)
Aol o =Dt (T35 R9)):

for simplicity we omit the indices of both the fields and gauge
parameters



Faddeev-Popov procedure for irreducible gauge theories

Then under the assumption of the group associativity, (¢/)" = ¢"f, and
invariance of the functional measure of integration over the group,
Df = D(hf), the Faddeev-Popov determinant turns out to be gauge
invariant

Ay[¢7] = Ay [9]
which allows one to disentangle from the functional integral a volume of
the group [Df =V.
This goes by changing the order of integrations and using the
invariance of the integration measure in the space of ¢, D(¢7) = D¢,
along with the change of integration variable ¢f — ¢,

/ Do Sl = / Do eSAA, [g) / Dfb[x(6")] =
— /Df /queiSMAxw] 5[x(6)] = V x /D¢ei5[¢1Ax[¢]a[x<¢>1.

The last factor is a well-defined Faddeev-Popov integral which is
actually independent of the choice of gauge x.



Adjustment of FP method to reducible gauge theories

The above method of constructing the correct functional integral works
well only if the gauge generators are independent.

When applied to a gauge theory with linearly dependent generators this
method would break at several points.

Linear dependence implies that the gauge generators R! (¢) have their
own right zero vectors Z¢ enumerated by set of indices a,

R! 7% =0, a=1,..mg, a=1,...m1 <mg
Z& are linearly independent for stage one reducible gauge theories.

This means that the actual number of local gauge symmetries is
mo — my (the rank of the matrix R! (¢)), rather than my.




Adjustment of FP method to reducible gauge theories

Therefore the actual number of independent gauge conditions to fix
these symmetries should also be mg — m;. J

Therefore we use the redundant (or reducible) set of gauge conditions
x* satisfying the condition of linear dependence

ZZX“ =0, uw=1,..mog, b=1,...m1 < mg.
with some left zero vectors Zz.

linearly dependent gauge conditions, §(™0)[x] =[] u O xH] ox §(m1)(0),

The first problem is that the conventional delta function of these
becomes ill defined. J




Adjustment of FP method to reducible gauge theories

The second problem is that the group integration measure

Df =1][,Df® is ill defined because the actual integration should run
over (mg — mq)-dimensional group space rather than the
mo-dimensional one.

The third problem is that the Faddeev-Popov determinant
ox*
o
becomes vanishing in view of the right zero vectors Z¢ of the
Faddeev-Popov operator Qh, QaZ% = 0.

A, = Det Q" Q! = R,

All these three problems can be resolved by a method, which we
develop in what follows. The idea of the method consists in the
insertion of the unity factor, analogous to the FP procedure, and
factorization of the group volume with a corrected measure V = f Dypy.



Adjustment of FP method to reducible gauge theories

The first step is the construction of the correctly defined delta function
of reducible gauge conditions. Naive delta function

x| = /Dﬂ' elmnx"

is ill defined because the integral over the Lagrange multiplier 7,
requires the factorization of the volume Vi = [ D&; of the invariance
group of the exponential,

Ty — 7731 =, + ZZ& by Wﬁlx“ =mux".

This is the mi-dimensional gauge invariance in the mg-dimensional
space of m,, following from the reducibility ZZX“ = 0 of gauge
conditions x*.



Adjustment of FP method to reducible gauge theories

Such a factorization proceeds by gauge fixing 7, with the gauge
op(m) = muol and inserting the unity factor of the form

Ay /D§1 Slo()] =1, A, _,=Det(ZioL).
This leads to
/ D ef™ X" = / Dref™X" A / D& d[o(n*)] =
_ /Dg1 D e™X" Det, 0 8] () | = leDetQ/Dcé[x“ ol

where we expressed d[o(m) ]| as the integral over an auxiliary field ¢*
and took the integral over 7.



Adjustment of FP method to reducible gauge theories

This allows one to identify the correct expression for the delta function
of reducible gauge conditions

S[X]:DetQ/DC(S[X“—i—U;fcb], QEQ?ZZEO'{:.

Here we get the extra Faddeev-Popov operator ) involving the zero
vector Zj; of reducible gauge conditions x*.

Note that the argument of the delta function
S[x" + o] = Hé[x” +op' ]
o

is no longer reducible, and this delta function is well defined.

Moreover, the gauge o4(m) for m,, that is the matrix o} above, can be
freely changed without altering the “correct” delta function.



Adjustment of FP method to reducible gauge theories

The second problem is the construction of group integration measure
Dpy by the factorization of the infinite volume of the f{-integration.

This type of divergent integration arises when one integrates over f¢
any functional of the transformed gauge field & ¢f], because as a
function of f¢ it is constant on the orbit of fi-transformation in the
space of f¢,

Fo s e zer, o =9

In other words, gauge parameters themselves become gauge fields
subject to fi-transformations with the new generators Z.

Thus we need to factor out integration over the fi-transformations.



Adjustment of FP method to reducible gauge theories

This factorization is achieved by using a new set of gauge conditions
w(f) = wldf* on f* The insertion of the new unity

A1 /Df1 ffl ] =1, A1 ‘w(f):O = Det (ngl?),

into the group integral gives by the same pattern

/Df@[qﬁf /qus (4] Al/Dfl w(ff)] =
— [Dh [Df Avslw(p) @18 = Vi x [DF Al ol
Therefore, the group integration measure can be identified with

Duy=DfDet@Qid[w(f)], Q1=Q =waZy.

Here the new Faddeev-Popov operator Q1 is defined in terms of zero
vectors Z;' of the original gauge generators, and it is also assumed to be
invertible by the choice of gauge functions wg.



Adjustment of FP method to reducible gauge theories

The third problem is to determine the overall Faddeev-Popov
operator A from the definition of unity with the corrected delta
function and the corrected group integration measure.

The equation for A then reads
1= A [ Duybinie)) -

ADet@DetQr [ DF Dedlutf*5[x"(6) + Qaf* +of ),

where QY is a naive (degenerate) Faddeev-Popov operator having right
and left zero vectors

oM . b
nwo__ 7 )73 a_ [
Qa_ 5¢Z Ra’ Q Z - 7 Z/J, o




Adjustment of FP method to reducible gauge theories

The integral of the product of two delta functions in (1) equals the
inverse of the following Jacobian

Dixt@f +oewf) p, o — Det F*
D(f. ) *

a
wg 0

where F}y is the non-degenerate operator obtained from Q4 by adding
the gauge-breaking term composed of the gauge matrices 0,‘)‘ and w?

B b T
Fl'= QL + otwg,.

Thus equation for A takes the form 1 = A Det Q Det Q1 (DetF)~!, so
that the full Faddeev-Popov determinant equals

_ DetF
" DetQDetQ;




Adjustment of FP method to reducible gauge theories

Insertion of the unity into the functional integral by the pattern of
Faddeev-Popov procedure then reads

/cheis[‘i’] = /queisw]A/Duff?[xW)] =

. ZS[¢] DetF
N /D“f/Dm X S oDer gy

DetF
Det Ql ’

As a result, after a formal factorization the functional integral for stage
one reducible gauge theories equals

= V></Dgi)Dcez PI5[ xH(¢) + otc?]

Det F[g]

= /qu) De 519 5[ x(¢) + oti()c’] Det Q1[¢]

and coincides with that derived from a fundamental Batalin-Vilkovisky
formalism, which remains valid for field-dependent Z$ (), o4 (¢), w? ().



Antisymmetric tensor fermion in AdS, space

The model of the rank antisymmetric fermion of tesor rank p in AdSy
spacetime is described by the field vy, ..., (2p < d) with the action

Sp — Z/dd$ gl/Qzﬁulmup,Y,ul...,upa'Vl‘..I/p Do’ ¢V1...Vp

.1
172

2

Dy=Vyut == BYap=r(d555 —0555)

This action is invariant under reducible gauge transformations with the
fermionic vector parameters

51/}1/1...1/1, =P D[V1 >\I/2...I/p]

OAvroap, = k Dy X

0wy = Dy Ay — Dy Ay
0N, = Dy A

V2...Vk] D[V1DV2)\I/3...V;€} = 0



Antisymmetric tensor fermion in AdS, space

The model of the second rank antisymmetric fermion in AdSy
spacetime is described by the field v, with the action

S[wullﬂ;ul’] = i/ddxgl/%/_}mm,},uluzauwz D, wl/ly?’

This action is invariant under gauge transformations with the fermionic
vector parameters A, A,

5¢M1H2 = Dy Auz — Dy Ay 51;#1#2 = Dm;‘uz - Duz)‘up

(DyA = D,yA), while these transformations themselves are invariant
under the first stage transformations with the spinor parameters A and
A

SAu =D\, 0X, = DA =D\,

in view of the relations Dy, D,,)A =0, D[u1 DVQ]S\ = 0 which are valid in
AdS,; spacetime.



Antisymmetric tensor fermion in AdS, space

We impose on 9, the number d (per spacetime point) of spinor gauge
conditions reducible to (d — 1)-independent ones, which in their turn
correspond to the parameters )\, reducible to a transverse vector (we
count only tensor components, their spinor dimensionality 2(%/2 being

implicitly included). We choose this set of gauges x* — (x,.(v), Xu(¥))
as

1
Xu(waﬁ) = 'qu/);w + g%ﬂa%aﬁ, 'YMX,u =0.

The gauge for the Dirac conjugated fermion 1;,“, is fully analogous — in
what follows we will formulate everything explicitly for ,,,, while for
Y, the analogous formalism will be implicitly assumed.

Gamma matrix v* plays the role of left zero vectors ZZ, Z,‘j — Ay



Antisymmetric tensor fermion in AdS, space

We construct the covariant delta function of gauge conditions by
using the “gauge for gauge” o4(m) — o(Y*) = Yk, oh + v,, and
applying the Faddeev-Popov factorization of the group volume

~

) = [ DI explitxu(an)} S5,
315 ) = [ Dvexplivia, ),

we get with ¢® — ¥

5lxu(tbas)] = / DY 8lxu(bas) + 1,

where we omitted the FP operator factor (Det @)~! because this
operator is ultralocal in spacetime, Qz‘ = Z,‘ja{j = yy,0(x,y) and
Det @ ~ exp (6(0)(...)) can be discarded in dimensional regularization
or absorbed in the irrelevant local measure.



Antisymmetric tensor fermion in AdSy space

Integration measure over the group transformation

Dpy = DpoyDpsys follows from the factorization procedure.

It goes with f* + (A, A,) and fia — (A, A) by using the following
choice of gauge condition functions w®(f) + (v*Au, Ayy*) which
correspond to local gauge-fixing matrices w2 +— 7, acting in both A and
\ spinor sectors.

Dpny = DAy Aal S Al DN(X) = DS‘M Aal 5[5\u7“]~

Here Ay 1is the inverse of the FP determinant, corresponding in the
terminology BV to the contribution of ghosts for ghosts. The
determinant Det @, & = Det (w2 Z) + Ap in both (X, A)-sectors equals

AOEDet[W:I: /24 } (1)

where the operator Y = v#V ,, is acting on the tensor rank zero spinor.



Antisymmetric tensor fermion in AdS, space

The FP determinant
AT = /Dum 6 (@l))] = A7'A1 A, = Det (i¥,).

where the operator in acting on the totally antisymmetric fermion of
any rank p is defined by the equation

1
iV, =iV + r2(d — 2p).

It is important that the functional determinant A; should be calculated
here on the functional space of «#-irreducible vector fermions ¥,
satisfying the irreducibility constraint v#¥,, = 0. The same result holds
for the contribution of the &ag—sector of the theory.

Therefore, the determinant factor equals

DetF A2



Antisymmetric tensor fermion in AdS, space

The functional integral
AZ - -
Z = Z% / D¢uquuVD¢Dw
X 0D (V) + 30t0] 010 (By) + P ex0 { iy Py}

is easy to calculate in terms of the y*-irreducible components of all
integration variables v, and %,,,. Decomposing them into these
components ¥,,,, ¥, and ¥ according to the equations

1
Y = Wy d 9 ('YAL\I/ 'y,,\IIM) + Y ¥, ’Y“‘Ijul/ =0, VM‘IJu =0,
(similarly for 1/1,“,) one gets

A2 _ _ _ .
7 = K% / DV, DV, DV, DV, DYDY DD x

o B[+ 3] S0+ D] exp {8 Wy W W, Wy By, U



Antisymmetric tensor fermion in AdS, space

Taking the Gaussian integral we finally get the one-loop contribution to

the functional integral for second rank antisymmetric fermion fields on
the AdSy background

A3 Ao A}
X AQAO L )
A2 A2

Zp=g = Ap = Det (iV,)

and the operators in, acting on y-ireducible antisymmetric spinor
p-forms, p = 0,1, 2, are defined

1
iV, =iV + r2(d — 2p).
This is a final result for effective action in the theory under
consideration. The calculation of the functional determinants

Aoy, A1, Ag on irreducible spinor forms is a separate problem.



Antisymmetric tensor fermion in AdS, space

p-forms, are defined

and the operators in, acting on 7y-ireducible antisymmetric spinor

iV, =iY +

N | =

r%(d —2p).

«0O)>» «F>r «=>»

<
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