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Motivation

* The Bogolyubov-Parasyuk theorem allows us to obtain an analogue of the
RG-equation only due to the locality of the counter-terms [Bork, Kazakov,
Kompaniets, Tolkachev, Vlasenko, 2015].

* Solution of the equation for a running coupling (for an infinite sum of leading
[Kazakov, lakhibbaev, Tolkachev, 2022] and sub-leading logarithms):

1 log (log(x) +1) (1)
1+log(x)”  (log(x)+1)2

* Solution of the two-loop RG-equation for a running coupling contains

Lambert function: )

1+ W(y)
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Linear and nonlinear RG-equation

Equation for a running coupling:

aaz@ = B(a) = Bod® + B1a° + aa’ + f3a° + O(a®) (2)
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Linear and nonlinear RG-equation

Equation for a running coupling in a one-loop approximation:

0
Eo_z = Bo@d?, (3)

solution A(z)
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Linear and nonlinear RG-equation

Equation for a running coupling in a two-loop approximation:

0
507 = Bod? + 13, (4)

solution B(z)
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You have to integrate

Equation for a running coupling in a two-loop approximation

%a = Bod® + B1d°, (5)
B"(z) = B(2)A'(z) + A'(z) + A(z)B'(z) + A(z)?B(2) + A(z)%, (6)

where B(z) is the sum of all subleading singular contributions and the finite
contributions are determined by singularities

B'LOg(z) = algp = B(2)A'(2) + A'(2) + A(2)B'(z) + A(2)?B(2) + A(2)? (7)
Solutions for leading + subleading logs

1 log (log(y) + 1)
1+log(y)  (log(y)+1)? "~
doesn't look like
1
14+ W(x)
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There are mostly logarithms

Running coupling

5‘(0‘72):0‘<1+2Akakzk+28kakzk 1+2Ckakk2 )

k=1 k=2
(8)
z = log(y) where y = @2/ >
ala,z) = Z X =Ala,z) + Bla,z) + C(a, 2) + . ... (9)

X=A,B,C...

Substituting Eq.(9) in Eq.(2) and keeping only linear contributions (the
exception is the leading order) in a certain order we get

& A2) = (), AO) =1 (10)
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Linearized equations
[X] ~ [A"]
0 3
— B = 1A%+ 25,BA
0z
%C = BoA* 4 381 BA? + 23,CA + 3y B?
0 5 3 2 2
5,0 = B3A° + 43,BA + 301 CA* + A (38182 + 260D) + 28,BC
;ZE = [4A° + 563BA* + 45,CAT
+3A2 (26,B% + 1D) + 2A(351BC + BoE) + (1B + 260 DB + o C?)
;ZF = B5A” + 684 BA® + 533 CA* + 2A% (58382 + 28,D) +
+3A% (43,BC + B1E) + A (4828 + 68,DB + 361 C* + 230F ) +

+ (381CB? + 2B0EB + 23,CD)

(11)
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Solutions for linearized equations

L=log(l— Boz), z=log(y), &n=PBn/bo

B = —A%¢L
C= A (=12 + L&E + 2Po(€f — &)
D = A% (—L%f +o0%6 - §2L> + 2B0A" (2187 — 2068 — &1 + &) —
PR 2081 + &)

E=A5 (—L“ff + L;L%f — ng (£ +26) & + L€3§1> +

1
+32°00A° (&1 — 30€] + 266 + 8 — &) — )
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Vertical logarithms (Leading Metalogarithms)

Metalogarithms - summed infinite number of logarithms

B = —A%¢L

—

C=A(—12G + L& + zBo(é] — &))

D = A% (—L%f +o0%6 - &L) + 2B0A" (2187 — 2068 — &1 + &) —

PR 2081 + &)
5 aea , 13 3.4 3,5/ 2
E=A (—L fl—f'?L 51 _EL (§1+2§2) §1+L€3§1>+

1
+32°00A° (&1 — 30€] + 266 + 8 — &) — )
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Vertical logarithms (Subleading metalogarithms)

Metalogarithms - summed infinite number of logarithms

B = —A%¢L

C=A(—12G + L& + zBo(é] — &))

—

D = A% (—L%f +o0%6 - &L) + 2B0A" (2187 — 2068 — &1 + &) —
PR 208 + &)

13

3

1

+32°00A° (&1 — 30€] + 266 + 8 — &) — )
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E=A5 (—L“ff + =3¢t — ng (£ +26) & + L€3§1> +
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Vertical logarithms (Subsubleading metalogarithms)

Metalogarithms - summed infinite number of logarithms

B = —A%¢L

C=A(—12G + L& + zBo(é] — &))

—_—

D = A% (—L%f +o0%6 - &L) + 2B0A" (2187 — 2068 — &1 + &) —
PR 2081 + &)
5 aea , 13 3.4 3,5/ 2
E=A (‘L &+ ?L & — EL (51 +252) &+ Lf3§1> +
1 .,
+37°B0A% (€1 — 3682 + 266 + &8 — &) — )
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The Sum of metalogarithms

We can sum the logarithms vertically

1
Lo = =A
°T (1 poz)
1
L =Lo
&L
(1 + (1—1ﬂoz))
&L
Galos (1755 (12)
L2 — Lo
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The general rule

We have to replace the argument z to %.
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The general rule

We have to replace the argument z to ﬁ%\.

Let's try to sum it up one more time.

B
L,=A"X(— 14
n <B0A> (Z) ( )
Let's follow the second metalogarithms
B(-B
L? = an(z)ar < 5BA) x (- °2> (15)
0 BoA (507)
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Just make a replacement

L, — A"X (/;\) (2) (16)

Let's follow the second metalogarithms

B
L@ — An(z)A" < 5’03 A> X ;A(g;:;}\)) (17)

General rulez =+ B

LY ~x(B(B(..B)..)) (18)
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Result

* The logarithmic quantum contributions are determined by the linear
structure, this allows one to consider the linearized renormalization group
equation.

* With this approach, it is easy to see the following repeating structure of the
solution for logarithms X' (B(B(..B)..)).

* This can be used to analyze problems related to the Landau pole and UV
fixed points in various models of quantum field theory.

* It is also possible to study the decomposition of non-elementary functions
using this method (Sn>1 = 0 to W).

Thank you for attention!
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