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Peculiarities of multiparticle production in QFT

Real scalar field ¢(t, «) theory in d = 3 + 1 dimensions

1 A
S 4 :2/dtd3$ |:(8,ug0)2 — % — g04] , m = 1. Weak coupling: A\ < 1.

& 2
.
Creation of number of particles n at threshold
" @
@ 14 5
Ay ~ L, = p=0IS(0)|0) =
7 o .
Brown '92; Voloshin'92

important part Libanov et al '94

_n!(l)%y;[ 1 +AB(n®> —4n+3)+ )\2B22(n4—|—...) —i—...},BEC

Atree tree 1loop ~ An? 2 loops ~ (An?)?

Non-perturbative at n > A\~!/2 due to large number of diagrams
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Peculiarities of amplitudes 1 — n in QM

Quantum particle at position ¢(t) in d = 0+ 1 dimensions

St :2/dt [(aﬁo)Q — - )\(;)804] , w=1. A = \(t) for scattering.

Weak coupling and IR regularization: \(¢) = A\ge 2; \g,e < 1.

High-multiplicity adiabatic transition

—% [ dt(En—Eo—n)
0

At = (1S 3(0)[0) = ¢ (I3 10)

t=0

adiabatic at ¢ — 0 !
Jaeckel, Schenk, 2018

. 2 G
Bn—Bo—n=2$@n’ +...) ~ g(17n° +...) + ...
(n|@|0) = A'ree [1— AL(17n2 + Bn — 12) + 70 (2890t + ... ) + ...

Atree — %l (%)(”_1)/2

Qualitatively the same blow-up at n > A~'/2 as in QFT!
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Exponentiation of 1 — n amplitudes

Ay — Atree exp [$F_1(An) + Fo(An) + AFy(An) + .. ]

resummation of all loops! Libanov et al '94 |

Relation to perturbation theory

@ Expansions in both A\ < 1 and A\n < 1 = perturbation theory

@ 't Hooft parameter An = 1 stands for non-perturbative regime

Results from
e QFT : F; = B(\ ) O(An)3
o QM : Fq = —(3L + I (Aon)? + (55 + 322)(Aon)® + O(Aon)?
(% 55) don + (1 + 555) (Aon)® + O(Aon)?
O(Aon)

Expressions have a semiclassical form
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Fi = Libanov et al '94; Jaeckel, Schenk 2018
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@ Construct an exact method which can systematically calculate
F 1, Fy, ...at A\, \n < 1;

@ Proof exponentiation conjecture at least in QM,;

e Construct a method for calculation of F_1, Fy, ... at An 2 1.
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Resulting Landau method expression

Amplitudes A,_,,, are computed

1. Using the same theory with a

/dfv[ wp)’ — ¢ ;) }Hw(o) At) = Xoe %, e = 0;

o(x) = pp(t — t) + 0p(t, ), Brown solution: ¢p =
~—_———

classical & singular at

Then a perturbatively exact relation is valid:

Ain = —i A" \/ ? ¢>()—>oo ¢0/ j¢0+lt* A\(/Zci);f/)ac
—_——

limit Laplace transform  with source

VX sin(t—ty+iet) sm(t t* +iet)
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Feynman graphs for An < 1 expansion

1
Our formula recreates: | A;_,,, = A" . exp [XF,l + Fo+ AFL+ .. }

connected graphs

Fq= AF_ + oe—= + ®—< >< >—< = tree graphs
_,_/

extra int-Is (® — ,] )

Fy = AF, +@+>® —|—>—O + @ +-+- = 1-loop, etc

extra int-Is  O(An)

O(\n)?

Series for Fj(An):

e Extra integrals via saddle-point method: | 55 ~ An/¢g tas ~ qﬁal

@ ¢g — 00 = j — 0, singular ¢p (t« — 0) cf. Son '95

@ ¢¢ cancels in diagrams, An remains

Expansion in j produces series for Fj(\n) at \n < 1
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Semiclassical nature of amplitudes

. 1
Recall conjecture: | 4;_,,, = A" . exp [XF,l + Fy+ MNF + .. }

connected graphs

Non-perturbative limit A — 0, An = O(1) ideas

@ F_i(An) =) tree graphs — continues to 1111(1) Fol¢al]
Jj—
Rubakov—Son-Tinyakov conjecture
¢a(t, x) € C — classical solution at j # 0 <— D.T. Son's method;

e Fy(An) => 1-loop graphs — continues to 1irr(1) In det[fluctuations] . . .
1=

Rubakov et al '92, Son '95

Semiclassical methods at finite An, j #£0
reconstruct full answer at j — 0 also for An > 1
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Exact Landau method

Setup
o (n|p|0) = [ dpeW, Uy is calculated using WKB wave functions;

° is the semiclassical parameter: ¢ — /v = Spa = Spa/A;

@ © = oo is a singular point of the potential.

Steps for Exact Landau method
@ Decompose U = Ut + U~ U+ — solutions of Schrédinger equation;

@ Use Borel-summable expressions for ¥, U+ from exact WKB;
© Deform the contour to co: (n|@|0) = fox dp o Ui Uy ;
TEW, — const/p? 4 exp. small |

Q@ Integrals become residual on C%:

Im o

S Perturbatively exact expression:

| ~

s Vi
N 510y = lim o U7 w
N (e ST

b
2

T 0 6 T Rey
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WKB details

@ Momentum p?(p) = 2AE — % — p*/2; P? = p? +)\2\F(

@ Basis functions (
" _exp +i-\ lf*” (@)dep'xi- A" [2[P(X, ' )—p
é1%’*,00(/\7 90) - \/P(/\,
@ General solution of Schrédinger equation: ¥ = C (T + C_¢.

) /;
lae!)

Parameter dependence

@ Quantization condition (I' encycles classically allowed region):
fr P(p)dp ~ 2n(An+ A/2) = E = E(\, A\n);

@ Normalization condition: fjoo de¥? =1= C = C(\ An);
o (n|pl0) =2m >, lim ©® UE Wy is perturbative at A\n < 1
p=xioco
and exponentially small at An > 1. A < 1 in both cases.
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Landau method from path integral in QFT and QM

e Separate p(x =t

=0):
A]m5<m3¢®)®=i/D¢@)ﬂ®ewm<MMU»

A

1= / do §(¢0 — (0)) = / W0 cston-p00)

211

—N/wwgﬁmM/bwmgMWWﬂwwmx
e Replace [dgogpy — lim ¢3;

Po—> 00

e Simplify final state: |n) = (&LZO)"|O> = N/dt* e exp(e+al)|0)
—_——

coherent
@ Use background solution to cancel new BCs

plz) =¢p(t—t) + dp(z)
— N~

satisfies BCs vacuum BCs

Bulat Farkhtdinov (INR RAS) Landau method for amplitudes AQFT-25, 12/08/2025 11/15



Resulting expression and relation to WKB

Path integral:

Ain = Nd)lim qﬁg/djdt* ej¢0+“*”/1)5¢(w) ejw(0)+i§[5s«:;¢3]
00— 00

limit Laplace transform j, 0B
Ald:en)
— _ _ V2 _ .
Y =0¢p+dp, op(t —ti) = T (i taticD) Brown solution.
WKB:
-1 Ofodt(Enonfn)
Ay =2me 0

Z lim g02\Ili \IIO
p==ioc0
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Checking the expression

Quantize the theory:

B(t, t) { —6z/dt¢3\f >< 762/th & =—j

jsV Ao = =282 4+ O(Aon)?, s =

Aln = Atree . % 1(An)+Fo(An)+AFy(An)+...

(‘)()

F_1 =itdon+jdoro + e—e + % + O(Aon)*
= —(36c T 33)(Aon)® + (555: + 335) (Aon)® + O(Aen)*

Fy = (4, t« prefactors) + @—O + >® + >—O + ®_O_® + O(\on)?

—(56: + 32) don + (5 + 515) (Mon)? + O(Aon)?
Fy = (j, t« contributions) + O(Agn) = % + O(Aon)

Coincides with explicit resummation! (Jaeckel, Schenk '18)
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Conclusions

Recall the main goals

@ Construct an exact method which can systematically calculate
F_ 4, Fy, ... at A\, \n < 1 — done;

@ Proof exponentiation conjecture at least in QM — done;

@ Construct a method for calculation of F_1, Fy, ... at A\n 2 1 —
D.T. Son’s method of singular solutions is a good candidate, there are
hints from WKB.

What is next?

@ Obtain higher order corrections in QFT?
e Apply to broken ¢* theory?

@ Take exponentially small corrections into account?
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Thank you for your attention!
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