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“Non-critical” string theories
Worldsheet CFT:

ghosts BC-system + Liouville CFT + (conformal) matter;
cr, +cp + (—26) =0
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of curves
Matter theory:
o “timelike Liouville CFT" — “Virasoro minimal string”

[ Eberhardt. Collier }
Muhlmann, Rodriguez '23

e Liouville CFT, ¢f, = ¢}, € 13+ iR — “complex Liouville string”
Eberhardt. Collier
[I\/Iuhlmann, Rodriguez '24}

@ Virasoro (p,q) minimal model — “minimal string” < this talk!
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“Non-critical” string theories

@ Known analytic/numeric answers for amplitudes are very simple.
R&ason all mentioned theories are (conjecturally) dual to “matrix
models”.

@ Minimal string: the oldest known example [Douglas, V. Kazakov, Daul,
Brezin, ...], but (perhaps) most subtle — dictionary of the duality is
confusing, “operator mixing”, no arguments from analyticity

o [G@al: reformulate/simplify the correspondence to

e improve understanding of the duality
e understand relations to other examples
o facilitate computations
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“Old"” dictionary

o “Matrix model”: (0) = [[dH]e N*VUO(H), H—- N x N
hermitian
(or 2-matrix model: tr [Vi(Hy) + Va(Hz) + H1 Ho))
V(H) =Y ci.HF c,(f) — “p-critical points”; “double-scaling limit"
o0
partition function F = ngQ_Qg — genus expansion
g=0
@ in special coordinates t;, near p-critical point JFlisialspecial
e ARG oM (Feduced)KVARTETATERY (< hicrarchy for 2-matix

model)
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“Old" dictionary

e tachyon amplitudes in (2,2p + 1) minimal string theory A7 (k1 ... ky,)
[T1r = Vi, P1 with matter primaries enumerated by k =1...p]
are identified with (singular part of)

8Tk1 ---8Tkn

tkzt,go)(— “conformal background
@ t and T are related via “resonance transformations”

[ . Moore '91 ]
Belavin, Zamolodchikov '08.
needed to satisfy minimal model “fusion rules”

Da
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Topological recursion

Computing Fy(t) is difficult...
In matrix model it is easier to compute resolvent correlators

1 1 > > 2-92g—
tr S tr :E:R’N o (1)
< E1 - H En - H connected g=0 o

Ry, obey “loop equations” that can be translated into “topological
recursion”
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Topological recursion

Spectral curve: (z(z),y(z)) C C?

= Wo,1 = yda:

— encodes the potential V(H), or “conformal background” ¢! for
(2,2p + 1) minimal string [Seiberg, Shih, '01] (T" is a Chebyshev

polynomial)
o bidifferential B = wp 2 = % — universal in “one-cut matrix
models”

wo,1 . ,
" 2} = n-differentials wy ,, = Wy ndzy...dzm; Wy, ~ Ry,

Da e
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Topological recursion

for each (p, : dz((m) =0
o z(™)(z) — Galois involution
wo,1

(f Blagie
)= KM (z,2) = 52

T 2(y(2) -y (M) de

— recursion kernel




Question

e Simple (universall) formulas exist that compute mf—gik
n

t —t(")

o"F,

Oty .. Oty

n xp_ki+1/2(2’i)
2p — 2k; + 1

It —0= Res <wg7n(z1,...,zn)
i=1

© How to incorporate FESGNANEEIFANSIORMARGNS] (£ — ) and

discard the regular part?
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Surprising observation

On several nontrivial examples we noticed that it is encoded in a so-called
“x — 1y swap’

x = 2upTa(z) T = 2uy Topt1
1) ) S~ 2
y=205""" Topia (o) = 2u0 To(2)
In two-matrix model (1) and (2) compute resolvents associated to the first

and second matrix: <tr B and (tr BT > nontrivial

transformation!
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Statement

coincides with singular part of

",

87761.4.8776” t
tachyon correlators.

© and should compute
:tk

DA
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Simple examples

2_ 2
Here and in what follows * = T

Calculation yields

2p H sin 25;’?_’;
J T P
3(k) 2( 2p+ Z CsinTmb?

normalization
(not important)

From the worldsheet A} = N,go,)c 4. — fusion number/dimension of spaces
1R2R3

of 3pt conformal blocks in minimal model sector (0 or 1).
The underlined factor is equal to Nk koks — S-C- Verlinde formulal
k
S (i—1) ) 2p ll:ll sin wmi; b2
More generally, NO =(—1)7 b > (G

(SRR 1
m=
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Simple examples

b,
10,7 0
AQ(k) = 2772 k1 k4+ Z Z < klkm 7§1°)°> G(m)

e G(m)=4By (%|p +1/2 - m|) B — Bernoulli polynomial
° ng,n — “quantum volumes” of [Muhﬁnﬂighnf'%dcr%ﬂg 23], amplitudes in
VMS. They are polynomials in (p + % —k;); eg.
Ve, )
ooy =140 =0 Y (p+ 5 — ki)?
. A9, although superficially different, agrees with previously known results

N . " Belavin Belavin
in “matrix models [Zamolodchikov ’08] and worldsheet [Zamolodchikov '05]
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“resonance transformations’:
4

Zkskaaks = —Fa(—2) + Y Folki — 1) — Fp(kyojar) — Fo(krzjar) — Fo(kajas)

i—1

where kijji,, and the function Fp are defined as
1
Eijitn, = min(k; + kj, by + kn); - Fa(k) = 5(7’ —k=1(p-k-2)0(p—2-k)

worldsheet:

lekzk:sk4 = (kl + 1)(p +F+ 3/2) -

i=2 s=—k1:2

(2.17)

(2.18)

(2.26)
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General answer

Given in terms of sums over “stable graphs” (they play the role of
“Feynman diagrams”).
They enumerate possible degenerations of punctured Riemann surfaces:

k. L
k 2
) e
rodes = edges
mewked o

Po s (egs

7
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General answer

The simplest way to write the answer:

ky — parameters of edges
and legs entering v;
product over vertices

stable graphs
of genus g
with n legs

L 1 @) VL (k)

g — gv) gv’nv

Az (k) ;Mut(p)’ kz H Nkv (272)3g0+nv—3 %
</ v

integer number
for every edge

1
X H <b2]p+ 3 k€|>

product over edges

(> diverges; interpreted in (-regularization produces Bernoulli polynomials)
ke
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Features of the answer

This formula:
@ manifestly obeys “fusion rules”
@ agrees with previous computations (no general formula known before!)

@ naturally generalizes to (p, ¢) minimal string (not well understood in
the usual approach)

@ similar to the answer obtained for “complex Liouville string” theory
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Interesting byproducts of this reformulation

@ p — oo — JT gravity limit; gives an alternative way to compute
“Weil-Petersson volumes for surfaces with conical defects” [£bsrhatdt]
from z — y swapped “Mirzakhani spectral curve”

@ a conjecture for correlators with “ground ring" operators in minimal
string — to be studied further [\, 5 20 wiel
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Thank you for your attention!
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