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Introduction

Introduction

Essential results were obtained at the one-loop level.

A method of functional reduction for the dimensionally regularized one-loop Feynman
integrals with massive propagators was proposed.

The method is based on a repeated application of the functional relations. Explicit
formulae were given for reducing one-loop scalar integrals to a simpler ones, the
arguments of which are the ratios of polynomials in the masses and kinematic invariants.

It was shown that a general scalar /1-point integral, depending on n(n + 1)/2
generic masses and kinematic variables, can be expressed as a linear combination of
integrals depending only on I1 variables. The latter integrals were given explicitly in terms

of hypergeometric functions of (n — 1) dimensionless variables.

What about multi-loop integrals?
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Methods for deriving functional relations (FR)

FR from recurrence relations

Functional relations (FR) for Feynman integrals were proposed in O.V.T. Phys.Lett. B670
(2008) 67.
Feynman integrals satisfy recurrence relations which can be written as

Z Qili.n= Z Rirli,r
J

k,r<n

where Qj, R« are polynomials in masses, scalar products of external momenta,
space-time dimension d, and powers of propagators. I . - are integrals with r external
lines. In recurrence relations some integrals are more complicated than the others: /; , on
the |.h.s have more arguments than /i, on the r.h.s.

General method for deriving functional equations:

By choosing kinematic variables, masses, indices of propagators remove most complicated
integrals, i.e. impose conditions :
Q=0

keeping at least some other coefficients Ry # 0.

This method can be used for deriving FR for multi-loop integrals.

The problem: it is difficult to derive recurrence relations for integrals with many masses
and momenta.

To obtain FR for n -point integral one need recurrence relations for n + 1 point integral.
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FR from algebraic relations

The simplest is the method based on algebraic relations for propagators.
The following algebraic relation between the products of n propagators was discovered:

where

D; = (ki — pj)* — mj + in.

This equation can be fulfilled for arbitrary ki by imposing conditions on x;, mg, po. The
resulting algebraic relation for the product of n propagators depends on n — 1 arbitrary
parameters.

For n =2 and n = 3 we get

1 X n Xo
D1D2 - D2D3 D1D37

1 X1 X2 X3

DiDsDs  DiDsDs | DiDiDs | DiD:Di’
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Algebraic relation for propagators

Considering p; as external momenta and integrating w.r.t. k1 we get functional relations

d?k
/ L) (m?, m3; si) = xali(md, m3; s02) + xSV (mi, m; si0),

D1 D,

d'ki 2 2 2 A2 2 2

D.DD- —>/3§ )(ml,mQ,m3;523,513,512) = X113( )(mo7m2,m3;523,5037502)
10203

1 2 / 2 2 o
+ x (mlymo,m3,5037513,510)+X3 (m17m27m0v52075107512)7

where
si = (pi — p)*.
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Algebraic relations for propagators

Algebraic relations for products of 2,3,... propagators multiplied by products of any
number of propagators raised to arbitrary power v;

& 1

and integrated with respect to k; yield functional relations for one-loop integrals with any
number of external legs.

Algebraic relations for products of any number of propagators can be used for derivation
functional relations for integrals with any number of loops. Multiplying algebraic relation
by function corresponding to Feynman integral depending on ki and any number of
external momenta and integrating with respect to k; will produce functional relations.
Diagrammatic representation of such relations based on 2-, 3- and 4- propagator relations:
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Algebraic relation for propagators

[ I |
kv —p2 ki —ps

The blob on these pictures correspond to either product of propagators raised to arbitrary
powers or to an integral with any number of loops. One of the external momenta of this
multiloop integral should be k.
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Functional relation for two-loop vertex

Example.
We can use algebraic relation for two propagators multiply it by the integral

/ d%k,
(k3 — mi][(ki — k2)? — m3]

and integrate over momentum ki.
Thus we will obtain functional relation for the following integral:

R 2 2
(m17 m2,m3, my; Q17 ¢727¢73)

// d¥kid ks 1
(imd/2)2 [(ko + q1)? — mi][(ks — q2)? — m3][k} — m3][(ki — k2)? — m}]’

g3

ky + kg — q2

q1 q2
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Functional relation for the two-loop vertex

Using arbitrary parameter in the two-terms relation for propagators we get the following
functional relation
2 2 2 2 2 92 3
R(mh my, M3, My; q1,Qq2, q3)
2 2 2 2 2 2 2 2 2
= aR(0, my, m3, my; Q°, qz, (M — mi + g3)a — m;)
2 2 2 2 N2 2 2 2 2 2
+ (1 - a)R(my,0,m3, mi; g1, Q°, (mz — mi — g3)a + g3 — m3),

where

Q*=(qi — g5 — mi+ m)a+q; — m3,
@B —mi+m+VA
o = >
2q;3
2

A = g5+ mi + mj; — 2¢5m] — 2¢5mj — 2mimj.

)
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Functional relation for two-loop vertex

Instead of the integral R(mf, m3, m3, m2; q3,q3, q§) one can consider it's derivatives
w.r.t. m3 or m3. The derivatives will correspond to diagrams with dot on 3rd or 4-th line

and will be UV finite.
These derivatives will correspond to the following integrals:

R3 m17 m2, m37 m4, Ch, q2, q3)

// dkid?k, 1
imd/2)2 (ko 4+ q1)? — mi][(ke — q2)2 — m3][ki — m3]?[(k1 — k2)? — m3]’

R 2 2 2
4 mla my, M3, My; Ch, Q27 q3)

// dkid?k, 1
imd/2)2 (ko + q1)? — mi][(ke — q2)? — m3][ki — m3][(ki — k2)? — m3]?"

0.V. Tarasov (JINR) Derivation of functional relations for multi-loop Feyni 12 /37



Functional relation for two-loop vertex

Integrals R3 and R4 are UV finite and satisfy the following functional relations:
2 2 2 2 2 2 2
Rs(mi1, m3, m3, my; qi,43,93)
2 2 2 2 2 2 2 2 2
= aR3(0, my, m3, my; Q°, q5, (m; — mi + g3)a — m;)

+ (1 - a)R3(m%707 m§7 mg; qu Q27 (mg - m% - qg)OC + q% - m§)7

2 2 2 2 2 2 2
R4(m17m27m37m41 q17q27q3)

2 2 2 2 2 2 2 2 2

= aR(0,m3, m3, my; Q°,q5, (my — mi + g3)a — m3)

+ (1 - a)R&;(mf,O, m§7 mi; qu 027 (mg - mf - q?%)Oé + q§ — I'l"l%)7
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Functional relation for the two-loop vertex

These functional relations can be used for calculating basis integral encountered in the
orthopositronium decay. In particular one of the basis integrals corresponds to kinematics
mi=mi=m;=m3, ¢ =qs =m? g3 =0. In this case functional relation for R; reads

2 2 2 92 2 2 . 9 2 2 2 2 2
Rs(m®,m",m",m"; m~,m°,4m") = R3(0, m", m", m*;0, m", m").

Integral on the right hand side is in fact propagator type integral with one massless line.
Applying recurrence relations this integral can be reduced to simpler integrals:

Rs(0, m2 m*, m*;0, m*, m°)

d?kid?ks
'ﬂ"/z)2 // ki (k3 — m?)[(k = k2)? — m?P[(ky + qu)* — m?]

(d—2) 2
3(d7 3)J111 ( )7

where

@ 2y d?kid?k;
Ji(a7) = (in/2)2 // (K2 —m?)[(ki — ka)2 — m?|[(k2 — q)2 — m?]’
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FR for the two-loop pentagon integral

Consider more complicated example. Integrating the two term relation with one-loop box
type integral depending on k» one can get FR for the two-loop pentagon integral:

Two more FR can be generated using the two-term relation.
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FR for the two-loop pentagon integral

Integrating the three term relation with one-loop vertex type integral depending on k;
one can get another FR for the two-loop pentagon integral:

kv —po
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FR for the two-loop pentagon integral

Integrating the three terms relation multiplied by two terms relation and by the factor
1/((ki — ka)* — m?) one can get 6 terms FR for the two-loop pentagon integral:
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FR for the two-loop planar vertex

Problems:
Integrating the three terms relation multiplied by one-loop vertex one can get FR for the
two-loop planar integral:

Thus we get mixture of different topologies. Therefore we must write FR for box type
integrals and then to pentagon type integral.
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FR by deforming propagators

The methods presented before does not work for arbitrary integrals. For example, we did
not found functional equation for the two-loop vacuum type integral.

To find functional relation for the L-loop Feynman integral depending on E- external
momenta we will start from the relation of the form

|
55 5710(5) 0
J#r

where bj is defined as:
Dj=Q —m +ie.
with
E+1

Z ajrki + Z bjipi,

and aj;, bj for the time being are arbitrary scalar parameters. Some of these parameters
as well as x, and m?,; can be fixed from the above equation. Part of these parameters
will be fixed from the requirement that the product of propagators in the equation should
correspond to the integrand of the integral with the considered topology.
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Deriving functional equation by deforming propagators

FR by deforming propagators

In general the integrals with modified propagators will not correspond to usual Feynman
integrals. Further restrictions of parameters may be needed to obtain relations between
integrals corresponding to Feynman integrals coming from a realistic quantum field
theory models.

m,

m

As an example let us consider derivation of FR for the two-loop vacuum type integral

d d
(d) 2 2 2\ dkid% ke 1
400 o) = | [ Gy Gy
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Deriving functional equation by deforming propagators

FR by deforming propagators

For the product of three propagators one can try to find an algebraic relation of the form:

1 o X1 + X2 + X3
DiD;Ds  DsD;D;  DiDsDs  DiD:Ds

where

51 = (alkl + 32k2)2 — m% + i€, 52 = (b1k1 + b2k2)2 — m% + ie’

53 = (hlkl + h2k2)2 — m§ =4 f€, 54 = (r1k1 =+ r2k2)2 — mi + ie,
my are arbitrary masses, xx, aj, bi, hs, r are undetermined unknowns and k1, k> will be
integration momenta. Bringing all the terms to a common denominator and equating

coefficients in front of different powers of ki, k3, kiko and free term to zero leads to a
nonlinear system of equations:

2 2 2 2
ri —xiay —x2bi —x3ht =0, nn —xaa — x2biby — x3h1ha = 0,

2 2 2 2 2 2 2 2
h — Xi1ady — X2b2 — X3h2 = 07 my — X1my — X2mp — X3M3 = 0.
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Deriving functional equation by deforming propagators

FR by deforming propagators

Solution of this system reads:

n = QA,
A)q = r22(h1h2m§ — bzblmg) + b2h2(b1h2 - b2h1)mz% - rg(hgmg - mgbg) Av
Axo = 7r§(mfh2h1 — a2alm§) - azhz(alhz — 32h1)m§ + rg(hgm% - mga%) A,

Axz = fg(m%bzbl - 3231m§) + arbo(a1br — azbl)mi - rf(b%m% - mgag) A
where A is a root of the quadratic equation
AN+ BX+ C =0,
and
A= byha(brh2 — h1b2)m% + axha(hiaz — 31h2)m§ + axbo(arbs — b122)m§,
B = (b2 — bih2)(bihy + h1b2)m% + (arh2 — hia2)(arh2 + hlaz)m§
+ (braz — ar1b2)(aih2 + b132)m§7

C = bih(bihy — hibo)mi + arhi(azhy — atho)mj + ayby(arbs — braz)m3
—+ (b2h1 — b1h2)(a1h2 — azhl)(a1b2 — agb1)m12,.
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Deriving functional equation by deforming propagators

FR by deforming propagators

To obtain FR for the two-loop vacuum integral, first we integrate algebraic relation with
respect to ki,k> and then transform these integrals into the o -parametric representation.
Transforming all propagators into a parametric form

1 o i~ e v—1 . 2 2 .
-ty 1) /0 da o exp [la(k m” + Ie)] ,

and using the d- dimensional Gaussian integration formula

/ddk exp [i(ak2 + 2(pk))] =i (g)% exp {—g} )

we evaluate the integrals over loop momenta. The final result is:

_ d 3
Jéd)(mb m27 mg ! / / daldaj]d% Xp [_"Z a/(mf—ie)} ,
2 =1

where
D= (21b2 - azb1)2a1a2 + (a1h2 — 32h1)2(¥10é3 + (b1h2 — b2h1)2(12(¥3,
differs from the D form of the original two-loop vacuum integral

D =aiar + aqas + azas.
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Deriving functional equation by deforming propagators

FR by deforming propagators

Rescaling c;j — o607 with
91 :blhg—bghl, 92:«91/12—32/71, 03:31b2—32bl7
leads to the relation:

D= (brhy — b2h1)2(21h2 — a2h1)2(a1b2 — azbl)2 (102 + a1z + azas)

d d
/ d kl d k2 [910293] /// daldazda3 [—I./\/l]
DyD,»Ds

= [026263) 2" (03 m?, 02 m, 03m3)

and therefore

where
2 2 2 2 2 2
M = a101mi + a0om5 4+ aztlsms.
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Deriving functional equation by deforming propagators

FR by deforming propagators

Integrating algebraic relation w.r.t. ki, k» and using the above relation we get:

[026263)°2° SO0 m?, 02m2, 2m3) = xa[020262)°%° S (02 m2, 02 m?, 63 m3)

+xo[0360262) 77" S (02m?, 63 m2, 02 md)
(636368 7" ) (G, 033, ),

where 04,05,06 are

0s = by — b, 05 =rna—na, 0s=nh—nh,
By changing integration variables in the integral on the left hand side
ki = (010,05)2 ki, ko = (010205) ko,
and performing analogous changes for the integrals on the right hand side we obtain the

relation

1 (0,2 02 2 05 o . SR G S S S
010205 "\ 005 ¥ 6105 2 0.0, ° T 010406 ° \ 0405 0105 2 0106 "

S (L L S L S
020506 0 \ 0205 2 0605 7 0206
X3 04 2 95 2 93 2

T 530,05 (9395 M 0.0, ™ 0504 '"4)'
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Deriving functional equation by deforming propagators

FR by deforming propagators

In terms of redefined masses My, M», Ms related to original masses m1, ma, ms as

mi= PR = B0, = O
01 03

02 M37

we get

(M2 1 ) = 205 gy (B 05l gz a0
0466 6’294 0306

20 o (Mo, f, 2 )

0105 0506 0306

NI 0204 M, 105 Mz, )
0105 9294 9495

where mj is an arbitrary mass.
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Deriving functional equation by deforming propagators

FR by deforming propagators

At m; = 0 dependence on all parameters a;,b;,hi drops out and we get

Jo(MZ, M3, M3)
_ (0 —M? + M3 + M3 + Vs —M12+M22+M32—VA2)
— Jo ; )

2 2
M — M3 + M5 + /Dy M; — M5+ M; — /1A,
+J0 507
2 2
—Jo(_ P — M3+ M+ Dy —M; — M3+ M; — VA, 0)
2 ’ 2 ’ '

where
No = M+ My + M — 2M2 M2 — 2M? M2 — 2 M2 M3,
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Deriving functional equation by deforming propagators

FR for the three-loop vacuum type integral

Consider derivation of FR for the three -loop vacuum type integral with arbitrary masses:

(d) 2 2 2 2 d9k1dkd ks 1
Us (m17m27m37m47m57m6)— (in92)F  DyD2D3D:DsDs’

where

Dy = kX — m? + i, Dy = k2 — m3 + e,
Ds = k¥ — m3 + i, Dy = (ki — k3)* — mj + ie,
Ds = (ki — ko)* — mz + ie, Dg = (ko — k3)* — mg + ie.
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Deriving functional equation by deforming propagators

FR for the three-loop vacuum type integral

Parametric representation of this integral reads

2 2 2 2 / / dOél C/Oés [2]
(m13m27m37m47m57m6 p_’M )
D()]*

where M? = Z a,(m/ —16),
=1

D(a) = aa(oa + az)as + az(on + a2)as + ca(az2 + az)ae + aroaas

+ (cuwas + auas + asae) (o + a2 + as).
Instead of original propagators we will use deformed propagators
D, = (arki + acko + 33/(3)2 — m? + e, D, = (biki + boko + 133k3)2 — m3 + ie,
Ds; = (crki + ko + C3/<3)2 — m3 + ie, Dy = (diki + dokor + d3k3)2 — mj + ie,
55 = (e1tk1 + exko + e3k3)2 — mg + ie, [56 = (hiki + hako + h3k3)2 — mg + i,
D; = (nki+ rk + f3k3)2 — m5 + ie,
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Deriving functional equation by deforming propagators

FR for the three-loop vacuum type integral

For the product of six propagators one can try to find an algebraic relation of the form:

D\D:DsDsDsDs Dy D 53545556 D; D 53545556 D; D1 D> D4 Ds Ds

X4 X5 X6

D; D1 D> D3 Ds D6 D7D1D>D3 Dy D6 D;D;D>D3D4Ds’

where my are arbitrary masses, xx are undetermined unknowns. Bringing all terms to the
common denominator and setting coefficients in front of k12, k22,k§, kiko, kiks, koks as
well as free term to zero, leads to a nonlinear system of 7 equations:

aixi + bixe + cixa + dixa + efxs + hixg — rf =0,
a%xl + b§X2 + c22)<3 + d22X4 + 622X5 + hgxﬁ — r22 =0,
a§x1 + b§X2 + c32)<3 + d32X4 + e32><5 + h§xﬁ = r32 =0,
araxx1 + bibyxo + cicoxz + didoxa + e1€0x5 + hi1hoxe — rirn = 0,
aiasxi + bibsxo + cicz3xs + didaxs + e1e3xs + hihs3xe — i3 = 0,
arasxy + babsxo + c2c3x3 + dhdixa + e2e3x5 + hahsxg — o3 =0,

2 2 2 2 2 2 2
—MiX1 — M>X2 — M3X3 — MyXa — Msxs — MgXe + m7 = 0.
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Deriving functional equation by deforming propagators

FR for the three-loop vacuum type integral

Integrating this relation with respect to ki, ko, k3 leads to the relation

(a,b,c,d,e,h) 2 2 2 2
P 7 (mlam27m37m47m57m6)

2

_ (r,b,c,d,e,h) 2 2 2 a,r,c,d,e,h 2 2 2 2 2
_X1P (m7am27m3am47m53m6)+XP (mlam )

7, M3, My, M5, Mg
+xsPEOEEN (mT mi ml m, mi, mg) + xa PO (mi m3, m3, my, mE, mg)
Fxg PELEDT (2 2 2 2 m2 m?)

4 xgPlabeden) (mi, m3, m3, my, ma, m3),

where
// dkid?kod¥ks

(a,b,c,d,e,h) 2 2
P (m17m27m37m47m57m6 ~~~~~~
D1D>D3D4DsDs”’

This integral can be written in parametric form as it was done for the two-loop case:

(a,b,c,d,e,h) 2 2 2 2 2 2
'D e (m17m27m37m47m5,m6)

HORSY / | e oo -],

where W= or(mi—ic),
=1
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Deriving functional equation by deforming propagators

FR for the three-loop vacuum type integral

and 5(04) is 20 terms polynomial in o with coefficients depending on 18 parameters
a,b,c,d,e, h
D(a) = Z Tiki(a, b, c,d, e, h) ajaka.

ki

The polynomial D(«) differs from the D(c) for the original 3-loop vacuum integral.
D(«) has 16 terms. Four extra terms proportional to products

1o as, 10, 0oase, aaasas , which are absent in D(«), can be eliminated from
5(0) by appropriate choice of parameters a, b, ¢, d, e, h.

To eliminate the four terms one should solve 4 nonlinear equations wrt a, b, ...

aibres — a1bsey — arbies 4+ axbser + asbier — azboe; =0,
a10ds — a1c3ch — axc1ds + axcady + azaidh — ascdy =0,
bicohs — bicshy — bacihs + baczhy + bscihy — bscohy = 0,
diexhs — dieshy — drerhs + daeshy + dzerh, — dzexhy = 0.
Using Maple we obtained 86 solutions of this system. Only 14 of them lead to D(a) with

16 terms. It turns out that by the rescaling ax — Srax one can choose i so that all

these 14 polynomials 5(04) will be proportional to D(«) multiplied by some factor
depending on the parameters aj, ....
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Deriving functional equation by deforming propagators

FR for the three-loop vacuum type integral

For all 14 solutions, we have obtained xx, (k = 1..6) and m3 as functions of the
remaining parameters and m? .

Substitution of 14 solutions into the equation will give FR for the original integral in
terms of P integrals corresponding to D(«a) with 17 and 18 terms. These integrals are a
new type of integrals.

By choosing parameters of the additional propagator in the r.h.s of the FR we can
eliminate 3 terms from the FR.

At the next steps one can derive FR for the new integrals with 17 and 18 terms in D(c).
At this stage we fixed only 4 parameters thus keeping maximal number of free parameters
a,b,. ...

Repeating this process we discovered quite a remarkable property.
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Deriving functional equation by deforming propagators

FR for the three-loop vacuum type integral

To illustrate this property we consider the case when parameters a, b, ... correspond to
the original integral and the additional propagator 1/D; depends on 3 arbitrary
parameters.

1 X1 X2 X3

== + = +=
D1 D> D3 D4 Ds Dg D7 D> D3 Dy Ds Dg D7 Dy D3 D4 Ds Dg D7Dy D, Dy Ds De

X4 X5 X6

T = + = + = ,
D:D1D>D3DsDs D:D1D>D3DaDs - D7D1 D> D3DaDs

Integrating this equation wrt ki, k>, ks we get FR for our original integral in terms of
new integrals. By choosing in D7 one parameter, three terms in FR can be eliminated.

At the next step we write FR for the terms with one additional propagator in terms of
new integrals with one more additional propagator

1
_ BN n
D7 D> D3 D4 Ds Dg D7 Dg D3 D4 Ds Dg

We repeated this procedure two more times.
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FR for the three-loop vacuum type integral

In terms of integrals it will correspond to the following steps:
First step

Uéd)(m%7 m3, m3, m;, me, mé) —  terms like Pi({m}, ko + hsks).
Second step

Pi({m}, ko + hsks) —
terms hke PQ({E;'}7k2 + h3k3, k2 + C3k3) and P1.

Third step

Po({m}, ko + hsks, ko + c3k3) —
terms  like P3({’77}a ko + hsks, ko + c3ks, ki + bzkz) and P».

Fourth step

Ps({m}, ko + hzks, ko + c3ks, ki + boko) —
terms like :’:’4({;'7"]}7 ko + h3k3, ko + C3k3, ki + bgkz, ki + U2k2) and Ps.
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FR for the three-loop vacuum type integral

It turns out that by permuting and scaling a's the 5(&) polynomial for P, can be
expressed in terms of D(«a) polynomial for Ps. It means that the integral with 4 modified
propagators is reducible to the integral with 3 modified propagators.

Pa({m}, ko + hsks, ko + c3ks, ki + boko, ki + uoky) —
P3({§7}, ko + h~3k37 ko + Caks, ki + Ezkz)-

As a result, we obtain a FR which includes only the function P; depending on 3
arbitrary parameters and arbitrary masses.

One can formulate for the P; a functional reduction procedure similar to one-loop
integrals and to simplify it as much as possible by reducing to Ps; with simple
combinations of masses. Then substitute it to the equation for P,. Simplify P, and
substitute it into the equation for Pi. Then simplify P; and substitute it into the
equation for Uéd>.
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Summary

Summary

@ Applying presented methods one can get sets of FR for various types of multiloop
integrals.

@ The most general method is based on the method of deformed propagators
o Further modifications of all methods are needed
@ Careful investigation of the solutions of nonlinear algebraic systems are needed

@ Probably derivations based on other parametric representations of integrals will
produce more functional relations
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