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Introduction

Introduction

Existence of a non-Abelian version of the d = 6 tensor multiplet was conjectured by
Witten in 1995 in the context of low-energy description of multiple interacting M5
branes. Indeed, like the single D-brane, which effective description is given by the
Born-Infeld-type action of the vector multiplet, single M5-brane is effectively described
by a Born-Infeld-type tensor multiplet action. Moreover multiple coinciding D-branes
are described by non-Abelian Born-Infeld action, and in lowest energy limit, by the
supersymmetric Yang-Mills theory.

Separate but related point of interest in such theories is related to the fact that
2-tensor field action in six dimensions is conformal. Therefore, the maximal possible
superconformal theory, N = (2,0), d = 6 one, is also described by non-Abelian tensor
multiplets.

Description of non-Abelian tensor is mysterious, however. It was shown in [Henneaux,
Knaepen, 1997] that it is not possible to deform characteristic tensor gauge symmetry
dBun = Oman — Onawm in non-Abelian way in theories that are local and contain no
extra fields. Another problem is argument by Witten based on reduction to 5
dimensions that a d = 6 action could not be superconformal. As a technical
complication, d = 6 tensor multiplets involve tensor which field strength is self-dual
on-shell, which Lagrangian description is a task on its own.
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Introduction

Introduction

Construction of the theory that captures at least some properties of M5-brane system
is still of interest, and many attempts on non-Abelian generalizations of tensor
multiplets have been made. In some of these the tensor multiplet strength was
constructed out Yang-Mills strength and constant vector, others explicitly introduced
nonlocal terms or extended d = 5 Yang-Mills theory. The most “conventional” and
conservative approach involves so-called tensor hierarchy, there antisymmetric
2-tensor is accompanied by vector and higher antisymmetric tensor fields.

Tensor hierarchies were introduced in [de Wit, Samtleben, 2005] and were combined
with supersymmetry in [Samtleben, Sezgin, Wimmer, 2011] at the component level.
Superfield version of tensor hierarchy constructed in [Bandos,2013], superfield action
in [Buchbinder, Pletnev, 2014]. Pasti-Sorokin-Tonin mechanism of inducing self-duality
equation was added in [Bandos,Samtleben, Sorokin,2013].

The purpose of the current talk is to describe the known supersymmetric tensor
hierarchy systems, focussing on their weaknesses, and to propose a manifestly
supersymmetric N = (1,0), d = 6 action that can at least partially solve their
problems.
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Discussion of tensor hierarchies

The tensor hierarchy

Tensor hierarchies were introduced in [de Wit, Samtleben, 2005] and were combined
with supersymmetry in [Samtleben, Sezgin, Wimmer, 2011]. Tensor hierarchy consists
of 1,2, 3-form fields subjected to a set of coupled gauge transformations

6A = DN — hAy,
5By = 2D — 2d/sN Fi + 20/ AudAxg — 9" M,
5Cmnkyr = 3Dlnkgr + - - -,
Fun = 20mAN — fAuAN + i Bun, Fime = 3D[MB,/VP] +9"Cuner + ...

Coupling constants are dimensionless and satisfy a system of nonlinear equations
which ensures closure of the algebra.

In [Samtleben, Sezgin, Wimmer, 2011] dynamical supersymmetric systems that have
such gauge symmetry were constructed. However,

@ Careful analysis shows that Stiickelberg parts of A}, and B}, can be used to
compensate terms with derivatives in transformations of non-Stlickelberg parts
of Bl and Cuner. Thus no non-trivial generalization of Abelian shift symmetry.

@ Conditions of existence of the action lead to indefinite metric in the scalar sector,
with additional scalar being superpartner of the Cynpr Lagrange multiplier that
induces the self-dual equation motion for Fie.
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Discussion of tensor hierarchies

PST and tensor hierarchy

One can expect that the problem can be solved if one uses another method to induce
self-dual equation of motion, such as PST approach.

The original Pasti-Sorokin-Tonin action (1996) produces self-dual equation of motion
of the two-form in six dimensions without adding a new degrees of freedom:

1
20Kz0kz

Fasc = 8aBsc — 98Bac + OcBas, F'°° = F%° — 1EG'L‘BC,VWPF/\//NP-

It was combined with tensor hierarchies in [Bandos,Samtleben,Sorokin,2013].
However,

SPST = /dGX(%FMNPFMNP = ngcfABDaczaDZ),

@ All relations of the tensor hierarchy were not altered. In particular, internal metric
is indefinite.

@ 3-form Cuner, which acted as Lagrange multiplier, is still present and is required
to check the gauge symmetries

@ Parameter of another symmetry 6By, = duzay, is constrained by g/ay = 0,
trivializing for non-Stckelberg part.
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Improved action

Composite Lagrangian multiplier

Though not directly usable, the PST action still gives an idea how to avoid
non-compactness of the gauge group.
Consider the polynomial form of the PST action [Mkrtchyan 2019], which reads

1 3
SpoiypsT = / d®x (5 Fune F™° — Finpd" 2R + EG[MZHNP]B[MZRNP])-

Excluding Ry with its equation of motion, one recovers the PST action.

Let us truncate the action by removing the last term in Spoypst @and make it
non-Abelian:

1
SpolypsT = / d®x (E Funp FI"™° — F MNPI&‘MZF?NP/)-

Note that Spoypsr is still capable of producing a self-dual equation of motion. Varying
w.r.t. HMN

1
aPZ]:MNPI = —EEMNPABCBPZ }-;\BC =0 = ]:/{ABC = 8[AZS’BC] =

(0202)8" + 20128819,z =0 = S =9lzU7 = Figc =0.
It is obvious in spinor notation, where 9pzF"N' is equivalent to

O 2F P =0 and 9.,20"7z = %5§awza‘“'z.
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Improved action

Composite Lagrangian multiplier

Now d;uzRney functions as a composite Lagrangian multiplier. It is algebraically
equivalent to the standard one, as any anti-self-dual tensor Cune can be presented as

- 1 ~
Cunp = 30mZ Rnp) + §€MNPIJK6KZ RY.

(Shown by multiplying by 87z, extracting R and substituting it back).
Therefore, we obtain an action with following properties:
@ It is equivalent to the standard one with natural minimal non-Abelian
generalization;
@ |ts supersymmetric version can be obtained by truncating known superfield PST
action;
@ New supersymmetric version is substantially different from standard one, as it
does not add a new physical scalar;
@ A requirement to take the gauge group non-compact does not appear.

Note that the Lagrange multiplier, composite or not, is in general a new degree of
freedom. It leads to ghost in the Abelian case, but it is harmless [A.Sen, 2015,2019].
In the non-Abelian case it is required to make it non-dynamical to avoid instabilities.
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Improved action

Abelian tensor multiplet action

The superfield action of the Abelian tensor multiplet reads

8S[X,Y,Z] = / oPxa*0” du[ D} [X] DV X + To[X] DY DEXE -

—2(DEH[Z, Y] DX+ %H[Z, Y] D DX ) +

/
+D**Z(DH[Z, Y] Y*P + ZH[Z, Y] DY) +

D;ZD;Z5°°Z
——(pt+)3 +6 (p—— (Do B
HMT(DZ 4N (DT Z i )],
where
®[X] = D DIXV—2D;X™, H[Z,Y]=D "ZD.Y" —2D;ZY""

It is given by an integral over analytic harmonic superspace (x4, 67 u). Superfields
Z, M~—, N*® are analytic, while tensor superfields X** and Y** also depend on 6~°.
X and Y contain physical and auxiliary tensor fields, while Z contains a PST scalar

X =0"q+0°Bs™ +..., Y =0"C+0°Rs*+..., Z=2z+...
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Improved action

The N = (1,0), d = 6 harmonic superspace

The N = (1,0), d = 6 harmonic superspace in the analytic basis described by the
coordinates {x*?, 0%, 0= u*, u~"}, utu = 1.

In analytic basis, the derivatives with respect to 8’s and harmonics read

0 ) 0
H+ _ ot+  ipgtaptB | gty o +
D™ =0"" +i070"" + 0 80_W,8 u el D}, 59=a
0 __ _i 0 _ 0 _
—— g |, ip—an—B — . i _ .
D =0 + 160 0 + 60 ’YW, 1o} =u W, Da ——W—&@ 7(9&77
_ o4 0 0 +y 0 4 0
Do =g~ e 0 ggm Y e

The (anti)commutators of these derivatives are
{D},D;} =2ida5, {DL,Dj} =0, {D;,D;} =0,
[D*",D""] =Dy, [Do,D""] =2D"", [Do,D" "] =-2D"",
[D™",Df] =0, [D~~,Df] =D, [Do,DY] = DL,
[D*",D;] =Dy, [D~~,D;]=0, [Do,D;]=-D;.
The fields satisfy

DiXTP = %5§D;x+7, DiY*™P = 15501 Yt DizZ=o0.
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Improved action

Adding Yang-Mills multiplet

As the truncation of the bosonic action involved removing R? term, one should
truncate the supersymmetric action by removing

_ 1
6, 44 B B
/d xd0”du[D**Z(DH[Z, Y] Y** + S H[Z, Y] DY 7).
For simplicity, let us consider standard minimal coupling to the Yang-Mills multiplet and
assume that X and Y superfields transform as
6X+al _ gAr(T) X+o¢J’ 5y+al g/\r( ) Y+aJ

with g being a dimensionless coupling constant, A" is analytic parameter and indices /,
J can be raised and lowered by non-degenerate positive-definite ;. Then the
derivatives should be covariantized by analytic V**" and its relatives

vVt =D — gv++’T V=D —gV 'T., Vi=D,
a = Do_¢ - gVa TI"7 VOAB S aB - gVaBTf7
Vo' =-DLV ™, Vig=3DiD;V~', and
D++ for _ D~ V++r _ gfrt V++S fot =0 6v++r _ v++/\r 5\/77, _ vf*/\r
S - Y - ) - .
For non-simple gauge groups, 6X ' = —gA\"(T,) ) X" — g\ Kkl Vs,
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Improved action

Harmonic Yang-Mills

Covariatized derivatives nontrivially (anti)commute:

[V, vi]=DL, [V 7,Di] =V., {Di,V5}=2iVag,
[Vap, D3] = %geaﬁvu VT, [Vas, Vi) = % '
where V2" is the covariant field strength

V+ar _ (D+3)0‘ V*fl” v++ V+ar _ 07 vffDZ V+ar o 2v; V+ar —0.

€apru VT = %eaﬁwv__ VT,

This leads to complications in generalizing the the Abelian action: simple replacing all
the derivatives to covariant ones does not result in analytic object, as

DiDi®[X] = DiD; (D™~ DIX* —2D; X*7) =0 but

DS (VT DIXTY =2V XT) = —2genp,, VI (T)) X £ 0.
The correct generalization is ¢COV[X’], D;'ng)co.,[x’] = 0, involves prepotential X~/
X+o<l — (D+3)ax——1:
Goo[X'] = VT DIXTY — 2V X 4 2gVH (T, DEX T — gDE V(T X,

Let us note that such generalization is impossible if shift by V" is added.

N. Kozyrev (BLTP JINR, Dubna) Tensor multiplet BLTP seminar, 03.04.25 11/17



Improved action

Proposed action

Therefore, we suspect that the core of action of the non-Abelian tensor multiplet
should read

—8Snacore = / dexd“e—du[og(%v[x,] + HZ, Y]) VXt 4

42 (@eoX] + HIZ, YDV DEX 4
D;ZD;Z9*%Z
~ gz )]

Some analysis shows that it is not satisfactory on its own and should be supplemented
with additional constraints on superfields, coming with new Lagrange multipliers:

+M~= (D)’ Z+ N*® (D™~ Z +i

—8Sva = —8Snacore + / d®xd*6~dul,; DLV DV DI vt 4
e / d®xd®0du L v VDX v T v DX,
Here, L ;; is analytic and L,;* is a general superfield.
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Improved action

Added constraints

The necessity to add constraints to the action is that it contains a lot more
components than one can expect for a vector-tensor system, and equations of motion
coming from Snacore alone are not strong enough to suppress all of them. These
components are contained in the prepotential X~/ superfield Z and Yang-Mills
potential (auxiliary field). They interfere with other components of the tensor multiplet,
producing terms in the eom’s of physical fields and making equations for auxiliaries
practically unsolvable. With the new terms added the action, it is possible to remove
these fields from the action and show that it is sensible in the bosonic limit. Actually,
due to nonlinearity of the constraints, solution is simple in the bosonic limit only, when
equations like & = 0 have only solution a = 0.

The M~~ and N*® equations of motion produce constraints on Z
D,ZD;Z9%%Z
++\3 > _ == Do B —
(D")°Z=0, D"~ Z+i 7 4
with known bosonic solution
Z=z+0™9""d,,, 9" z=0, 0 "d, =0,

0" zd,,” =0, d~"d, =0, 9"’d, =0.
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Improved action

Solving constraints

Similarly, variation with respect to L;;;" induces a constraint
DIV DV DIVt = 0.
As
+\/t+ar 2 (b N2 At +ap+p 201y == vr
DIV = £(07)°CT +070% (= 507 DasC " — 8D Fi”) +
+0+4 (%D;U/DHV C——r + 2?9 C——Sa++ C——t ;’t)’
the constraint starts from
(@)c " (ot)2cs(eH)Pc'=0 =" =
and whole constraint becomes trivial.
Similarly, constraint V=~ V** DI X V==V DI X = 0 implies
9~ ot f++/a——a++ f++J 0 = ot f++/ 0
0—u0+u0—p9+o‘ (izDHVf++/ 8++ ! )(Ingf++J 8++a:,£o.) -0 =
D, '+ 8% a,, = 0.
Both do not induce equations of motion of physical fields.
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Improved action

Added constraints

With these results taken into account, Y equation of motion
H[z, v Xt =o.

becomes tractable, and one can find af“, in terms of other fields and show that
physical scalar and tensor do not depend on harmonics. Then one can perform
integration of the action to find

— 85w = / d®x [ —8D"B, Y (Du,Bs" — 2gF5"" () yWh, + Bayz Rs™') +
+16D,, ' D" & + 8ig("q,FaB'(T,)’JBgaJ] ,

Here wjﬁ is the only extra component coming from the prepotential X~ —'. Even it is
unimportant, as one can define

Clap) = 2D(ayBs)"' —4gFs" (1) uwWay, + 200, 2 Re)" =
—8Swar = / d“x[—mwsﬂ,q’aﬁ) —|—162)#”5]'2)‘“’?7,+8iga,Faﬁ'(Tr)'JBﬁaJ]

to obtain sensible bosonic action without demanding gauge group to be non-compact.
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Improved action

Constraints on gauge group

To avoid presence of ghosts, the Lagrange multiplier C(’aﬁ) has to be non-dynamical. It
can be shown to satisfy two algebraic equations

—B"Cop(Tr) 'y = —89(T2) s@" Dapi + 4(T:) yDoa (@1Bs ),
F[apr(T’)J’CB]pJ = 4D[cw (Fﬁ]pr(Tr)JIEIJ)-

First is A.,, equation, second derivative of B’ equation.
lfr=1...,rmand/=1,...,In, Cug) has 10/n components, and there are at most
6rm + 6/» equations. Therefore,

3rm > 2Iln

For SU(N) or SO(N) representations, r.h.s. of equations is not constrained only if
exactly 3rm = 2I,. Two such cases were identified
@ The gauge group is SU3), T, — T.”, T, =0, a = 1,2, 3, and C is a pair of

symmetric conjugated bispinors with upper and lower indices C((jg)), aam(aﬁ).

@ The gauge group is SO(4), Tr = Tjag, a =1,...,4. Cis a symmetric traceless
tensor, Ciag)(as), Cap)@p)das = 0.
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Conclusion

Conclusion

We discussed a possibility to construct an action of the non-Abelian tensor theory
which would possess a positive-definite metric in internal space. Our conclusion is that

@ Tensor hierarchy does not contain non-Abelian deformations of tensor gauge
shift symmetry, only local rotations of the tensor potential.

@ Present combination of tensor hierarchy with Pasti-Sorokin-Tonin approach to
self-dual tensor field do not solve problem of indefiniteness of the metric in the
scalar sector, and do not possess the necessary symmetries.

@ Construction of supersymmetric action with non-Abelian symmetries and proper
scalar sector is possible by truncation of known superfield PST action.

@ The constructed action still involves the Lagrangian multiplier, which is not
dynamical if gauge groups are SU(3) and SO(4), with the tensor field belonging
to specific representations.
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