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Motivations

Wigner-Bargmann (1939, 1948) classi�cation (1939, 1948) of UIRs ISO(1, d− 1) is
characterized by [(d+ 1)/2] Casimirs; A. Isaev (2023-2024)
1. P 2 = m2,W 2 = −m2s(s+ 1) - massive Unitary irrep (UIR) with (half)integer spin;
2a. P 2 = 0,W 2 = 0, Wµ = λPµ - massless helicity UIR;

2b. P 2 = 0,W 2 = µ2 - massless continuous spin UIR;
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Interacting vertices (B,B,B), (B,B,B,B) and (F,F,B), (F,F,B, B),

(F,F,F,F) in SM

Cubic vertices in SM for lower spins (m = ( ̸=)0): (1,1,1), (0,0,1), ( 1
2
, 1
2
, 0), ( 1

2
, 1
2
, 1)

SSM =

∫
d4x LSM , LSM = Lgauge �elds + Lleptons + Lquarks + LYukawa + LHiggs , (1)

Lleptons =
3∑

k=1

[
l̄kLiγ

µ

(
∂µ − i

g

2
Aâ

µτâ + i
g′

2
Aµ

)
lkL + l̄kRiγ

µ (∂µ + ig′Aµ

)
lkR

]
,

Lquarks =
3∑

k=1

{[
ūk

d̄′k

]
L

iγµ

[
∂µ − i

gs
2
Aα

µλα − i
g

2
Aâ

µτâ − i
g′

6
Aµ

] [
uk

d′k

]
L

+ ūk
Riγ

µ

[
∂µ − i

gs
2
Aα

µλα − i
2g′

3
Aµ

]
uk
R + d̄′kR iγµ

[
∂µ − i

gs
2
Aα

µλα + i
g′

3
Aµ

]
d′kR

}
,

d′k = Ukk′
CKMdk

′
, uk = (u, c, t) , dk = (d, s, b) ,

The masses of particles are generated by the Yukawa interaction term

LYukawa = −
1√
2

3∑
k=1

{
fu
k

[
ūk

d̄k

]
L

φuk
R + fd

k

[
ūk

d̄k

]
L

φdkR + f l
k l̄

k
Lφl

k
R + h.c.

}
,

LHiggs =
1

2

∣∣∣(i∂µ + (g/2)Aâ
µτâ +

(
g′/2

)
Aµ

)∣∣∣φ2 − µ2

2
|φ|2 − λ

4
|φ|4 ,
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Cubic interacting vertex

Known results on cubic vertices
metric formalism F. Berends, J. Van Reisen, NPB164 (1980), Berends, G. Burgers,
H Van Dam, Nucl. Phys. B271 (1986); A. K. H. Bengtsson, I. Bengtsson, L. Brink,
NPB (1983), E.S. Fradkin, M.A. Vasiliev, NPB 291 (1987), R. Manvelyan,
K. Mkrtchyan, W. Ruhl, PLB 696 (2011), [arXiv:1009.1054 [hep-th]], E. Joung,
M. Taronna, NPB 861 (2012) 145, arXiv:1110.5918[hep-th], I. Buchbinder,
V. Krykhtin, M. Tsulaia, Cubic Vertices for N = 1, NPB 967 (2021);
NPB 859 (2012) ;
within (with algebraic constraints, cov.) BRST approach with incomplete BRST
operator (or constrained BRST approach) for integer spins -R.R. Metsaev, (2013);
in BRST approach with (in)complete BRST operator for irreps ISO(1, d− 1)
bosonic �elds by I.Buchbinder, A.R. (2021-2023) ;
in frame-like approach M. Vasiliev, Cubic Vertices for Symmetric higher spin
Gauge Fields in (A)dSd, NPB 862 (2012) 341 , arXiv:1108.5921[hep-th]
arXiv:2208.02004, M. Khabarov, Yu. Zinoviev. JHEP 02 (2021);

LF & (Non)Covariant Cubic vertex for irrep MAS integer HS �elds
Φµ1[s1],...,µk[sk]

not found (in BRST approach with (in)complete Q(c)) FOR k > 2
, k = 1: I.Buchbinder,V. Krykhtin (2009), Yu. Zinoviev;

k = 2 (X.Bekaert, Boulanger 2004, 2005), Yu. Zinoviev, 2016 , A.R. 2016
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Contents

BRST approach with complete BRST operator Q for irreducible free
integer MAS HS �elds on R1,d−1;

1 additive conversion of operator 2=nd class constraints: Verma and
Fock modules;

2 BRST complex with spin condition and Lagrangians;

BRST approach with incomplete BRST operator Qc for irreducible
free integer higher spins on R1,d−1;

1 Generating equations for superalgebra of incomplete operators: Qc,
spin σc and operators L̂ij , T̂rs;

2 GI Lagrangian formulation with holonomic contraints;

Deformation procedure with Qc for interacting higher-spin �elds;

General solution of BRST equations for cubic vertices for constrained
of helicities (s[k1], s[k2], s[k3]) HS �elds

1 BRST-closed linear on oscillators operator L(i);
2 BRST-closed cubic on oscillators operators Z ≡ Z111;

Summary
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BRST approach with incomplete BRST operator Qc

due to tensionless limit : ⇒ for string BRST operator Q (d = 26, 10) for
(α′ → ∞): (G.Bonelli (2003), A. Sagnotti, M. Tsulaia, (2004)) now (∀d).∣∣∣=⇒Q α′→∞−→ Qc :{∞}many HS fields ϕµ(x), .., ϕµ(s)(x) in string spectra

∣∣∣
In BRST-BFV approach with incomplete Qc (S. Ouvry, J. Stern, A. Bengtsson,, G.

Barnich, M.Grigoriev, A.Semikhatov 2004, A.R. 2018)
instead of direct problem for generalized canonical quantization of Constrained DS by
the aim inverse problem - is an construction of GI LF for HS �elds with (m, s)∣∣∣∣ irrep conditions

ISO(1,d-1), (SO(2,d-1))

∣∣∣∣ SFT−→∣∣∣∣(super)algebra{oI(x)} = {p2−m2; a+
iµp

µ, aiµp
µ; oa, o

+
a }

{oI(x)} : H, [oI , oJ} = fK
IJ(o)ok

∣∣∣∣
BFV−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

I.B.,E.Fradkin, G.V., M.Henneaux

∣∣∣∣ BRST operator {oI}:Qc(x)

Qc = CAoA + 1
2
CACBFD

ABPD(−1)ε(oA)+ε(oD)

∣∣∣∣
LF−→

∣∣∣∣∣∣∣∣
Q2

c = 0, [Qc, σc} = [Qc,Oa} = 0, [Oa, σc} ∼ Oa

mass-shell : Qc|χc⟩ = 0, gh(|χc⟩) = 0⇒ action : Sc =
∫
dη0⟨χc|Qc|χc⟩

spin: (g0 +more)(|χc⟩, |Λc⟩, ...) = (s− d/2 + ...)(|χ⟩, |Λ⟩, ...)
gauge symmetry: δ|χc⟩ = Qc|Λc⟩, δ|Λc⟩ = Qc|Λ1

c⟩, ..., constr: Oa(|χ⟩, |Λ⟩, ...) = 0

∣∣∣∣∣∣∣∣
Qc - for 1-st class constraints without holonomic ones with auxiliary �elds on 2 stage
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Approach with complete BRST operator Q for free MAS HS �elds

A. Pashnev, M. Tsulaia (1998-2004), C. Burdik, I. Buchbinder, V. Krykhtin, A.R.,
Takata, A. Isaev, S. Fedoruk (continuous spin in d = 4) In BRST-BFV approach with
complete Q again instead of direct problem for generalized canonical quantization (BFV
1977-1983) of Constrained DS by the aim inverse problem - is an construction of GI LF
for HS �eld with (m, s)∣∣∣∣ Irreps conditions

ISO(1,d-1), SO(2,d-1)

∣∣∣∣ SFT−→∣∣∣∣ (Super)algebra{oI(x)} : H[oI , oJ} = fK
IJ(o)ok +∆ab(g0)

∣∣∣∣
conversion−−−−−−−−−−−→

Burdik,Pashnev

∣∣∣∣ OI = oI + o′I : H
⊗
H′

[OI , OJ} = FK
IJ(o

′, O)OK

∣∣∣∣
BFV−−−−−−−→

Henneaux

∣∣∣∣ BRST operator for {OI}:Q′(x)

Q′ = CIOI +
1
2
CICJFK

IJPK(−1)ε(oI )+ε(oK) +more

∣∣∣∣
LF−→

∣∣∣∣∣∣∣∣
Q′ = Q+ (gi0 + hi +more)Ci

g + ... : Q′2 = 0⇒ Q2 = 2Bi(gi0 + hi +more)

mass-shell : Q|χ⟩ = 0, gh(χ) = 0⇒ action : S =
∫
dη0⟨χ|KQ|χ⟩ = Φµ[s]□Φµ[s]+ ...

spin:(g0 +more)(|χ⟩, |Λ⟩, ...) = −h(|χ⟩, |Λ⟩, ...)
gauge transfs:δ|χ⟩ = Q|Λ⟩, δ|Λ⟩ = Q|Λ1⟩, ...

∣∣∣∣∣∣∣∣
with auxiliary �elds on 2,3 stages. It is the particular case of AKSZ model (1997).
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Derivation of HS symmetry algebra A(Y [k],R1,d−1)

The m of g.asym. spin s = [ŝ1, ..., ŝk] ≡ s[k] ISO(1, d− 1) group irrep with Young T.
Y [ŝ1, ..., ŝk]

Φµ1[s1],...,µk[sk]
←→

µ1
1 µ2

1 ... µk−1
1 µk

1

µ1
2 µ2

2 ... µk−1
2 µk

2

· · · · ·
µ1
sk µ2

sk · µk−1
sk µk

sk

µ1
sk+1 µ2

sk+1 · µk−1
sk+1

· · · ·
µ1
sk−1

µ2
sk−1

· µk−1
sk−1

· · ·
µ1
s2+1

· · ·
µ1
s1

,

(∂µ∂µ+m2)Φµ1[s1],...,µk[sk]
= 0,

(∂iΦ)µ1[s1−δi1],...,µk[sk−δik]
≡ ∂

µi
liΦµ1[s1],...,µk[sk]

= 0, 1 ≤ li ≤ si, i = 1, ..., k,

(TrijΦ)µ1[s1],...,µk[sk]
≡ η

µi
li

µ
j
lj Φµ1[s1],...,µk[sk]

= 0, 1 ≤ i < j ≤ k,

(Y ijΦ)
µ1[s1],...,[µi[si],...,µ

j
lj

],µ̂j [sj−1],...,µk[sk]
= 0,

Purpose: �nd LF for given HS �eld onM(c):
S(c)s[k] :M(c) = {(Φµ1[s1],...,µk[sk]

,Ψµ1[s1−1],...,µk[sk]
, . . .)} → R,

A. Reshetnyak (Tomsk) mixed-antisymmetric HS �elds Advances in QFT-25, Dubna 8 / 27



Primary constraints, All constraints, sp(2k), A(Y [k],R1,d−1)

SFT =⇒ H : {ai
µ, a

j+
ν } = −ηµνδij , diag ηµν = (+,−, ..,−)

An arbitrary "string-like"vector |Φ⟩ ∈ H

|Φ⟩ =
[d/2]∑
s1=0

s1∑
s2=0

. . .

sk−1∑
sk=0

ı
∑k

p=1 sp

s1! . . . sk!
Φµ1[s1],...,µk[sk]

k∏
i=1

si∏
li=1

â
+µi

li
i |0⟩,

∣∣∣(l0, li, lij , tij )|Φ⟩ = (∂µ∂µ+m2, −iâi
µ∂

µ, 1
2
âi
µâ

jµ, âi+
µ âjµ

)
|Φ⟩ = 0⃗

∣∣∣⇐⇒ (1)− (4).

The set of (k + 1)2 even and k odd, li, primary constraints permits to realize ⇐⇒
Eqs. as constraints on |Φ⟩ for each s[k]
Eqs. with number particles operators, gi0,

gi0|Φ⟩ = (si −
d

2
)|Φ⟩, gi0 = −1

2
[âi+

µ , âµi] = −âi+
µ âµi − d

2
,

extract irrep with given s[k]

Construction is di�ered from LF with (in)complete BRST operator for MS

HS �eld Φµ1(s1),...,µk(sk)
(I.Buchbinder, A.R. NPB 2012)
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All constraints, sp(2k), A(Y [k],R1,d−1)

{oI} = {oα, o+α ; l0, g
i
0} ≡ {oa, o+a ; l0, li, li+; gi0}.

⟨Ψ|Φ⟩=
∫

ddx

[d/2]∑
s1=0

s1∑
s2=0

. . .

sk−1∑
sk=0

(−1)
∑

p sp

s1! . . . sk!
Ψ⋆

µ1[s1],...,µk[sk]
(x)Φµ1[s1],...,µk[sk](x)

l0 = ∂2+m2, l+ij =
1

2
a+jµa

+µ
i , l+i = −ıa+µ

i ∂µ,

t+ij = a+µ
j aµiθ

ji, θji = 1(0), j > (<)i

which form together with
(
li, lij , tij , g

i
0

)
integer HS symmetry superalgebra A(Y [k],R1,d−1) w.r.t. [ , }.
Subalgebra Lie of operators S[k] = {lij , tij , gi0, l

+
ij , t

+
ij}

Howe duality

⊂ sp(2k).
For m = 0 the only oI from upper and lower triangular subalgebras in S[k]

compose an invertible matrix: ∥[oa, ob]∥ = ∥∆ab(g
i
0)∥+ (oI),

for m ̸= 0 its number 2k(k−1) increases on 2k items li, l+i
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additive conversion of operator 2=nd class constraints: Verma and
Fock modules

To convert A(Y (k),R1,d−1) with 2nd operator C.C. we have used the general procedure
of additive conversion

oI → OI = oI + o′I : [oI , o
′
J ] = 0,

so that [OI , OJ ] ∼ OK , o′I : H ′ → H ′; H ′ ∩Hf =

,
⇒ if [oI , oJ ] = fK

IJoK ,⇔ [o′I , o
′
J ] = fK

IJo
′
K & [OI , OJ ] = fK

IJOK .

But, it's su�cient to convert only subalgebra S[k] for {oa, o+a , gi0}.
So that the algebra of OI is the same Ac(Y [k],R1,d−1) = A(Y [k],R1,d−1) as for oI ,

but for o′I - S[k].
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Verma module for S[k]

Cartan decomposition

S[k] =
{︷ ︸︸ ︷
l′ij+, t

′+
rs

}
⊕
{︷︸︸︷

g′i0

}
⊕
{︷ ︸︸ ︷
l′ij , t′rs

}
≡ E−

k ⊕Hk ⊕ E+
k

Requirement: boundary conditions for o′I from Cartan subalgebra:

gi0 → g′i0 (h
i) = hi + ...,

So that, following the result C.Burdik 1985 we start with highest weight vector |0⟩V &

construct following Poincare�Birkho��Witt theorem

V (S[k]) = U(E−
k )⊗ |0⟩V : E+

k |0⟩V = 0 , g′i0 |0⟩V = hi|0⟩V ,

to �nd {o′I} = {o′I(bij , b+ij ,

m ̸=0︷ ︸︸ ︷
fi, f

+
i , dln, d

+
ln)}, i, j, l, n = 1, ..., k; i < j, l < n :

[b+ij , fk, f
+
k , dln, d

+
ln] = [oa, o

+
a ]: we use results

C. Burdik, O. Navratil, A. Pashnev, for A′
b(Y (1), AdSd) ;

A. Kuleshov, A. R. arXiv:0905.2705 for A′(Y (1), AdSd);
I.Buchbinder, A.R. NPB 2012 arXiv:1110.5044 for sp(2k);

A.R. arXiv:1604.00620 for A′(Y [2], R1,d−1)
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Verma module for S[k]

Explicit obtaining of the V (S[k]) meet the technical obstacle because of not commuting
of t′+ln , l

′+
ij with each other E−k . The general V (S[k]) vector

|n⃗ij , p⃗rs⟩V = |n12, ..., n1k, n23, ..., n2k, ..., nkk+1; p12, ..., p1k, p23, ..., p2k, ..., pk−1k⟩V ,

|n⃗ij , p⃗rs⟩V ≡ |N⃗⟩V ≡
∏k

i<j

(
l′+ij
)
nij
∏k

r,r<s

(
t′+rs
)
prs |0⟩V ,

g′0i|N⃗⟩V =

(∑
l<i

nli +
∑
l>i

nil −
∑
s>i

pis +
∑
r<i

pri + hi

)∣∣∣N⃗⟩V ,

t′+r′s′ |N⃗⟩V =
∣∣∣N⃗ + δr′s′,rs⟩V −

r′−1∑
k′=1

pk′r′

∣∣∣N⃗ − δk′r′,rs + δk′s′,rs⟩V −
r′−1∑
k′=1

nk′r′ ×

×
∣∣∣N⃗ − δk′r′,ij + δk′s′,ij⟩V +

s′−1∑
k′=r′+1

nr′k′

∣∣∣∣∣∣N⃗ − δr′k′,ij + δk′s′,ij⟩V −
k∑

k′=s′+1

nr′k′×

×
∣∣∣N⃗ − δr′k′,ij + δs′k′,ij⟩V ,
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Explicit construction of V (S[k])

l′+i′j′ |N⃗⟩V =
∣∣∣N⃗ + δi′j′,ij⟩V , for (-) root vectors ∈ E−k

where ABn =

n∑
k=0

n!

k!(n− k)!
Bn−kadk

BA , adk
BA = [[...[A,

k times︷ ︸︸ ︷
B}, ...], B],

To get the action of Eαi on |N⃗⟩V we get the recurrent relation

t′l′m′ |⃗0ij , p⃗rs⟩V =
∣∣∣Cl′m′

p⃗rs ⟩V −
l′−1∑
n′=1

pn′m′

∣∣∣⃗0ij , p⃗rs − δn′m′,rs + δn′l′,rs⟩V

+

m′−1∑
k′=l′+1

pl′k′

[ ∏
r′<l′,s′>r′

∏
r′=l′,m′>s′>r′

(
t′+r′s′

)pr′s′−δl′k′,r′s′
]
t′k′m′

∣∣∣∣0⃗ij , p⃗rs>p⃗q′t′⟩V ,
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Explicit construction of V (S[k])

The solution of the above Eq. exists, so that the explicit form of t′l′m′ action on the
vector |N⃗⟩V has the �nal form

t′l′m′ |N⃗⟩V = −
l′−1∑
k′=1

nk′m′

∣∣∣N⃗ − δk′m′,ij + δk′l′,ij⟩V (2)

+

m′−1∑
k′=l′+1

nk′m′

∣∣∣∣∣∣N⃗ − δk′m′,ij + δl′k′,ij⟩V −
k∑

k′=m′+1

nm′k′

∣∣∣N⃗ − δm′k′,ij + δl′k′,ij⟩V

+

m′−l′−1∑
p=0

{ m′−1∑
k′
1=l′+1

. . .

m′−1∑
k′
p=l′+p

p∏
j=1

pk′
j−1k

′
j

( ∣∣∣∣Ck′
pm

′

n⃗ij ,p⃗rs−
∑p

j=1 δk′
j−1

k′
j
,rs
⟩V

−
k′
p−1∑

n′=!k′
p−1

pn′m′

∣∣∣∣∣n⃗ij , p⃗rs −
p∑

j=1

δk′
j−1k

′
j ,rs
− δn′m′,rs + δn′k′

p,rs
⟩V
)}

.

Analogously, the action of the rest Eαi : l′l′m′ on |N⃗⟩V is determined with help of

the "basic-block"vector
∣∣∣Cl′m′

p⃗rs
⟩V

=⇒ V (S[k]) is explicitly found!
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Making use of the mapping (C. Burdik, 1985)

|n⃗ij , p⃗rs⟩V ↔ |n⃗ij , n⃗s⟩ =

k∏
i,j≥i

(
b+ij

)
nij

k∏
r,s,s>r

(
d+rs

)
prs |0⟩ ∈ H′ ,

m̸=0

{fi , f+
j }= δij , [bij , b

+
lm] = δilδjm , i < j, k < l , [dr1s1 , d

+
r2s2 ] = δr1r2δs1s2 ,

Proposition

: The polynomial oscillator realization for the V (S[k]) over Heisenberg-Weyl

algebra Ak×k exists in the form of Fock module

C(bij , b
+
lk, dr1s1 , d

+
r2s2), C ∈ {t′l′m′ , t′+l′m′ , l

′
i′j′ , l

′+
i′j′g

′i
0 }.

⟨Ψ|K ′c′ij |Φ⟩ = ⟨Φ|K ′c+′
ij |Ψ⟩∗, c ∈ {t , l}, ⟨Ψ|K ′gi′0 |Φ⟩ = ⟨Φ|K ′gi′0 |Ψ⟩∗.

K ′ = Z+Z, Z =

∞∑
n⃗ij=0⃗

∞∑
p⃗rs=0⃗

|n⃗ij , p⃗rs⟩V ⟨0|
∏

(ij)=(12)

b
nij

ij

(nij)

∏
(rs)=(12)

dprsrs

(prs)
,
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explicit form of basic block C lm(d+, d) →
∣∣∣C lm

p⃗rs
⟩V

Clm(d+, d) ≡
(
hl − hm −

k∑
n=m+1

(
d+lndln−!d

+
mndmn

)
−!

m−1∑
n=l+1

d+nmdnm − d+lmdlm
)
dlm

+

k∑
n=m+1

{
d+mn−!

m−1∑
n′=l+1

d+n′ndn′m

}
dln.

so that, f.i. for t′lm:

t′lm =

m−l−1∑
p=0

[ m−1∑
k1=l+1

. . .

m−1∑
kp=l+p

{
Ckpm(d+, d)−

kp−1∑
n′=k′

p−1

d+n′kp
dn′m

} p∏
j=1

dkj−1kj

]

−
l−1∑
n=1

b+nlbnm +

m−1∑
n=l+1

b+lnbnm −
k∑

n=m+1

b+lnbmn , k0 ≡ l,

. Thus, the additive conversion of oI into the 1st class OI is realized! (It completely

applicable for massive HS �elds as well)
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Complete BRST operator for Lie algebra A(Y [k],R1,d−1)

The BRST operator Q′ for Lie algebra Ac(Y [k],R1,d−1) by the standard rules of BFV-
method .

Q′ = OICI +
1

2
CICJfK

JIPK(−1)ε(oI )+ε(oK), Q′2 = 0 where (ε, gh)Q′ = (1, 1), (3)

CI = (q;ϑ, η; q+, ϑ+, η+),PK - ghost coordinates and momenta with opposite
Grassmann parity to OI with following non-vanishing C.R.

{ϑrs, λ
+
tu} = {λtu, ϑ

+
rs} = δrtδsu, [qi, p

+
j ] = [pj , q

+
i ] = δij ,

{ηlm,P+
ij} = {Pij , η

+
lm} = δliδjm , {η0,P0} = ı, {ηi

G ,Pj
G} = ıδij ; (4)

and gh(CI) = −gh(PI) = 1.
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Explicit form of Q′

Q′ = Qc +
∑
i<j

(
ηijL+

ij + Lijη
+
ij + Tijϑ

+
ij + ϑijT +

ij

)
+
∑
i

[ηG
i σi(G) + ıBiPG

i ],(5)

with de�nite operators Bi and with spin σi(G), complete traceless Lij and Young
constraints (and theirs h,c. ones)

Lij = Lij +
1

2
q[ipj] +

∑
p<j

ϑ+
ipPpj +

∑
j<p

ϑ+
jpPip −

∑
j<p

ϑ+
ipPjp (6)

+
1

4

{∑
p>j

[
ηipλ

+
jp − ηjpλ

+
ip

]
+
∑
p<j

ηpjλ
+
ip

}
,

Tij = Tij + (qjp
+
i + q+i pj) +

∑
p>j

ϑ+
jpλip −

∑
p<j

[ϑipλpj − ϑpjλip] (7)

+
∑
p>j

ηjpP+
ip −

∑
i<p<j

ηpjP+
ip +

∑
p<i

ηpjP+
pi.

Q′+K = KQ′ , in Htot = H⊗H′ ⊗Hgh due to V (S[k]) osc.realization in H′

σi(G) = G0i − q+i pi − qip
+
i +

∑
j>i

[η+
ijPij − ηijP+

ij ] +
∑
j<i

[η+
jiPji − ηjiP+

ji](8)

+
∑
l<i

[ϑ+
liλli − ϑliλ

+
li ]−

∑
i<l

[ϑ+
ilλil − ϑilλ

+
il ].
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Unconstrained Lagrangian formulation

The obtaining of resulting LF takes known character
As usual, we extract the spin operator from the Q′:

=⇒ Q′ = Q+ ηi
G(σ

i + hi) + BiPi
G,

[Q, σi] = 0 , Q2 = 2Bi(σi + hi).

The same applies to a scalar physical and gauge param. vectors

|χ⟩ =

∞∑
{n}b=0

1∑
{n}f=0

η
nη0
0

k∏
i<j,i,j=1

η
+nηij

ij P
+nPij

ij

k∏
r<s,r,s=1

ϑ
+nϑrs
rs λ

+nλrs
rs

k∏
i=1

(ηGi )
niq

+nqi
i p

+npi
i

×
k∏

i<j,i,j=1

f
+nfj

j b
+nbij

ij

k∏
r<s,r,s=1

d
+ndrs
rs

∣∣∣χnη0
nηij

nϑrsnPij
nλrsninqi

npi
nfj

nbij
ndrs

(â+i )⟩

|χ0⟩, |χs⟩ ∈ Htot i.e. ∂(|χ0⟩)/∂ηi
G = 0: gh(|χ0⟩, |χs⟩) = (0,−s)

|χ⟩ = |Φ⟩+ |ΦA⟩, |ΦA⟩{(b, b+, d, d+) = C = P = 0} = 0 with |Φ⟩ − basic HS f.

and with the use of the BFV�BRST EQUATION Q′|χ0⟩ = 0 that determines the

physical states and a sequence of reducible gauge transformations.
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Unconstrained Lagrangian formulation

Q|χ⟩ = 0, (σi + hi)|χ⟩ = 0, (ε, ghH) (|χ⟩) = (εχ, 0),

δ|χ⟩ = Q|χ1⟩, (σi + hi)|χ1⟩ = 0, (ε, ghH) (|χ1⟩) = (εχ + 1,−1),

δ|χ1⟩ = Q|χ2⟩, (σi + hi)|χ2⟩ = 0, (ε, ghH) (|χ2⟩) = (εχ,−2),
. . . . . . . . . . . . . . . . . .

δ|χn−1⟩ = Q|χn⟩, (σi + hi)|χn⟩ = 0, (ε, ghH) (|χn⟩) = (εχ + n mod 2,−n).

the middle Eqs. determines the spectrum of spin values for |χ⟩ and gauge
pars. |χi⟩, i = 1, ...,

∑
i si +

1
2k(k − 1), the corresponding proper

eigenvalue and eigenvectors,

(σi + hi)|χ⟩s[k] =
(
hi + si −

d− 6 + θm0

2
− 2i

)
|χ⟩s[k] = 0⇐⇒

h
s[k]
i = −si + d− 6 + θm0 + 4i

2
, (for h

s[k]
i = hi(si)) (9)

si from basic |Φ⟩: .
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Lagrangian formulation with complete BRST Q operator

=⇒ The equations of motion and the sequence of reducible gauge
transformations for the �eld with given s = s[k]:

Qs[k]|χ0⟩[s]k = 0, δ|χl⟩[s]k = Q[s]k|χl+1⟩[s]k, δ|χL⟩[s]k = 0,

l = 0, ..., L =
∑
i

si +
1

2
k(k − 1),

for |χ0⟩ ≡ |χ⟩, and can be obtained from the LAGRANGIAN ACTION

S[s]k =

∫
dη0 [s]k⟨χ0|K[s]kQ[s]k|χ0⟩[s]k, K[s]k = K|

hi=−si+
d−6+θ(m0)+4i

2
,

The corresponding LF of a bosonic �eld with a speci�c value of spin s[k] subject

to Y [s1, ..., sk] is an UNCONSTRAINED REDUCIBLE GAUGE THEORY OF

MAXIMALLY L =
∑k

i si +
1
2k(k − 1)− 1-TH STAGE OF REDUCIBILITY

Corollary: the result contains as a particular case LF for bosonic HS

subject to Y [s1], Y [s1, s2] (Buchbinder, Krycktin, 2009, A.R., 2016)
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Lagrangian formulation with incomplete BRST Q operator

Corresponding incomplete BRST operator Q′
c = Qc + ηG

i σi
c is easily derived from

complete Q′ operator:

Q′
c = Q′∣∣

η
(+)
ij =P(+)

ij =ϑ
(+)
rs =λ

(+)
rs =b

(+)
ij =d

(+)
rs =hi=0

Q′
c =

{
η0l0 + q+i li + qil

+
i + iqiq

+
i P0

}
+ ηG

i σi
c(g) = Qc + ηG

i σi
c(g), (10)

where σi
c(g) = gi0 − q+i pi − qip

+
i

is incomplete spin operator. These operators as well as BRST-extended set of holonomic
constraints L̂ij , T̂rs, are given on the incomplete Hilbert space Hc: Hc = Hf ⊗HoA

gh

The algebra of (σi
c(g), Ôa) is the same as one for (gi0 , oa).:

[L̂ij , σ
i
c(g)} = L̂ij , [T̂rs, σ

i
c(g)} = T̂rs(δsi − δri) : [Qc, L̂ij} = [Qc, σ

i
c(g)} = 0. (11)

the constrained gauge invariant LF of (
∑

i si − 1) stage reducibility with the action
Sc|s[k] for HS tensor �eld subject to Young tableaux Y [s1, . . . , sk] reads as,

Sc|s[k](χc) =

∫
dη0 s[k]⟨χc|Qc|χc⟩s[k] , (12)(

δ; L̂ij , T̂rs

)
|χl

c⟩s[k] =
(
Qc|χl+1

c ⟩s[k]θ∑i si,l; 0, 0
)
, l = 0, 1, ...,

∑
i

si. (13)

For
∑

i si = 0 (which corresponds to the scalar �eld) the LF appears by non-gauge one.
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GI Lagrangian formulation with holonomic contraints

Proposition

The set of solutions, H(m,s[k]), for the equations extracting the Poincare

group massless (m = 0) irreps of spin [s1., ..., sk] in terms of tensor �eld,

Φµ1[s1],...,µk[sk]
is equivalent to the solutions of the Lagrangian equations of

motion, for l = −1 in (13) subject to the reducible gauge transformations

(13) for l = 0, ...,
∑

i si and o�-shell holonomic constraints:

H(0,s[k]) =
{
|Φ⟩|

(
l0, li, lij , trs, g

i
0 − [si − d/2]

)
|Φ⟩ = 0

}
(14)

=

{
|χ0

c⟩
∣∣∣[Qc,

{
σi
c − si +

d− 2

2

}]
|χ0

c⟩ = 0,

δ|χl
c⟩ = Qc|χl+1

c ⟩, δ|χ
∑

i si
c ⟩ = 0(

L̂ij , T̂rs,
{
σi
c − si +

d− 2

2

})
|χl

c⟩ = 0

}
, (15)

where, l = 0, ...,
∑

i si; Proof repeats result for MS HS �elds (A.R. JHEP 2018)
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General solution of incomplete BRST equations for cubic vertices

S
(m)3
[1]|(s⃗k)3

[(χc)3] =
∑3

t=1
Sm3
0|s⃗kt

[χ(t)
c ] + gS

(m)3
1|(s⃗k)3

[(χc)3], (χc)3 = (χ(1)
c , χ(2)

c , χ(3)
c )

S
(m)3
1|(s⃗k)3

[(χc)3] =

∫ 3∏
j=1

dη
(j)
0

(
s⃗kj
⟨χ(j)

c

∣∣V (3)
c ⟩

(m)3

([⃗s]k)3
+ h.c.

)
, (s⃗k)3 ≡ ([s]k1, [s]k2, [s]k3)

with cubically deformed reducible gauge trans. (for |Λ(t)−1
c ⟩s⃗kt

≡ |χ(t)
c ⟩s⃗kt

)

δl1|Λ(i)l
c ⟩[s]ki

=−
∑

1≤i1<i2≤3

∫ 2∏
j=1

dη
(j)
0

[⃗
sk{i1
⟨χ({i1)

c

∣∣
s⃗ki2}
⟨Λ(i2})l+1

c

∣∣V (3)l
c ⟩

(m)(i)2i

(s⃗k)(i)2
+ h.c.

]
,(16)

sequence of Noether identities for action and all levels of gauge trans in powers of g:

g1 : δ0S
(m)p
1|(s⃗k)p

[(χc)p] + δ1S(m)p
[0]|(s⃗k)p

[(χc)p] = 0, (17)

g1 :
(
δl1δ

l−1
0 + δl0δ

l−1
1

)
|Λ(t)l−1

c ⟩s⃗kt
|
∂S

(m)p
[1]

=0
= 0, l = 0, ..., (18)

GenEq
(
Qtot

c , σ
(k)
ci − (si − d−2

2
), L̂

(k)
ij , T̂

(k)
rs

)∣∣V(3)
c ⟩(sk)3 = 0̃, Qtot

c =
∑
k=1

Q(k)
c
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General solution of incomplete BRST equations for cubic vertices

CV is local vertex :

∣∣V (3)
c ⟩

(m)3

([⃗s]k)3
=

3∏
i=1

δ(d)
(
x− xi

)
V

(m)3

([⃗s]k)3
(x)

3∏
l=1

η
(l)
0 |0⟩, |0⟩ ≡ ⊗

3
t=1|0⟩t. (19)

. Qtot
c-closed solution for generating equations for m = 0 in terms of product

Qtot
c-closed monomials

V
(0)3

([⃗s]k)3
(x) = V

(
L

(1)
n1 ;L

(2)
n2 ;L

(3)
n3 ;Zn1n2n3

∣∣L(11)+
m1n1

, L(22)+
m2n2

, L(33)+
m3n3

)
.

. with (1,1) degrees in a+, q+, p
(i)
µ (L

(i)
ni ), also (3, 1)-degrees in a+, q+, p

(i)
µ (Zn1n2n3)

monomials

L(i)
ni

= (p(i+1)
µ − p(i+2)

µ )a(i)µ+
ni

− ı
(
P(i+1)

0 − P(i+2)
0

)
q
(i)+
1 , ni = 1, ..., ki

Zn1n2n3 = L(12)+
n1n2

L(3)
n3

+ cycle
(
(1,n1); (2,n1); (3,n3)

)
. (20)

Here we have used p
(i)
µ = −i∂(i)

µ and [i ≃ i+ 3]

L(ii+1)+
n1n2

= 1
2
a
(i)µ+
n1 a

(i+1)+
µn2 + 1

2
p
(i)+
n1 q

(i+1)+
n2 + 1

2
p
(i+1)+
n2 q

(i)+
n1 .
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Summary

Lagrangian formulations within approaches with complete and incomplete BRST
operators for irreducible free MAS HS �eld on Minkowski space R1,d−1 subject to
Y [s1, ..., sk] is �rstly constructed both for massless and massive bosonic �eld;

Verma and Fock modules for additive conversion subsystem of 2-nd class
constraints S[k] in symplectic algebra sp(2k) is found;

it is shown the equivalence of respective Lagrangian dynamics within both
approaches and its equivalence to solutions of Poincare group relations ;

General structure of Lagrangian covariant cubic vertices for triple of MAS �elds in
approach with incomplete BRST operator are suggest and should be then studied;

examples cubic vertices and quantization procedure?

extension for half-integer MAS HS �elds and for AdS(d)?

Thank you very much
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