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Motivation 1

The DGLAP equation:

d

0=K 0
alnu DGLAP

> 7= HZ/S is fixed: z~ 1;
» NFLO resum NFLL ~ &% (u2) In" u? in the limit p? — .

The Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation:

d .,
=—0 = Kprx1. O
oY BFKL
> z< 1, while @5 (u2)Y ~ 1 with ¥ =1In(1/z).

State-of-the-art (in the QCD):

Rerxe = a(up) KO + @Zwp) kY + o@)).
[BFKL 76-78] [FL *08] ]

» LOresum LL ~ o'Y";

» NLO resum NLL ~ & (u3)Y", partially includes & (uz)In (1./u?);

» NNLOisin Progress|y. Fadin, L. Lipatov 18; V. Del Duca et.al. *21; E. Byrne "24; S. Abreu et.al. *25;...]-
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Motivation II

White paper on the BFKL phySicsy. Hentschinski er.ar. 2310 Mueller-Navelet (MN)
dijetspun 's6; and other jets topologies, Higgs, heavy quarkonia, diffraction, etc.

Regge limit:

s 1‘42 :.xllxlzP+P7 >>p%‘1’2 >>A2QCD’

Hybrid approach:
» Collinear factorization & DGLAP resummation;

» The BFKL resummed coefficient function:

d ) ,
ﬁHij(xl,Z»as(,uI%)) = / ¥ (171, pr1,%7)

Iri2
— /
X ‘Pj (1T27PT27x2) )

where NLL Green’s function in the LO basis:

G102, Y) = (A (Ur2) [ 5| A7)

» No resummation of In (,u12 / [.122) to the impact-factqry.26



Motivation III

6 7

LL BFKL / NLL BFKL

Selected results:

[D. Colferai et.al. *10]

N NLL, tr = jtr.BLM
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[B. Duclou *, L. Szymanowski, S. Wallon *14]

25 3

» Collinear improvement of the Green’s functionga. saio-vera, . Schwennsen *075

» Large corrections to the impact factors ~ ln(l2T / p,,%)“), Colferai et.al. *10; F. Caporale et.al. "13]5

» Instability of the NLO BFKL computations A¢ ~ Op_puciou” er.al. *14: F. Celiberto et.al. "22]5

P

» Application Of the BLM prOCCdure[S. Brodsky et.al. *99; B. Duclou ” et.al. °14; F. Caporale et.al. * lSJ;

» Sudakov resummation via TMD-factorizationa, mueller, L. Szymanowski, S. Wallon er.al. *15]-
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The high—energy factorization



HEF

The high—enel‘gy faCtorization (HEF)[S Catani, M. Ciafaloni, F. Hautmann *90-94; J. Collins, C. Ellis *91]-

Y Y
_— —
l TN N
wxmtAMa X1, qr1 — < x2,qr2 %m&%ffp
— — —_——
Civ H;j Cjy

=il =

) () ()
Y~In| — = |~In|—-)+In({=5 ), z2=—F=-;
( z B . z 13 xP*

FKL Sudakov
» Logs Y are factorized in the Regge limit z < 1: [ % [ Cir(z,qr, 4?);
qr

» One Reggeon exchange—parton Reggeization approachyu. Nefedov, V. Saleev, A. Shipilova *13]-
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HEF

The HEF:

“dxy dxy
c = /7/q>i(xl7q%’l7“2)/7/¢j(x27q%'27“2)
X1 X2
qri qr2

X

Hij (M,%‘Ul,zﬁk(ﬂ%)) + 0 ((A/”)#vuz/s7N#LL) )
where unintegrated PDF (UPDF)
/ d
Z x (X
q)i(x7q%"7”2) :/7 fi/ (71”’2) Cii/(zvqT7“2)'
X

Z Z

Advantages:
» Proven up to NLL[S4 Catani, M. Ciafaloni, F. Hautmann ’94; A. van Hameren, M. Nefedov *25] >
» Coeflicient function H;; is gauge invariant;

» Resummation kernels C;; are universal. The UPDFs with the NLL Sudakov

resummation[M. Nefedov, V. Saleev "20; M. Nefedov "21]+
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Effective action approach

Effective actiong, ripatov *95:
S = Skin[A£ ()] + Y. Soep V()] + Sina[v4 (x),A+ (%)),
Y

where Reggeon fields A (x) = A% (x)T,, MRK constraints: d_A; (x) = d;+A_(x) =0.
» Kinetic term:

Hhinl) = 4t [41.(x) 2 A ()|
» Induced term:

Zinalx) = [PAL 02 W (9] + A (92 W+ (9]
ox
where W vy (x)] = Pexp {— 3 f dx’; vi(xi,xQF,xT)} . Induced interactions:

Lpal) = ur [a2A+<x>v_<x> +(~ig) 2 A+ () (v-(x) 9" v-(x))

+ (i9)? 024 () (- (T v (07 () + {+ f}} +0(e):

» Effective action for the Reggeized quarksr. Lipatov, M. Vyazovsky *02]-
» Hermitian form of the effective action;s. gondarenko, M. Zubkov *18]-
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Feynman rules

Feynl‘ﬂan rUIeS[E. Antonov, I. Cherednikov, E. Kuraev, L. Lipatov *05] -

» Induced vertices:

Rig A (glh) = iqF nf 8P,
tr[TeTbi TP — ThiTaTh

+ab, b .

Rigg Ag (gl h) = 2igqq nf nf, [ = ) 7
1
o ), tr [TaTbi, T, This + (il “— i3)]

a .

Riggg Ay’ (q.l1,b) = ig qrninpni Y

5 g (B i)

» Effective vertices:

- A

imgmAéwMém %ﬁgﬁ+éﬁ+é@



The BFKL equation



The BFKL kernel

The LO kernel is conformal invariant (= f;,o) (qr) ~ q;(y—l))u Balitsky, L. Lipatov 78]

tim [ Ke(ir.ar) 71" (ar) = &) 2 ()£ (1)
qr
» Lipatov’s LO characteristic function: x©(y) = x©(1—y).
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The BFKL kernel

The LO kernel is conformal invariant (= f;,o) (qr) ~ q;(y—l))u Balitsky, L. Lipatov 78]

tim [ Ke(ir.ar) 71" (ar) = &) 2 ()£ (1)
qr
» Lipatov’s LO characteristic function: x©(y) = x©(1—y).

Action of the NLO kernel on the LO eigenfunctionsy. fadin, L. Lipatov *98]

. 0 6 0
i, [ Ke ir.ar) 77 ar) = 00 [ 2000 +.05) 22 400
e—0 4
qr
The LO eigenfunctions are not the basis of the NLO kernel:
» Coupling running:
— () (1-antud) §2 00 (1 ) ) v o)

» Structure of the §(y):

()

W) L Bo 92O
=2

24 dy

antisym. y«<»1—y

where x (1 (y) = x((1-7).
12726



The BFKL equation

General form of the BFKL equation solution;g, chisiii, v. Kovehegov *13, 141

» The BFKL equation for the Green’s function:

d
W G(1T171T27Y) = /K(ITI,(IT) G(QT71T27Y)7
qr

where G (Ir,172,0) = & (I —l72) and K = a(u3) KO + a2 (ud) KV + 6(a3);

13/26



The BFKL equation

General form of the BFKL equation solution;g, chisiii, v. Kovehegov *13, 141

» The BFKL equation for the Green’s function:

d
W G(1T171T27Y) = /K(ITI,(IT) G(QT71T27Y)7
qr

where G (I71,172,0) = 8 (71 —1I72) and K = & (u3) K + a2 (u3) KV + 0(@a

» Basis of the kernel

tim [ Ke (trar | (a7)) Bylar,uf) = o(ud) 2(r) By 100),
where !
xm =20 + M + o),
Hy(lr,17) = £ () + £ 0r,00) + 0(62);

3);
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The BFKL equation

General form of the BFKL equation solution;g, chisiii, v. Kovehegov *13, 141

» The BFKL equation for the Green’s function:

d
W G(1T171T27Y) = /K(ITI,(IT) G(QT71T27Y)7
qr

where G (I71,172,0) = 8 (Ir; —172) and K = & (u3) K + a2 (u3) KD + 0(a2);
» Basis of the kernel :

tim [ Ke (trar | (a7)) Bylar,uf) = o(ud) 2(r) By 100),
qr
where
2 =290 + W+ o),
Hy(lr, 1) = A7) + o000) 7 Ur, ) + 0(a2):
» Expansion over the eigenfunctions:
_ d *

K(r.ar) = &(d) [ 31 200 Huyr i) Hy ylar i13).
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The BFKL equation

The RG—invariant solution (for n # 0):

G(lr1,1r2,Y Z/f exp % (ug) 2 (n,7) ] Hy (1, 1g) Hy o (2, 1g).
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The BFKL equation

The RG—invariant solution (for n # 0):

G(lr1,1r2,Y Z/f exp % (ug) 2 (n,7) ] Hy (1, 1g) Hy o (2, 1g).

» The LO SOIUtion[l. Balitsky, L. Lipatov 78]+

10wy = 2y(1)-2Rey (3 +7),
0 1 20y-1) i
M) = ﬁlrw et
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The BFKL equation

The RG—invariant solution (for n # 0):

G(lr1,1r2,Y Z/f exp % (ug) 2 (n,7) ] Hy (1, 1g) Hy o (2, 1g).

» The LO SOIUtion[l. Balitsky, L. Lipatov 78]+

10wy = 2y(1)-2Rey (3 +7),
0 1 20y-1) i
M) = ﬁlrw et

» The NLO solutiong, chiritti, Y. Kovchegov 13, 14]

(0)
(1) _ 1B dxVny) 8y iy,
X (naY) 2475 a,y + 4 —X (”l,l }/)7

, ‘\

f,f,l;(lr,u,f.) Zcm n,y)In" ( 12 >fr£072 (r),

R/
see §(n,) inga. Kotikov, L. Lipatov "00]» coefficients:
o1
24rm ay]nx(o) (I’l, /y) ’

NotE: the NLO eigenfunctions should be treated as a distributions due to pole of the ¢, at y=1/2.

co = 07 Cl (n7 ’Y) = a}’CZ (n7 7)7 (%] (}’l, Y) = Cm>2 = 0.
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The characteristic function

X
3
=~ @ e NLO
N
) N -——- 10
N
N
.
1 * ~..
S N
/ N N\
s NN
N .
0 . Im
/02 0.4 06 > 08N, 10 1.2 14 Y
~ ..
/ ~
[ ~ .\.
-1 ~ ~.
~ ~
=~ ~ ‘\.
—~ .
— =
~

-2

The NLO characteristic function for o = 0.2:
» Two complex-conjugate saddle points;

» The “intercept” is negative at y = 1/2.
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The characteristic function

A (anti-) collinear poles:

2[+1
2D y) =

where dy, = di(n,y) =m+7y+n/2 and

kKo = 1,

1
PR

K1 =

1 0o 47
— 1 13—
+ 21//(n+ )= 3¢ (67+ 3N3)6" 1800(

Bo 1 0
— = H — (11 2— 6, +—(14+—=
K12 8NC+ n+12 + +6O +
1 N,
K1’3 = 24 <1+N‘£’>
where . = (4 — 2 +5B0/Ne)/12, Bo =

Z Kiuedy oy (ug) + O () +{y—1-7},

24 ' 4N, 8("/<nJ2rl>_"/<n+2

Imy

(11N, —2N;)/3, and H,, =

-0.5.

-1.0

0.0

02 00 02 04 06 08 10 12

-02 00 02 04 06 08 1.0 12
Rey

y(n+1)—w(l).
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Resummation of the collinear poles

The collinear-improvement (CI): x(n,y) +Ax(n,7).

» Mellin transform of the Green’s function:

r—1
12 ewY ( s )
T1
n,y)~ | 5— —————, Y=I|—],
suln7) <1§2> o —ax(n,7) 5o
where so = [Ir1|[Ir2| (BFKL: [Ir1| ~ [I72]) and 5o = 12T172 (DGLAP: l%1,2 > 1%2,1);
» The w-shift schemeg. sajam "08:

_ 1 _ o —k=2(—1") -1
d()k (”’YiiaxX(”J’)) asl‘ > Z d() ( )ai >
=1

> The “all-pOIGS” apPI"OXimatiOH[A. Sabio-Vera ’05; A. Sabio-Vera, F. Schwennsen ’07]1

oo

asAx(ny) = Z{rq,zas—dm

m=0

+ \/26% (KO,I +Kl,1 (_xs) + (KI,Z as_dm)z
1 20+1
- Y ¥ wudt ‘Z{H} +{y—=1-7h
1=0 k=1
» Doesn’t break the diagonalization of the kernel: Ay ~ ¢/(a)).
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The characteristic function

3
- 06
S @ —— CINLO \ b
B N e NLO
N
[ N ----10 0.4
1 PN
RN
SN . 02|
0.2 0.4 06 > _08~._ 10 12 e
S S
-1 X .
S 0
.
SN
.
) o
-0.2/
The CI NLO:

» Only one saddle point located at y = 1/2;
» The LO definition of the intercept is preserved at the NLO:

© = 6, (1) 2(0,1/2)

» The w is approximately scale-independent at relatively large {ig.
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Green’s function vs. g & L

The region of applicability: ¥ = a;(u3)Y ~ 1.

G
10y
\

Y =05 Y =075 Y =1
ugr =10 GeV ug =10 GeV ur =10 GeV

. L . . L
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10

L=1n(|lz1]/[172])
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Mueller—Navelet dijet production



Matching scheme

v

HEF

y
qr2 —

< dari
P72 J’Ai P71

>4
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Matching scheme

HEF

BFKL(

a2 < qri

P72 LAi PT1
pr2d é é I pri

ar2 =7 —dqri

v

>4

04— L
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Matching scheme

i qr2 — —qri
o
jas)
pr2 lAi PT1
% qr2 =
5
] pr2 Lpri
o3
EJ qr2 — I .
N BFKL
=3
E pr2
=
N
=
=

v

00— 4 >4

~
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Matching scheme

v

E qr2 — < dqri
T
pr2 4, Lpn
% qr2 — < qri
5
@ pr2 é é Lpri
S5
EJ qr2 — I «Ir —qri
i BFKL
£ pr2 4 pri
-
v
=
m
The matching scheme:
(HEF+BFKL) _ ,,(HEF) (BFKL,0) (BFKL)
Hij —Hij inj +H,-j )
where
> H —H P =0 (s NLP in ) for Y — oo
> B pORLO g o

00— L >4

~
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Results

VS =2.76 Tev

2
N o,
= e CMs'22 \é\-\\
§ 1% HEF \

10! L ==+ HEF + NLO BFKL N\

Lol BFKL© ]\

~——- LOBFKL
1 2 3 4 5 6 7 8
Y

» The HEF describes the data well at low ¥ <2 —3;
» The HEF gets subtracted by the BFKL(") starting from ¥ > 3 —3.5;
» The NLO BFKL-improved HEF is in agreement with the data at large Y > 3.5;

» See comparison with{a ggorov, V. Kim *23]-
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Results

1.4f ) o) 1 1.6 . ©
L e CMS'22 VS =2.76 TeV | o CMS'I2 /S =7Tev
| —— HEF ] 15| —— HEF
L3 HEF + NLO BFKL ] == HEF + NLO BFKL i
L ] 14 i i ..... '\.\.\i
[ eeseneen BEKL©® % | R BEKL© & gL
z - LOBFKL PSRN |z 13— roBrkL % \
Sy | < g \ 1S3 e \
54 [ a \ = S —— =
cES . 12 Z> ~
1.1 ~ \ 1 - ~
I %\ M ~
[ 11 AN
1.r %
[ 1.

» The HEF describes the data well at low ¥ < 2 —3;
» The HEF gets subtracted by the BFKL() starting from Y >3 —3.5;
» The NLO BFKL-improved HEF is in agreement with the data at large Y > 3.5.
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Results
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» The HEF describes the data well at low Y (due to NLL Sudakov resummation);
» The NLO BFKL-improved HEF is in agreement with the data at large Y;
> See Comparison With[A Sabio-Vera, F. Schwennsen *07; B. Duclou ” et.al. 14]-
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Conclusions & outlook

» The HEF with the NLL BFKL resummation is pushed to the MN dijets production;

» The basis of the NLO eigenfunctions together with the collinear improvement
provides the RG-invariant NLL BFKL Green’s function without any pathologies;

» Both, the HEF and NLL BFKL, are crucial for the uniform description of the data
across all values of the rapidity difference;

» The matching scheme interpolates predictions between the two descriptions.

Outlook:
» NLO HEF[M. Nefedov, A. Hameren *25] >
» Resummation of the transverse logarithms . kovner, M. Lublinsky, V. Skokov, Z. Zhao *23]5

> Sub'elkonal COI'I'eCthnS[L Balitsky, A. Tarasov "15; G. Chirilli "21; M. Nefedov "21]-

Thank you for your attention!
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NLO characteristic function

The NLO characteristic function:

i n) = 72000+ 560 - B (10wn)’

cos(7y) Ne\ 243y(1-79) N (1)
m[(“@wg)afzyy)ﬁ)a (1+5) ooz
[ (+§ +y (1—7’+*)—2(¢(n,7)+¢(n,1_y))].,

X
where . = (4 — 12 4 5B0/N,)/12 and By = (11N, —2N;) /3. The function ¢ is:

m+]

o(ny) = i < (m+n+1)—y'(m+1)

m

+ (0" (B mtn+1) =B (m+1)) +

po-4(v(22) ¥(3).

w(m+1)—y/(m+n+1))
dm ’

where
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