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Main points:

joint with A. Yung, E. Ievlev, G. Sumbatian;

Vortex non-Abelian strings in conformal (Nf = 2N) 4D SQCD as
fundamental at strong coupling;

Critical superstring: sigma-model on conifold (U(2) SQCD with Nf = 4);

D-term in 4D τ = 1
2πα′ = 2πξ – “Planck scale” for 2D;

D-term in 2D β ∼ 1/g2 → 0 – Coulomb branch: N = 2 Liouville (dual to 2D
N = 2 black hole);

Mass deformation (up to U(4) SQCD with Nf = 8);

T -dual to the same theory on world-sheet;
Deformation only by changing parameters of 2D black hole background;
Hadron (confined monopoles!) spectrum from string’s effective action;

Result:

Spectrum does not change, but;
Multiplicities grow up: (double)-divergence of the black hole entropy ...
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Vortex/fundamental non-Abelian strings

Vortex strings in N = 2 4D SQCD:
confinement of monopoles in Higgs phase (up to EM duality).

Conformal: thick to thin (at g →∞)

versus

n E

In 4D theory bg = 2N − Nf = 0;

2D conformal theory on world-sheet: GLSM and/or N = 2 Liouville theory;

For mass deformation M 6= 0 true string vacuum from background EOM;

Hadron’s spectrum in SQCD from world-sheet theory.
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Non-Abelian strings

Effective world-sheet theory contains “non-Abelian” modes, fluctuations in flavor
space i , j = 1, . . . ,N = Nf /2

Action (bosonic part of N = (2, 2)): GLSM

S =

∫
d2z

{∣∣∇αni ∣∣2 +
∣∣∣∇̃αρj ∣∣∣2 − 1

4e2
0

F 2
αβ +

1

e2
0

|∂ασ|2 +
1

2e2
0

D2

− 2 |σ+M|2
(∣∣ni ∣∣2 +

∣∣ρj ∣∣2)+ D
(∣∣ni ∣∣2 − ∣∣ρj ∣∣2 − Reβ

)
− ϑ

2π
F01

}
with (α = 1, 2)

∇α = ∂α − iAα , ∇̃α = ∂α + iAα , (1)

for the charges Q = +1 and Q = −1, bare e0 →∞.

Twisted masses M = { ~mn, ~mρ} from 4D quark’s bare masses.
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Conformal theory

#{ni} = #{ρj} = N, bβ =
∑

Q = 0 (4D bg = 0);

Higgs branch: the case of (resolved if β 6= 0) conifold for N = 2;

The central charge

ĉ ≡ c

3
= dimCH = 2N − 1 =

N=2
3,

for critical superstring;

Coulomb branch with 〈σ〉 6= 0 can develop when β → 0, at 〈n〉 = 〈ρ〉 = 0

Integrating out massive {n, ρ}-fields results in effective N = 2 Liouville theory
on Coulomb branch;
N = 2 corresponds to deformed conifold, empty for N ≥ 3 (〈σσ̄〉 ∼ δN,2).
Mass-deformation of SQCD: deformation of N = 2 Liouville background.
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Coulomb action (M = 0)

Integrating out:

Kinetic term after σ = e−
φ+iY
Q with compact Y + 2πQ ∼ Y runs to

SL =
1

4π

∫
d2x
√
h

(
1

2
hαβ(∂αφ∂βφ+ ∂αY ∂βY )− Q

2
φR(2)

)
with Q2 = 2(N − 1);

Adding twisted superpotential b
∫
e−

φ+iY
Q + cc completes it to N = 2

Liouville;

Exact spectrum from mirror N = 2 2D black hole, or SL(2,R)k/U(1) coset
with k = 2

Q2 = 1
N−1 ;

Large N (quasiclassics in Liouville) ↔ large k (quasiclassics in black hole)
duality: we need (a selfdual) k = 1 point;

Two deformations: superpotential (“exp” screening) and Kähler
(“Wakimoto” screening: mass deformation) - expected duality ...
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Coulomb action (M 6= 0)

For the mass-deformed theory in 2D Liouville action:

Deformed flat background

SML =
1

4π

∫
d2x
√
h

(
1

2
hαβg(φ)(∂αφ∂βφ+ ∂αY ∂βY ) + Φ(φ)R(2)

)
with

Nontrivial warp factor

g(φ) =
1

1− |b|2|M|2 e
−Qφ

=
1

1−e−Q(φ−φ0)
, φ0 = − 1

Q
log
|M|2

|b|2

Nonlinear dilaton

Φ(φ) = −Q

2
φ+

1

2
log g(φ) = −Q

2
φ−1

2
log
[
1− e−Q(φ−φ0)

]
Remains intact the (super-) potential Lint = b

∫
d2θ̃ e−

φ+iY
Q .
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String theory background

N = 2 Lioville theory is mirror to the 2D black-hole

with the cigar metric and dilaton

ds2
cigar = 2k(dρ2 + tanh2 ρdθ2), Φ(ρ) = Φ0 − log cosh ρ

The mass-deformed theory flows to the trumpet geometry

ds2
trumpet = 2k(dρ2 + coth2 ρdϑ2), Φ(ρ) = Φ0 − log sinh ρ

(with e
Q
2 (φ−φ0) = cosh ρ) T-dual ... to the same 2D black hole!
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Background’s parameters

String tension τ = 1
2πα′ = 2πξ by FI parameter ξ of 4D SQCD;

In string units (fix α′ = 2) Rcigar =
√

2k , Rtrumpet =
√

2/k with
k = 2

Q2 = 1
N−1 :

Derivation and quasiclassics in N = 2 Liouville at Q2 →∞;
Quasiclassics in mirror cigar theory at k →∞;
Quasiclassics in T-dual trumpet theory: for the winding modes;
Critical kH = 1 exactly for N = 2.

Dilaton’s constant Φ0 = log gs gives

SBH =
MBH

T
= 2πe−2Φ0 (2)

the entropy and/or mass of 2D black hole:

Target-space quasiclassics at gs → 0 or Φ0 → −∞;

We conjecture e−2Φ0 = e−2Φ
(b)
0 + e−2Φ

(M)
0 or

M total
BH

Q/2
=

S total
BH

2π
= |b|2/k +

|b|2

|M|2 (3)
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String states from effective action

String states

Ψj ;mL,mR
(φ,Y ) = e−ΦTj,mL,mR

∼
φ→∞

eQ(j+ 1
2 )φ+iQ(mLYL−mRYR )

j = −1

2
,−1,−3

2
, ..., m = ±{j , j − 1, j − 2, ...}, −k + 1

2
≤ j < 0 (4)

give (massless!) “tachyons” Tj,m = e ipµx
µ

Tj,m,−m, and (massive!) “gravitons”
ψµLψ

ν
R e ipµx

µ

Tj ;m,−m. Effective action leads to the same Schrödinger equation

−∂2
φΨj,m + Veff(φ)Ψj,m = EjΨj,m

for their wave-functions Tj,m(φ,Y ) = eΦ e iQmY Ψj,m(φ), with Ej = −Q2
(
j + 1

2

)2

and the potential

Veff(φ) = −Q2

4

1(
eQ(φ−φ0) − 1

)2 −
Q2(m2 − j(j + 1))

eQ(φ−φ0) − 1
∼

φ→φ0

− 1/4

(φ− φ0)2
+ . . .

with famous Calogero singularity.
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Schrödinger equation

Has discrete spectrum, when written in trumpet background, i.e. for winding
modes;

Reduces for Ψ(φ) = w(φ)

√
eQφ−1

eQmφ and z = 1− eQφ to hypergeometric
equation with solution

w

∣∣∣∣
z→−∞

= F (−j −m, 1 + j −m, 1; z)

∣∣∣∣
z→−∞

∼ (−z)j + R(−z)−1−j

The reflection coefficient

R =
Γ(−1− 2j)Γ(1 + j −m)Γ(1 + j + m)

Γ(1 + 2j)Γ(−j −m)Γ(−j + m)
(5)

Gives discrete spectrum −j − |m| = −n, n = 0, 1, ...;
Coincides with exact CFT result up to 1/k-corrections;
For discrete spectrum Ψj,m(φ)

√
coth ρ

∣∣
j=±m=−k/2

=
√

tanh ρ cosh1−k ρ
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Spectrum

String theory:

Parameters k and Φ0 = Φ0(k; b,M) (also α′ = 1
4π2ξ

) convert to black hole’s

temperature T = 1

2π
√

2k
and entropy SBH = 2πe−2Φ0 ;

Background is stable under 1/k-corrections (SUSY) and spectrum is
independent on Φ0 (and only “indirectly” dependent upon k);
Mass deformation only changes the number os states!

SQCD: the hadron masses (from D- and F- terms)

m2
H = m2

non-BPS(ξ) + |ZBPS(mn,mρ)|2

m2
non-BPS = M2

string(∆j,m) cannot be computed in strongly-coupled SQCD,
got from string theory;
ZBPS = i ~mn~qn − i ~mρ~qρ (~q are u(N) = su(N)⊕ u(1)B flavor charges) vanishes
for mass deformation M∼ mn = mρ;
High degeneracy of the spectrum with the same m2

H = m2
non-BPS(ξ) and

different charges.
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More baryons with mass deformation

States with different baryonic charges. Blue: ` = B
2 , k = 0, green: ` = 0, k = B

2 .
Red: new states that emerge as we reduce M.
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2D black hole entropy

Problem with k = 1 it corresponds to the Hagedorn point T = 1
2π
√

2k
= TH ;

Main contribution from effective action

s =

(
1− R

∂

∂R

)
logZ ≈

(
R
∂

∂R
− 1

)
SE
b

for the thermal scalar (winding mode with j = ±m = −k/2);

Results in
(2πα′)2

V4D
s =

e−2Φ0

k − 1
=

√
2k

k − 1
Mtotal

BH

with e−2Φ0 = |b|2/k + |b|2
|M|2 .

Divergence
(2πα′)2

V4D
s ∼ 1

k − 1

|b|2

M2

at k → 1 (Hagedorn) and M→ 0.
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Conclusions

Critical 2D string gives hadron spectrum for conformal U(2) and Nf = 4
SQCD at strong coupling;

Theory possesses mass deformation “towards” U(4) and Nf = 8 SQCD, it
results in nonlinear deformation of string background;

Mass-deformed background is T-dual to mirror Liouville’s N = 2 black hole;

The spectrum remains intact after the deformation, but the multiplicities of
the states grow up;

This effect is justified by “extra” divergency of 2D black hole entropy.
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