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Motivation: Perfect fluid behavior of QGP

Nature Phys. 15, 1113–1117 (2019), PRL 99, 172301 (2007)

Specific Viscosity of QGP close to theoretical limit

Elliptic flow is sensitive to Viscosity

Transport coefficients are critical input parameters for Hydro evolution
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Motivation: Global polarization and vorticity
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Figure: Λ and Λ̄ polarization with collision energy. Becattini et al., IJMPE, 33, 06, 2430006 (2024)

The most vortical fluid, Ω ≈ 1022s−1 ≈ 10 MeV
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Hydrodynamics: Viscous stress

In inertial frames (non-rotating)

Viscous stress tensor: (Navier-Stokes theory)

τµν = η
[
(∆µ

σ∆ν
τ +∆ν

σ∆
µ
τ )− 2

3∆
µν∆στ

]
∇σuτ − ζ ∆µν∇σu

σ

In general, τµν = ηµναβVαβ,

Vαβ = 1
2(

∂Uα
∂xβ

+
∂Uβ

∂xα
), ∆µν ≡ gµν − uµuν , ∆µνuµ = 0.

ηµναβ → uµ (fluid velocity), ∆µν , gµν (metric)
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Hydro: Viscous stress (Rotating system)

Rotating System:

Fluid cells with velocity uµ, and angular velocity (Ω⃗): independent

Slightly out of equilibrium.

Slow rotation, ω
T ≪ 1

System under external magnetic field and rotating system posses the same symmetry

ηµναβ → ηµναβ (uµ,∆µν , gµν , ωµ, ωµν)

Where, ωµν ≡ εµναβωαωβ, ω
µ is the direction of angular velocity.

To construct ηµναβ , following condition must satisfy:

Symmetric stress tensor: η symmetric under µ↔ ν, α↔ β

Onsager symmetry: ηµναβ(ωγ) = ηαβµν(−ωγ)

Orthogonality: uµτ
µν = 0.
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Hydro: Viscosity coefficient matrix

Satisfying the symmetry conditions, we can construct 7 independent components

i)∆µν∆αβ,

ii)∆µα∆νβ +∆να∆µβ,

iii)∆µνωαωβ +∆αβωµων ,

iv)ωµωνωαωβ,

v)∆µαωνωβ +∆νβωµωα +∆µβωνωα +∆ναωµωβ,

vi)∆µαωνβ +∆νβωµα +∆µβωνα +∆ναωµβ,

vii)ωµαωνωβ + ωνβωµωα + ωµβωνωα + ωναωµωβ.
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Hydro: Viscosity coefficient matrix

5 Traceless components → Shear Viscosity (η).
2 Non-zero trace components → Bulk Viscosity (ζ).

Traceless:
C 0
ijkl = (3ωiωj − δij)

(
ωkωl − 1

3δkl
)

C 1
ijkl = δilδjk + δjlδik − δijδkl + δijωkωl − δjlωiωk − δjkωiωl + δklωiωj

−δikωjωl − δilωjωk + ωiωjωkωl

C 2
ijkl = δikωjωl + δilωjωk + δjkωiωl + δjlωiωk − 4ωiωjωkωl

C 3
ijkl = δilωjk + δjlωik − ωikωjωl − ωjkωiωl

C 4
ijkl = ωikωjωl + ωilωjωk + ωjkωiωl + ωjlωiωk

Non-Zero Trace:
C 5
ijkl = δijδkl , C 6

ijkl = δijωkωl + δklωiωj

Viscous stress tensor: τij =
∑4

n=0 ηnC
n
ijklVkl + ζ0C

n
ijklVkl + ζ1C

n
ijklVkl
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Kinetic theory

Viscous Stress : τij = NfNcNs

∫
d3p
(2π)3

pipj
E
δf

ChargeCurrent : Ji = q NfNcNs

∫
d3p
(2π)3

pi
E
δf

Distribution function, f = f (xµ, pµ) = f0 + δf

f0 =
1

exp
[
pµ·uµ(x)−µ(x)

T (x)

]
± 1

, Pµ = (E , p⃗)

δf : Solve Boltzmann transport equation.
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Boltzmann equation and RTA

In rotating frame: (about z axis)

gµν =


1− Ω2x2 − Ω2y2 Ωy −Ωx 0

Ωy −1 0 0
−Ωx 0 −1 0
0 0 0 −1

 .

Equation of Motion:

dpα

dτ
+

1

m
pµpνΓαµν = Fα, Γαµν =

1

2
gαβ

(
∂gνβ
∂xµ

+
∂gβµ
∂xν

− ∂gµν
∂xβ

)
Γ100 = −Ω2x , Γ200 = −Ω2y , Γ120 = −Ω, Γ210 = Ω, Zero otherwise.

For external force Fα = 0,
dp⃗

dt
= γ

[
m(Ω⃗× r⃗)× Ω⃗ + 2m(v⃗ × Ω⃗)

]
Force terms: Centrifugal and Coriolis, as in Classical EoM.
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Boltzmann equation and RTA

Modified Boltzmann equation:

p · ∂f (xµ, pν) = C[f ]

pµ
∂f

∂xµ
− pµpβ Γαµβ

∂f

∂pα
+ gµα M∂αM

∂f

∂pµ
+ qF βαpα

∂f

∂pβ
= C[f ]

Free Streaming term, Rotation, Temperature dependent mass,
Electromagnetic force term

Relaxation time approximation (RTA): C(f ) = −pµuµ
E

δf
τc
,

ansatz, δf ≡ δf (relevant gradient forces : ηµναβ , σµν , ..)

Presented by: Jayanta Dey (BLTP JINR) Transport properties 16th May 2025 11 / 18



Boltzmann equation and RTA

Modified Boltzmann equation:

p · ∂f (xµ, pν) = C[f ]

pµ
∂f

∂xµ
− pµpβ Γαµβ

∂f

∂pα
+ gµα M∂αM

∂f

∂pµ
+ qF βαpα

∂f

∂pβ
= C[f ]

Free Streaming term, Rotation, Temperature dependent mass,
Electromagnetic force term

Relaxation time approximation (RTA): C(f ) = −pµuµ
E

δf
τc
,

ansatz, δf ≡ δf (relevant gradient forces : ηµναβ , σµν , ..)

Presented by: Jayanta Dey (BLTP JINR) Transport properties 16th May 2025 11 / 18



Transport coefficients

Solving RBE we can get:

ηn =
NfNcNs

15T

∫
d3p⃗

(2π)3

(
p⃗2

E

)2

τ
(n)
c f0(1− f0); n = 0, ..4

σn =
q2 NfNcNs

9T

∫
d3p

(2π)3
τc
(
τc
τΩ

)n
1 +

(
τc
τΩ

)2 × p2

E 2
f 0(1− f 0); n = 0, 1, 2

Effective relaxation times: τ
(0)
c = τc , τ

(1)
c = τc

1+4(τc/τΩ)2
, τ

(2)
c = τc

1+(τc/τΩ)2
,

τ
(3)
c = 2τc

τc/τΩ
1+4(τc/τΩ)2

, τ
(4)
c = τc

τc/τΩ
1+(τc/τΩ)2

; τΩ = 1
2Ω ≡ Rotational timescale.

Conductivity Tensor: σij = σ0δij + σ1ϵijkωk + σ2ωiωj
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Nambu-Jona–Lasinio model for rotating system

Jiang and Liao, Phys. Rev. Lett. 117, 192302 (2016)

Two flavor, isospin symmetric NJL:

L = ψ̄[iγµ(∂µ + Γµ)−m0]ψ + Gs [(ψ̄ψ)
2 + (ψ̄iγ5σ⃗ψ)

2],

Spinorial affine connection, Γµ = 1
8ωµab[γ

a, γb]; ωµab ≡ Spin connection

mean field approx. : L = ψ̄[iγµ(∂µ + Γµ)−M]ψ − (M −m0)
2

4GS
,

Constituent quark mass: M ≡ m0 − 2GS⟨ψ̄ψ⟩

The gap equation can also be obtain by minimizing the thermodynamic potential
with respect to constituent mass.
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M =m0 +
GSNcNf

4π2

∞∑
n=−∞

∫ Λ

0

dp2⊥

∫ √
Λ2−p2

⊥

−
√

Λ2−p2
⊥

dpz
(
J2n (p⊥ρ) + J2n+1(p⊥ρ)

) M

E

− GSNcNf

4π2

∞∑
n=−∞

∫
dp2⊥

∫
dpz

(
J2n (p⊥ρ) + J2n+1(p⊥ρ)

)M
E

[
1

eβ(E−(n+ 1
2 )Ω) + 1

+
1

eβ(E+(n+ 1
2 )Ω) + 1

]
.
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Figure: Left: Constituent quark mass at ρ = 0.1 GeV−1, Right: Entropy density and number density
with temperature. ρΩ < 1, Λ =651 MeV, GS =5.04 GeV−2.
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Results: Transport coefficients
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Figure: Left: Shear Viscosity, Right: Electrical conductivity at Ω = 0.01 GeV and τc = 5 fm

Anisotropy is prominent

At high temperature massless, non-interacting results recovered with chiral restoration

Substantial contribution from Hall-like component

Suppressed viscosity/ conductivity: Affect of rotating EoM
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Transport coefficients
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Figure: Left: Shear Viscosity, Right: Electrical conductivity at T = 0.150 GeV and τc = 5 fm

Anisotropy vanishes with decreasing rotation.

At high ω massless results recover due to chiral restoration

Peak in the Hall-like components arises from term: τc/τΩ
1+(τc/τΩ)2

.
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Summary

Threefold affect of rotation:
1) Anisotropy: Multi-component transports

2) Effective relaxation time, rotational timescale: Reduction in value of transport.

3) Thermodynamic EoS and constituent quark mass: Enhancement in value of
transport

Effective relaxation time wins the competition and reduces the net transport value.

Shortcomings and improvements

Rotating NJL result with fixed coupling constant contradicts with lattice estimation.

Incorporate Ω dependent coupling constant consistent with lattice and study transport.
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Thank you for attention!
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