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Physics: Quantum gases
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Why cold atoms are interesting?

✓ Ultracold gases are “simple” systems

✓ Both fermions (6Li, 87Sr, . . . ) and bosons (87Rb, 23Na, . . . ) can be studied

✓ Interaction can be tuned to arbitrary values (via resonance scattering)

✓ Various internal symmetries (SU(N), SO(N), Sp(N) . . . ) can be realized

N = 2I + 1

o 171Yb I = 1/2 SU(2)

o 173Yb I = 5/2 SU(6)

o 87Sr I = 9/2 SU(10)

o 171Yb+173 Yb SU(2)× SU(6)

Fermions

SU(N) Fermions

E
F

E
F

Bosons

pic. by Sonderhouse
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Scales in cold atoms

Lenght scales (in units of Bohr radius)

o Van der Waals length ℓV dW ∼ 10÷ 100

o s-wave scattering length a ∼ 10÷ 200

o interparticle distance ℓ ∼ 800÷ 3000

o de Broglie wavelength ℓT ∼ (1÷ 4)× 104

o size of the system L ∼ 105

ℓV dW ≲ a ≲ ℓ ≪ ℓT ≪ L

Energy scales (e.g.6Li)

o Tc ∼ 0.16 TF ∼ 0.1µK

o Tc ∼ 10−11eV

where TF ∼ n2/3

and n ∼ 1013cm−3

HTS vs Gases

o T HTS
c ∼ 0.01 T HTS

F ∼ 100K

cold atoms are “hot” matter
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Key observables
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The phase diagram of interacting
SU(2) Fermi gas [pic. by Boettcher]

Method ∆/TF

Schirotzek (Exp) 0.44(3)
Carlson (QMC) 0.50(5)
Floerchinger (FRG) 0.46
Haussmann (LW) 0.46

The superfluid gap ∆ at T = 0 in SU(2)
systems in the unitary regime

Method Tc/TF

Nascimbene (Exp) 0.157(15)
Horikoshi (Exp) 0.17(1)
Ku (Exp) 0.167(13)
Goulko (QMC) 0.171(5)
Floerchinger (FRG) 0.248
Haussmann (LW) 0.160

The critical temperature of superfluid
(2nd order) phase transition in SU(2)

systems in the unitary regime:
kF a → −∞.

✓ Critical exponents ∈

XY-model universality class.
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N=2 N=3

N=4 N=6

N=10
Magnetization in SU(N) system within
the HF-method [Cazalilla,New J. Phys’23]

o MF and HF predict 2nd order
phase transition for SU(2), and
the 1st o.p.t. for SU(N > 2), due
to the cubic term in the Landau
free energy

F = aM2 + bM3 + cM4

o Qualitative agreement with QMC
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N=2 N=3

N=4 N=6

N=10
Magnetization in SU(N) system within
the HF-method [Cazalilla,New J. Phys’23]

o MF and HF predict 2nd order
phase transition for SU(2), and
the 1st o.p.t. for SU(N > 2), due
to the cubic term in the Landau
free energy

F = aM2 + bM3 + cM4

o Qualitative agreement with QMC
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Microscopic action
✓ Partially bosonized U(N)-symmetric fermionic action (kB = ℏ = 2m = 1, β = 1/T )

S =

β∫
0

dτ

∫
x

[
ψ̄a

(
∂τ −∇2 − µ

)
ψa −

1

2λΛ
tr(φ†φ) +

1

2
(ψ̄aφabψ̄b + ψaφ

†
abψb)

]

✓ Phase transitions — nonzero expectation value ⟨ψaψb⟩ ∼ ⟨φab⟩

⟨φ⟩ = ∆J ≡ ∆

(
0 IN/2

− IN/2 0

)
✓ Symmetry breaking U(N) → USp(N) = {h ∈ SU(N) | h JhT = J}
✓ Mean-field predictions:

o continuous phase transition ∀N
o The critical temperature Tc/µ ≈ 0.66 and the zero-temperature gap ∆/µ = 1.16 in

the unitary regime (1/a→ 0−) ∀N

1/λΛ = 1/8πa− CΛ
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Functional RG in a nutshell
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Computation of free energy
✓ The partition functional is given by the classical action

Z[J ] =

∫
Dϕ exp {−S[ϕ] + Jϕ} ,

✓ The Legendre transform yields the quantum effective action (depends on φ:

magnetization, superfluid gap, and etc.)

Γ[φ] = Jφφ− lnZ[Jφ], φ =
δ

δJ
lnZ[J ]

∣∣∣∣
J=Jφ

.

✓ The grand potential, pressure and entropy density

Ω = T min
φ

Γ[φ], P = −Ω

V , s =

(
∂P

∂T

)
µ

.
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Effective average action

✓ The modified partition functional

Zk[J ] =

∫
Dϕ exp {−S[ϕ]−∆Sk[ϕ] + Jϕ} ,

with the quadratic additive

∆Sk[ϕ] =
1

2

∫
p

ϕ(−p)Rk(p)ϕ(p).

Rk(p) → ∞ for k → ∞
Rk(p) → 0 for k → 0

Rk(p) ∼ k2 for p ≪ k

Rk(p) ∼ 0 for p ≫ k
✓ The effective average action functional

Γk[φ] = Jk,φφ− lnZk[Jk,φ]−∆Sk[φ], φ =
δ

δJ
lnZk[J ]

∣∣∣∣
J=Jk,φ

.
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From functional integral to functional DE

Γk

ΓΛ ∼ S

Γ0 = Γ

fast modes

Λ > p > k

slow modes

k > p > 0

Flow equation (Wetterich, Moris)

✓ Γk=Λ ∼ S – classical action – input

∂tΓk[φ] =
1
2
Tr

{
(Γ

(2)
k [φ] +Rk)

−1∂tRk

}
, t = ln(k/Λ)

✓ Γk=0 = Γ – quantum effective action – output

Some features:

o The flow equation is exact

o Non-perturbative approximation is possible

o Equilibrium and far-from-equilibrium systems
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Treatment of large spin fermions
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Non-perturbative approximation

✓ The truncated effective average action Γk in the leading order of the derivative expansion

Γk =

β∫
0

dτ

∫
x

[
ψ̄a

(
∂0 −∇2 − µ

)
ψa + Yk tr(ϕ

†∂0ϕ) + Zk tr(∇ϕ†∇ϕ) + Vk(ϕ
†ϕ)

+
gk
2
(ψ̄aϕabψ̄b + ψaϕ

†
abψb) +O(∂20 ,∇4, . . . )

]
✓ The initial conditions at the UV scale

ZΛ = 0, YΛ = 0, gΛ = 1, VΛ(ϕ
†ϕ) ∼ − 1

2λΛ
tr(ϕ†ϕ)

✓ We use θ-regulators. This allows for an analytical treatment of the loop integrals

R
(B)
k ∼ (k2 − q2)θ(k2 − q2), R

(F)
k ∼ sgn(q2 − µ)(k2 − |q2 − µ|)θ(k2 − |q2 − µ|),
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FRG flow equations
General form of the scale-dependent potential Vk(ϕ

†ϕ) ≡ Γk/Vβ = Vk(ρ1, ρ2, . . . ), where

ρ1 ≡ tr(ϕ†ϕ), ρa ≡ tr
(
ϕ†ϕ− IN

ρ1
N

)a
, a = 2, 3, . . .

The projection of the FRG equation onto the background ∆J yields

∂tUk = ∂tΓk/Vβ, Uk(ρ1) ≡ Vk(ρ1, 0, 0, . . . ), P = −min
∆

Uk→0

∂tUk = kd+2

(
aα + aσ
2
√
aαaσ

(1 + 2nB(
√
aαaσ)) + (N − 2)(N + 1)

aπ + aζ√
aπaζ

(1 + 2nB(
√
aπaζ))

)
−Nk2 1

aψ
(1− 2nF (aψ))×

(
(µ+ k2)

d
2 − θ(µ− k2)(µ− k2)

d
2

)
,

here

aα = aπ = Zkk
2 + U ′

k, aσ = Zkk
2 + U ′

k + 2ρ1U
′′
k , aζ = Zkk

2 + U ′
k +

4ρ1
N

Wk,

Wk =Wk(ρ1) ≡
∂Vk(ρ1, ρ2, ρ3, . . . )

∂ρ2

∣∣∣∣
ρ2=0,ρ3=0,...

, a2ψ = k4 + g2kρ1/N
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Discontinuous phase transition (N ≥ 4)
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Scale dependence of the running potential Uk and
the coefficient of the invariant expansion Wk.

[nµ = C3Nµ3/2, C3 = 1/6π2]
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Temperature dependence of the full effective potential
U ≡ Uk→0 and W ≡ Wk→0.

✓ 1st-order transition unlike MF predictions

✓ Fermionic part of FRG eq. yields MF results
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Pressure and gap (N ≥ 4)
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Typical temperature dependence of the pressure change
and the superfluid gap in the vicinity of the first-order

phase transition.

✓ The pressure change across the
transition is

δP ≡PN − PS

=
(
− U(0)

)
−
(
− U(∆0)

)
✓ The entropy density jump is

δs ≡s(Tc + 0)− s(Tc − 0)

=

(
∂

∂T
δP

)
µ



16/17

Thermodynamic parameters of the first-order transition
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(a) critical temperature Tc/µ; (b) energy gap ∆c/µ at Tc;
(c) ratio of the gap to the critical temperature ∆c/Tc; (d)

the entropy density jump δsc/nµ.

Critical temperature Tc/µ and zero-temperature
gap ∆(0)/µ for the SU(2) system, which
undergoes a continuous phase transition.

Method Tc/µ ∆(0)/µ
Experiment (Ku’12) 0.40
FRG (Boettcher’14) 0.38(2) 1.04(15)
LW (Haussmann’07) 0.40 1.27
QMC (Burovski’06) 0.31(2)
Mean field 0.66 1.16
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And in conclusion...

+ We investigated the superfluid phase transition in an SU(N)-symmetric Fermi gas with
N distinct spin states using the functional renormalization group. Our results reveal a
fluctuation-induced first-order phase transition for N ≥ 4, which is absent at the
mean-field level.

+ We provided quantitative predictions for the critical temperature, and for the jumps in
the superfluid gap and entropy density as functions of N . With increasing N , the critical
temperature decreases, while the discontinuities become more pronounced, indicating a
stronger first-order transition.

− We did not address the determination of the equation of state n = n(µ, T, as).

− We also did not explore possible refinements of our results that could arise from
extending the truncation of the effective action or employing a frequency-dependent
regulator Rk(ωn,p) (typically affecting values by a few percent).

− ...

Th
e end
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