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Introduction

In non-central heavy ion collisions the droplets of QGP with angular momentum are created.

An interplay between rotation, vorticity, and spins of quarks lead to series of effects in HIC.

The rotation occurs with relativistic velocities. ⇒ Spin alignment of created particles.

[ L. Adamczyk et al. (STAR), Nature 548,
62–65 (2017), arXiv:1701.06657 [nucl-ex] ]
⟨ω⟩ ∼ 7 MeV (

√
sNN -averaged)
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Spin potential

We introduce the finite spin density of quarks by analogy with the finite quark density

Quark chemical potential, µq ←→ quark number density, ψ̄γ0ψ,

An additional term in the Dirac Lagrangian:

δNLq = µq ψ̄γ0ψ , (1)

Spin potential, µΣ ←→ density of quark spin, ψ̄γ0Σ12ψ,

An additional term in the Dirac Lagrangian:

δΣLq = µΣ ψ̄γ
0Σ12ψ . (2)

In general form (we use canonical definition of spin tensor),

δΣLq = µα,µν ψSα,µνψ , where Sα,µν = 1

2
{γα,Σµν} , Σµν = i

4
[γµ, γν] , (3)

but we consider the spins of quarks polarized along the z axis, µα,µν =
µΣ

2
δα0(δµ1δν2 − δν1δµ2).

Spin potential expresses a tendency to favor one spin state over the other, µΣ = δE↑ − δE↓.
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QCD on the lattice

Our aim is to study QCD phase diagram for finite spin density, µΣ, on the lattice.

Lattice simulation is a powerful method to study strong-interacting systems:

Based on the path-integral representation of the partition function (Euclidean action is used):

Z = ∫ D[U]D[ψ, ψ̄] e−SG(U)−SF (ψ,ψ̄,U) = ∫ D[U] e−SG(U) ∏
f

det[M (f)(ψ, ψ̄,U)] ,

⟨O⟩ = 1

Z ∫ D[U]O(ψ, ψ̄,U) e
−SG(U) ∏

f

det[M (f)(ψ, ψ̄,U)] ≈ 1

Nconf

Nconf

∑
i = 1

P [Ui]∝ e−S

O[confi] .

The spacetime is discretized on the hypercubic Euclidean lattice with finite spacing a.

The integrals are computed using Monte-Carlo algorithms. HPC is needed.

The results should be finite in the continuum limit a→ 0.

Statistical and systematic uncertainties are under control.

The sign problem arises for finite µΣ, like for finite µB .
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Spin curvature

In the imaginary time formalism, the quark spin potential becomes an imaginary quantity after the Wick
rotation, similarly to the baryon chemical potential,

µΣ = iµI
Σ . (4)

We aim to find the curvature κΣ of the deconfinement (ℓ = L) and chiral (ℓ = ψ) phase transitions:

T ℓc (µI
Σ)

T ℓc (0)
= 1 + κℓΣ(

µI
Σ

Tc(0)
)
2

+ . . . , [ℓ = L,ψ] , (5)

and after analytic continuation we get,

T ℓc (µΣ)
Tc(0)

= 1 − κℓΣ(
µΣ

Tc(0)
)
2

+ . . . , [ℓ = L,ψ] . (6)

The spin curvature κΣ describes how the presence of small quark density affects the transitions in QCD.
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Quark chemical potential

There are analogies with other “potentials” in QCD:

Quark chemical potential, µq

δNLq = µq ψ̄γ0ψ ≡ µq j0 .
Usually the chemical potentials with respect to the conserved charges B,S,Q, . . . are used instead:

Baryon chemical potential

µu = µd ≃ µB/3 = µl, µs = 0
(simulation with imaginary µl,I)

Tc decreases with real µB .
κq = 9κB = 0.12(2).
[C. Bonati et al., Phys. Rev. D 92, 054503
(2015), arXiv:1507.03571 [hep-lat]] 0 0.02 0.04 0.06 0.08
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Isospin chemical potential
µu = µI , µd = −µI (no sign problem) ⇒ Tc decreases with µI .
[B. B. Brandt, G. Endrodi, and S. Schmalzbauer, Phys. Rev. D 97, 054514 (2018), arXiv:1712.08190 [hep-lat]]
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Chiral chemical potential vs spin potential

Chiral (axial) chemical potential, µ5

δALq = µ5 ψ̄γ
0γ5ψ ≡ µ5 j

0
A .

(no sign problem)

Tc increases with real µ5.

[V. V. Braguta et al., Phys. Rev. D 93, 034509
(2016), arXiv:1512.05873 [hep-lat]]

Spin potential, µΣ

δΣLq = µΣ ψ̄γ
0Σ12ψ = 1

2
µΣ ψ̄γ

3γ5ψ ↔ 1

2
µΣ j

3
A .

(simulation with imaginary µI
Σ)

At T = 0, the effects of µI
Σ ↔ µ5 = µΣ/2 ⇒ we expect that Tc increases with µI

Σ,
or, Tc decreases with real µΣ
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Rigid rotation vs spin potential

The spin potential µΣ is somewhat similar to the angular velocity Ω of a uniformly rotating system:

Angular velocity, Ω

δΩLq = Ω ψ̄[i(−x∂y + y∂x) + γ0Σ12]ψ ,

δΩLG =
1

2g2
[2rΩ (F aφ̂rF art + F aφ̂zF azt) − r2Ω2 (F aφ̂zF aφ̂z + F arφ̂F arφ̂) ] ,

(simulation with imaginary ΩI)

⊳ At the rotation axis, x = y = 0, the local action of rotating system coincides with the system at finite
spin density of quarks, Ω = µΣ.

⊳ The results for finite µΣ describes the shift of Tc at r = 0 for mixed phase in rotating QCD, if we
expect the validity of “local thermalization”.

⊳ The system at finite µΣ is homogeneous, unlike the case of rigid rotation.
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Lattice action and setup

In continuum notations, the Euclidean quark action at the finite spin potential µΣ has the following form:

SF = ∫ d4x ψ̄[γxDx + γyDy + γzDz + γτ(Dτ + iµI
ΣΣ

12) +m]ψ . (7)

We use Nf = 2 clover-improved Wilson fermions (cSW from one-loop) + RG-improved (Iwasaki) gauge
action.
The spin density term is exponentiated like chemical potential.
Simulations are performed on lattices of the size 4 × 163, 5 × 203, 6 × 243 for meson mass ratios
mPS/mV = 0.60, . . . ,0.85.
Due to competition between quarks and gluons in rotating system, the dependence of the results on the
pion mass is of a particular interest.
Temperature is T = 1/(Nta).
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Observables

Deconfinement crossover
In QCD, the Polyakov loop is an approximate order parameter,

L = 1

N3
s
∑
r⃗

Tr [
Nt−1

∏
τ=0

U4(r⃗, τ)] , (8)

In confinement ⟨L⟩ ≈ 0; in deconfinement ⟨L⟩ ≠ 0. ⟨L⟩ = e−FQ/T

The deconfinement critical temperature is associated with the peak of the Polyakov loop susceptibility

χL = ⟨∣L∣2⟩ − ⟨∣L∣⟩2 . (9)

Chiral crossover
The chiral critical temperature is determined using the (disconnected) chiral susceptibility:

χdisc
ψ̄ψ =

NfT

V
[⟨Tr(M−1)2⟩ − ⟨Tr(M−1)⟩2] . (10)

At low temperatures chiral symmetry is broken, ⟨ψ̄ψ⟩ ≠ 0, and it is restored at high temperatures ⟨ψ̄ψ⟩ = 0.
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Polyakov loop
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Figure: The Polyakov loop as a function of temperature T for various values of the (imaginary) spin potential µI
Σ.

An increasing imaginary spin potential leads to a decrease of the Polyakov loop at fixed temperature.
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Polyakov loop susceptibility and chiral susceptibility
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Figure: The susceptibilities of the Polyakov loop and the chiral condensate as a function of temperature.

Pseudo-critical temperatures increases with an imaginary spin potential.
The finite (imaginary) spin density softens the chiral phase transition.
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Pseudo-critical temperatures: lattice spacing effects
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Figure: Transition temperatures Tc of the deconfinement and chiral crossovers as a function of spin potential.

Pseudo-critical temperatures increases with an imaginary spin potential.
There is a weak dependence of the results on the lattice spacing a.
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Pseudo-critical temperatures and curvatures: pion mass effects
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We fit the data by the quadratic function of the
imaginary spin potential µI

Σ:

T ℓc (µI
Σ) = T ℓc (0) [1 + κℓΣ(

µI
Σ

T
)
2

] . (11)

The dependence of the curvatures κℓΣ (ℓ = L,ψ)
on the pion mass ratio can be well described by

κℓΣ(ξ) = kℓΣ + γℓΣ ξ2 , ξ = mPS

mV
. (12)

In the limit of physical pion mass,

κ
L (phys)
Σ = 0.0610(35) , κ

ψ (phys)
Σ = 0.0595(27) , at (mPS

mV
)
phys

= 0.175 .
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Conclusions

We performed first-principle numerical simulations in the lattice QCD with Nf = 2 dynamical quarks to
determine the effect of a finite spin density of quarks on the deconfinement and chiral transitions.

The quark spin density leads to a decrease of the temperatures of the chiral and deconfinement
crossover. The result is qualitatively similar to finite baryon density.

The curvatures, κLΣ and κψΣ, sufficiently depend on the pion mass. At physical pion mass point they are
approximately the same within a small statistical error, κLΣ ≃ κψΣ ≃ 0.06. For baryon potential, curvature
is of the same order, κq = 0.12(2).

The presence of the background spin potential does not lead to a splitting of the deconfinement and
chiral transitions.

The small magnitude of the curvatures implies that for the phenomenologically relevant values of the
spin potential µΣ = 10MeV, the deconfinement and chiral transition temperatures drop only by
about 0.03%.

It allows us to estimate the rotational effects for the on-axis critical temperature in rotating QCD
within approximation of local thermalization.
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Thank you for your attention!
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Lattice quark action

The Nf = 2 clover-improved action for Wilson fermions is

SF = ∑
f=u,d

∑
x1,x2

ψ̄f(x1)Mx1,x2ψ
f(x2) , (13)

with the matrix

Mx1,x2 = δx1,x2 − κ[ ∑
µ=x,y,z

((1 − γµ)Tµ+ + (1 + γµ)Tµ−) +

+ (1 − γτ) exp (iaµI
ΣΣ

12)Tτ+ + +(1 + γτ) exp (−iaµI
ΣΣ

12)Tτ−] − δx1,x2cSWκ∑
µ<ν

σµνFµν , (14)

where κ = 1/(8+ 2am), Tµ+ = Uµ(x1)δx1+µ,x2 , Tµ− = U†
µ(x1)δx1−µ,x2 and Fµν = (Ūµν − Ū†

µν)/8i. For the clover
coefficient, we adopt the mean-field value cSW = (1 −W 1×1)−3/4 = (1 − 0.8412/β)−3/4.
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Lattice gluon action

We discretize the gluon part of the action using the renormalization-group improved (Iwasaki) lattice
action, which is unaffected by spin density:

SG = β∑
x

(c0 ∑
µ<ν

W 1×1
µν + c1 ∑

µ≠ν

W 1×2
µν ) , (15)

with the lattice couplings β = 6/g2, c0 = 1 − 8c1, and c1 = −0.331. The gauge field enters via

W 1×1
µν (x) = 1 −

1

3
ReTr Uµν(x) , (16)

W 1×2
µν (x) = 1 −

1

3
ReTr Rµν(x) , (17)

where Uµν(x) denotes the clover-type average of four plaquettes and Rµν(x) represents a rectangular loop.
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