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Introduction
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Stellar oscillations can be classified according to
1) the dominant restoring force and 2) the geometry of the fluid motion

What is an r-mode?

R-modes – oscillations of rotating stars:
1.  Restored by the Coriolis force
2.  Quasi-toroidal motions:

Flow velocity:

equilibrium velocity
(rotation)

velocity perturbation
(r-mode)

Geometry of a purely toroidal motion:

R-mode oscillation frequency:

Notations and terminology:
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Why study r-modes?

R-modes are the most susceptible
to the Chandrasekhar-Friedman-Schutz (CFS) instability

(with respect to emission of gravitational waves)
[e.g., Lindblom et al. Phys. Rev. Lett. 1998]

Oscillating star emits gravitational waves:

Change of the oscillation energy:

Instability criterion:

CFS mechanism in a nutshell:
[Chandrasekhar 1970; Friedman & Schutz 1978]

Under favorable conditions r-modes may become visible to GW detectors
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For r-modes the instability criterion is met at any Ω!!!



The concept of the r-mode instability window
Evolution of r-modes

The most «popular» dissipative agents:
• shear viscosity (η)

[friction of the fluid layers in relative motion]

• bulk viscosity (ζ)
[heat production by out of equilibrium 
chemical reactions]

Instability window:
[e.g., Lindblom et al. 1998]

An example: Newtonian nucleonic model

r-mode
energy E

CFS 
mechanism:

Energy 
dissipation:

the window likely should not
contain observable sources!

LMXB paradox:
[e.g., Haskell 2015]
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The LMXB paradox

This study:

• particle diffusion
[K. Kraav, M. Gusakov, E. Kantor PRD 2024]
[K. Kraav, M. Gusakov, E. Kantor MNRAS Lett. 2021]

• resonant suppression
by superfluid modes
[Kantor E., Gusakov M., Dommes V. PRD 2021]
[Kantor E., Gusakov M., Dommes V. PRL 2020]

• Ekman layer dissipation
[K. Glampedakis & N. Andersson PRD 2006]
[Y. Levin & G. Ushomirsky MNRAS 2001]
[L. Bildsten & G. Ushomirsky ApjL 2000]

• mutual friction
[B. Haskell et al. MNRAS 2009]

• amplified bulk viscosity
in hyperonic matter
[D. Ofengeim et al. PRD 2019]
[M. Nayyar & B. J. Owen PRD 2006]

Attempts at stabilizing r-modes

Consider relativistic r-modes
in hyperonic stars
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An example: Newtonian nucleonic model

the window likely should not
contain observable sources!

LMXB paradox:
[e.g., Haskell 2015]



Why relativistic r-modes in hyperonic stars?
We expect extremely strong dissipation through bulk viscosity

Hyperons strongly enhance
the bulk viscosity coefficient ζ

Newtonian theory severely underestimates
the r-mode damping by bulk viscosity

[from Kraav, Gusakov & Kantor PRD 2024] [from Ofengeim, Gusakov, Haensel & Fortin PRD 2019]

Newtonian r-modes
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exponential
decay time due to ζ

Kepler 
angular velocity



Hyperonic stars
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Model of a hyperonic star

Hyperonic star – a star that contains hyperons in its interior

Representative core structure

Simplified stellar modelHyperonic equations of state

\Core
npeµΛ𝚵𝚵

Crust

Nonbarotropic core

Barotropic crust

equilibrium
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FSU2H (Providência et al. 2019)

|𝑩𝑩|
[MeV]

𝑬𝑬𝐬𝐬𝐬𝐬𝐬𝐬
[MeV]

L
[MeV]

K
[MeV]

𝑴𝑴𝐬𝐬𝐦𝐦𝐦𝐦
[𝑀𝑀⊙]

16.3 30.5 44.5 238 1.99

TM1C (Gusakov et al. 2014)

16.3 36.9 111 281 2.05

B
𝑬𝑬𝐬𝐬𝐬𝐬𝐬𝐬
L
K
𝑴𝑴𝐬𝐬𝐦𝐦𝐦𝐦

- binding energy
- symmetry energy
- symmetry energy slope
- compressibility
- maximum stellar mass



Weak leptonic processes Weak nonleptonic processes Strong process

chemical equilibration
at negligibly short timescales:

Chemical reactions in hyperonic matter

Chemical reactions are classified by their reaction rates
(following closely Ofengeim, Gusakov, Haensel & Fortin PRD 2019)

direct Urca:

modified Urca:

Reaction rates Γ and λ:
(reactions/time/volume)

Chemical imbalance:
(deviation from chemical equilibrium)

Chemical reactions:
(for example)

chemical potentials

moderately fast extremely fastextremely slow

Will be treated
as equilibrated:

Will be treated
as arbitrarily fast/slow

Will be ignored
as negligibly slow
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direct:
inverse:

Total reaction rate:



Bulk viscosity and adiabatic index
Bulk viscosity (ζ)

frozen reactions

Adiabatic index (γ)

effect of reactions

Heat production by out of equilibrium reactions
[following Ofengeim, Gusakov, Haensel & Fortin PRD 2019]

Stiffness of the matter under adiabatic compression

optimal
rates

matter
lacks the time

to respond:

matter 
responds

immediately:
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Chemical reactions and pairing effects

1. Pairing affects the particle spectrum

2. The spectrum affects the momentum distribution

Fermi-Dirac distribution:

3. The distribution affects reaction rates

[from Ding et al. PRC 2016; Ho et al. PRC 2015;
Takatsuka & Tamagaki, Prog. Theor. Phys. 2004] 

Th
is

 s
tu

dy
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summation over
energy- conserving

reactions



Chemical reactions and pairing effects

Suppresses weak reactions:Reduction factors:

Reactions involving three neutrons:

Reactions involving one neutron:
[P. Haensel, K. Levenfish, D. Yakovlev A&A 2002]

Strong proton superconductivityNeutron superfluidity

Neutron energy gap
[e.g., Haensel et al. 2000]
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Relativistic r-modes 

15



1. Linearized Euler equation:

3. EOS:

3. Chemical equilibrium:

1. Hydrostatic equilibrium:
Metric tensor:

[Hartle 1967]

Gravitational redshift:

Four-velocity:

2. Thermal equilibrium:

frame-dragging effect

Stellar equilibrium

4. Thermodynamics:

Hydrodynamic equations

Hydrodynamic oscillation equations

collective 4-velocityequilibrium local oscillation frequency

chemical
reactions

2. Linearized continuity equations:

16



R-mode eigenfunctions

Relativistic r-mode peculiarities

GR: Relativistic calculation (depends on Ω)
Newt: Newtonian calculation (no dependence on Ω)

Kraav K., Gusakov M., Kantor E.
[PRD 2022, Universe Lett. 2022, PRD 2024]

toy model:

vs

Toroidal function
Velocity perturbation due to an r-mode

Looking for r-mode solutions
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Dissipation through bulk viscosity

Amplification by relativistic effects

does not 
depend on 𝑻𝑻𝒎𝒎

Energy loss due to ζ An example

Schwarzschild discriminant:
(matter is nonbarotropic)

GR: depends on Ω
Newt: any Ω
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General formula:

R-modes:

Kraav, Gusakov & Kantor:
[PRD 2024]



Dissipation through bulk viscosity

>2 orders!

Damping time due to ζ Amplification mechanism
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Dissipation through shear viscosity

The effect of r-mode peculiarities in GR

Enhanced dissipation
at sufficiently slow rotation rates

Damping time due to η
Kraav, Gusakov & Kantor:

[PRD 2024]

Energy loss due to η

R-modes:

General formula:

No significant differences
at rotation rates relevant for stars in LMXBs
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Newt

GR

small
difference



Amplification by CFS-mechanism

Driving time due to CFS-mechanism

No significant differences
at rotation rates relevant for stars in LMXBs

Energy pumping by CFS mechanism
Kraav, Gusakov & Kantor:

[PRD 2024]

R-modes:

Thorne 1980:

The effect of r-mode peculiarities in GR

Suppressed CFS-amplification
at sufficiently slow rotation rates
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Newt

GR

small
difference



Instability windows
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Calculation overview

Microphysical conditions

Shear viscosity
(friction in the fluid)

Bulk viscosity
(heat production

in chemical reactions)

CFS-mechanism
(GW-emission

amplifies the r-mode)

EOS:
1. FSU2H
2. TM1C

Adiabatic index
1. Frozen
2. Fast
3. Exact

Neutrons
1. normal (N)
2. superfluid (N3LO, TTav, Av18)

Boundary of the instability window

Protons
1. normal (N)
2. strongly superconducting (SSc)
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Instability windows

Shear viscosity:
Schmitt & Shternin 2018

Stellar models:
• FSU2H EOS
• 𝑀𝑀 = 1.5/1.6/1.7 𝑀𝑀⊙

Protons:
normal (N)

LMXB data:
(see references in

Kantor, Gusakov & Dommes
PRD 2021)

Reaction rates:
Ofengeim et al. PRD 2019

1. Very efficient ζ
2. Strong influence of 

neutron superfluidity
3. Broadening due to 

chemical reactions
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Instability windows

Proton superconductivity 
has only little impact
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Shear viscosity:
Schmitt & Shternin 2018

Stellar models:
• FSU2H EOS
• 𝑀𝑀 = 1.5/1.6/1.7 𝑀𝑀⊙

Protons:
strongly superconducting 

(SSc)

LMXB data:
( see references in

Kantor, Gusakov & Dommes
PRD 2021

Reaction rates:
Ofengeim et al. PRD 2019



Instability windows

1. TM1C requires higher 
masses than FSU2H

2. Peculiar shape
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Shear viscosity:
Schmitt & Shternin 2018

Stellar models:
• TM1C EOS
• 𝑀𝑀 = 1.7/1.8 𝑀𝑀⊙

Protons:
normal (N)

LMXB data:
(see references in

Kantor, Gusakov & Dommes
PRD 2021)

Reaction rates:
Ofengeim et al. PRD 2019



Instability windows

Proton superconductivity 
has only little impact
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Shear viscosity:
Schmitt & Shternin 2018

Protons:
strongly superconducting 

(SSc)

LMXB data:
( see references in

Kantor, Gusakov & Dommes
PRD 2021

Reaction rates:
Ofengeim et al. PRD 2019

Stellar models:
• TM1C EOS
• 𝑀𝑀 = 1.7/1.8 𝑀𝑀⊙



Conclusions

Under reasonable physical conditions,
bulk viscosity may serve as an extremely efficient dissipative mechanism,

capable od stabilizing r-modes in LMXBs!
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Observations

• Proton superconductivity weakly affects instability windows
• Neutron superconductivity strongly suppresses dissipation through bulk viscosity 

at sufficiently low temperatures
• Accounting for the effect of chemical reactions on the adiabatic index slightly 

broadens the instability windows

Summary
• We considered instability windows of relativistic r-modes in hyperonic stars
• We estimated the influence of nucleon pairing effects on the instability windows
• We investigated the importance of accounting for the effect of chemical reactions 

on the adiabatic index



Supplementary materials
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Instability window:

Residual function:

The shape of the TM1C instability windows
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On accounting for strong reactions in adiabatic index

Strong chemical reactions weakly affect the adiabatic index

[Figure 3 from Gusakov et al. 2014]
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