Bbluncnernns XaPaAKTEPUCTUK HEKJTACCUHHOCTUN KYyANTOB J

AcTtruk TopocsiH
CekTop Ne 5 anrebpanvecknx n KBaHTOBbIX BbIYNCAEHUI
Hay4Hblii oTgen BbIYUCANTENLHON (DU3NKN

JINT, OnNAN

11 chespans, 2025

A.T. TopocsiH XapaKkTepUCTUKN HEKNACCUYHOCTU KYAUTOB 1/26



CopepxaHue

@ MpoctpancTeo cocTosHmii v.s. Pa30B0E MPOCTPAHCTEO
© PesynuraThl 2022-2025
© LestenshocTs 2022-2025

@ Mnanwi 2025-2028

A.T. TopocsiH XapaKkTepUCTUKN HEKNACCUYHOCTU KYAUTOB 2/26



MpocTpaHcTBO cocTosiHuii v.s. Pa3oBoe NPOCTPAHCTBO

OcHoBHas ugesi:

(A) Knaccuyeckasi MmexaHuka B pa30BOM MpPOCTPAHCTBE;
(B) KeaHToBasi MexaHuka B ¢ha30BOM NMPOCTPAHCTBE;

B
(C) Otknonenusi (A) - (B) : = “HeknaccuynocTs”.
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MpocTpaHcTBO cOCTOAHUI v.s. Pa30BOE NPOCTPAHCTBO

Physical motivation

Classically, a particle in one dimension with its position g and momentum
p is described by a phase space distribution Pg(q,p). The average of a
function of the position and momentum A(q, p) can then be expressed as

A>c1:/ dq/ dp A(q, p) Pci(q, p) -

A quantum mechanical particle is described by a density matrix 9, and the
average of a function of the position and momentum operators A(4, p) is

(Aam =tr (/‘A\ @) :

A quantum mechanical average can be expressed using a quasiprobability
distribution Pgm(q, p) as

(A)om = /jo dq /jo dp A(q. p) Pam(q, p) -
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Objective

Because of Heisenberg's uncertainty principle, the function Pgpm(g, p) has
negative values for certain quantum states. Hence, it is not a true probability
density and is referred to as a quasiprobability distribution.

Due to this negativity property, quasiprobability distributions may serve as
a tool for understanding the interrelations between quantum and classical
statistical descriptions.

Aim:

To consider the Wigner quasiprobability distribution W(q, p) and, specifying
the notion of “classical states’ as the states whose Wigner function is non-
negative everywhere in the phase space, to quantify a state classicality.
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from Hilbert-Schmidt, Bures and Bogoliubov-Kubo-Mori ensembles,  Zap.

1.  A. Khvedelidze, A. Torosyan, Comparing classicality of qutrits
Nauch. Sem. POMI 517, 250-267, 2022 J
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Global indicator of classicality

Quantum state space Py ={X € My(C) | X =X, X >0, tr(X)=1}.
Dual space Py ={X e My(C) | X =XT, tr(X)=1, tr(X?)=N}.

Global indicator of classicality:

O — Volume of orbit subspace O[‘BSVH]
N " Volume of orbit space O[Fy]

)

where O[‘BS\,”] is the unitary orbit space of states with non-negative
Wigner quasiprobability distribution  W(Quy) = tr[o A(Q)]

o density matrix o € Puy; e Stratonovich-Weyl kernel A(Qn) € Fj -
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Qs—indicator for Hilbert-Schmidt ensemble of qutrits
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(a) Qs —indicators of a H-S qutrit as functions of ¢ for the regular (gray curve) and degenerate (blue curve) strata. The

@

absolute minimum of both indicators is attained at ( = 7 /6. (b) The ratio of degenerate to regular Q3 —indicators.

The ratio  RPS(¢) = Q[S(U @)% U1 ](C)/Q[T_,,]( ) is a certain measure of relation between

the symmetry of a state and its classicality.
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Qs—indicator for Bures and BKM ensemble of qutrits
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(a) The plot of Q3 for the Bures (solid curves) and BKM (dashed curves) ensembles of qutrits from the regular (gray
curves) and degenerate (blue curves) strata. (b) The ratio R of degenerate to regular Q3 —indicators for the Bures

(solid blue) and the BKM (dashed blue) ensembles.
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Summary

@ Thereis a certain coherence between the classification of states according
to their classicality and their symmetry properties. In particular, it turns
out that the states with a “larger” symmetry are more classical.

@ The character of the dependence of Q3 on the type of the ensemble is
monotone, i.e., the values of Q3 for all strata are ordered in correspon-
dence with the order of the ensembles.
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Pairwise ratios of Q3 —indicators of different ensembles for the regular (a) and for the degenerate (b) stratum.
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2. A. Khvedelidze, A. Torosyan,  On the hierarchy of classicality and
symmetry of quantum states,  Zap. Nauch. Sem. POMI 528, 238-260,
2023
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O-indicators of a qubit-qubit system

W
Qs—indicators for strata o j‘
of different isotropy types: o
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Slices of global indicators of classicality for different types of orbits of a qubit-qubit
system for Hilbert-Schmidt metric:
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Results

The classicality indicators of qutrit and quatrit for the regular and degenerate strata respect the
order of the corresponding isotropy groups in agreement with their Hasse diagram for partially

ordered subgroups of unitary groups:  On[Tn] < On[H1] < -+ < Qn[SU(N)] =1.

SU4) sUiS)
sU3) ) o
°
(sUE)xsU(2)] [SU)xu(1))
q »
SU2)xsU(2) [EE]
o o
O[Su@‘u“” [SU(ERU(P) (suE@xu(1)]
o s
[80@2)u(13]
. Jstipu’)
o
u(?
gt i
°

Hasse diagram as a graphical representation of the relation of elements of a partially ordered set

with an implied upward orientation.
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3. A. Khvedelidze, A. Torosyan,  On the nonclassicality distance indicator
of qudits, Phys. Part. Nuclei 55 (3), 591-593, 2024 J
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Nonclassicality distance is based on a distance of a state from the “classical

states’ ‘BSVJF) (states with positive Wigner functions):

N
d, = inf D(p,x)= inf Z (ri —xi)?.
xemﬁ) Xdiageo[m(/\;r)] i=1
— WF=z0 —d,
03
Qubit nonclassicality distance for
Hilbert-Schmidt metric: The

=0k~ 351 (G~ 35).
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Qutrit nonclassicality distance

Qutrit nonclassicality distance for Hilbert-Schmidt metric:

0, if €3,68 € AOQR,

1 .
oy = \/£§+(£84605(<73r))2’ if &3,868 € AAQT,
&3cos (C+ Z) +&gsin (C+Z)— 1, if £3,6g € OQRST,
J(@Bsec0) 2+ (-=2)2, i g aBrs.

Qutrit A,-simplex with WF positivity boundary and nonclassicality distance (¢ = % ):
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4, A. Khvedelidze, D. Mladenov, A. Torosyan, One other
parameterization of SU(4) group,  Preprint, 2024 J
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From group to coset

Equivalence relations. Let g and g’ € G be elements of the Lie group, G
and K C G D H. Then the equivalence relations

/

g~g, if &=gge’ . acK, geH
define the double coset K\G/H.

Coordinatizing double coset

Starting with the coordinates on the group manifold G and restricting to an
appropriate subset, to describe K\G/H .

Task: Find a parameterization of G adapted to its subgroups structure
resulting in effective description of the corresponding double coset.
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KAT -decomposition of SU(4)

The decomposition of su(4) = ¢® a® o’ & h, where b is Cartan subalgebra
of su(4), ¢ := su(2) ® su(2), and components a and a' are 3-dimensional
Abelian subalgebras, such that

[0, a] CE, [e€CE, [ha]Clt, [hd]Ct, [h)Cadd,

determines the canonical coordinates in the exponential map exp : su(4) —
SU(4), of the following form:

g =KAT3, g € Su(4),

where K := exp(t) = exp(s5u(2)) x exp(su(2)), T2 is the maximal torus in
SU(4), and factor A is product of two conjugated copies of the maximal
Abelian subgroup of SU(4): A := exp(a) exp(a').
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Analyticity domain of A-factor

A-factor is identified to R® by introducing coordinates «; and 3;:

A=A A, with A; =exp(a, A1), Az = exp(B,N2),
A = {1,204, 07}, Ao = {Xg, A11, A3}

The regular octahedron as the domain of the analiticity of A;-factor in KAT-decomposition.
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5. A. Khvedelidze, D. Mladenov, A. Torosyan,  Towards parameterizing
the entanglement body of a qubit pair,  Preprint, 2024 J
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Describing 2-qubit entanglement space

Task: to describe the entanglement space £ = P4/SU(2) x SU(2) of 2-
qubits in terms of two octahedron coordinates and simplex of the density
matrix eigenvalues.

Local structure of 2-qubit entanglement body. In the vicinity of a state
o consisting of maximal rank states with a non-degenerate spectrum, the
entanglement space admits representation:

&[T = IntAz x B,

where T3 is maximal torus of SU(4), the factor IntA3 denotes the interior
of the ordered 3-simplex and B is 6-dimensional double coset:

B = SU(2) x SU(2)\SU(4)/T3.
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Visualization of domains of separable and absolutely separable states

Using KAT representation for SU(4) group, we derived two inequalities
in 3rd and 4th ordered polynomials in 2-qubit density matrix eigenvalues

describing the convex body of separable states.

Intersection of the separability ball of radius 1/1/3, absolute separable states and maximally

mixed marginals separable states inside the ordered simplex.
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3apayn 2025-2028

@ [locTtpoerune dyHkummn Burnepa asyx KybuTtoe n ee cpaBHeHue € OyHK-
umeit BurHepa 4eTbipexypoBHEBOI KBAHTOBOI CUCTEMbI B paMKax 0606-
weHusi popmanusma CtpaToHosuya-Beiins.

@ Uccneposatne cooTHowweHnst Mmexay (abcontoTHoil) cenapabenbHOCTbIO
2-KyOUTHBIX X-COCTOSIHUN U NOSIOKMTENBHOCTBIO COOTBETCTBYIOLLNX UM
yHkunii Burnepa.

o VccnepoBaHne 3agayum nepenyTaHHOCTM COCTOSHWIA KyZMTOB C MOMO-
wbto BeBeaeHHoin KA T-napameTtpusauumm.

@ HanwucaHue kaHgmpaTckoii aucceptaymn.
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Cnacwubo!
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