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Conformal Field Theory

We recall free Schrodinger equation in arbitrary space dimensions
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It is well known that this equation is invariant under space-time
transformations of Schrédinger group.
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Unbroken dilatation and conformal symmetry are present in a model with
potential term [1/|?" that satisfies relation!

nd=d+2, (2)

where d is the number of space dimensions.
The simplest case possible is to consider a (1 + 1)-dimensional theory with
4| self-interaction term which Lagrangian is written as

: 1 A
Laps = ") — 5 —-VU* Vi + 5 (v*9)’. (3)

The corresponding equation of motion is a quintic Gross-Pitaevskii
equation
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"9tY T | T 2m 8m3(w DAY (4)

where coupling A > 0 (attractive potential).

M. O. deKok and J.W. van Holten, Nucl. Phys. B 803 (2008), arXiv: 0712.3686 [hep-th]
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Bright Soliton

Quintic Gross-Pitaevskii equation (4) supports bright soliton solutions

24m3p

w(t,x):ei“t< ; )1\/sech(\/%-x). (5)

It is worth studying the integral characteristics of these solutions, such as
the U(1) charge and the energy functional. Thus, straightforward
calculations show that

W= [ e = fj;",

o 1
H = / dx [2m|V@Z)(t,x)|2 —

—00
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24 m3 |¢(t’x)|6 =0.

We support this result by considering scale invariance of theory (3) and
the influence of unbroken conformal symmetry.
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Dilatations: € = y/2mu, so that t = 2mut and x = v2mu - x. The
complex field 3" = (2m,u)7%1p.

’ 4 /

A

VA =y - | (7)
ﬁ dx’ ’zp (tx)‘z, H=0. (8)

The latter is a result of an unbroken scale invariance and conformal
symmetry, the corresponding symmetry generators D and K

D = 2tH + ;/x (V" Vo — pVp*) d,
K =t?H —tD — % /x2(¢*¢)dx

are conserved in accordance with equations 2

9K __,dD  dD
d dt’ dt

M. O. deKok and J.W. van Holten, Nucl. Phys. B 803 (2008), arXiv: 0712.3686 [hep-th]
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Linear Perturbations

Relations (6) impose a constraint on both the energy and the U(1) charge
of bright solitons (5).

Pp(t, x) = (t, x) + 5(t, x) = e f(x) + d(t, x) (10)

one can derive linearized equation of motion

0 V2 A
i 00 (t,x) = =5t x) = oo (3 9 (, ) [W(E X)|

+2 - 0 (t, x)p3(t, x)* (¢, %)) -

Symmetry-related zero modes have a simple form

(11)

0bo(t, x) = Gy(t, x), (12)

where G is an infinitesimal generator of Schrédinger group symmetry or a
generator of U(1) symmetry G = |.
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The general ansatz for linear perturbations of the complex field 1 can be
written as

u(t, x) = et (emn(t,x) + e—"v*fg*(t,x)) . (13)

By setting the parameter v and the functions 7, £ to be real we study the
vibrational modes of bright soliton.

oscC. 1

i (14)
2 Yosc. 4
=(1- - —f 27).
vie= (127 ) oo e 2)
Considering decay modes requires redefinition v — —ivy,y € R and
£=m+¢&).

V2Re¢ = Re& + 19 |m¢ — izf‘* Re¢,

W 4dm (15)

1
V2Imé =Im¢ — 1% Ree — —F*Im¢.
n 4m
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An extensive numerical scanning® of normalizable modes which are
localized in spatial dimension has failed to find any modes at any value of
the parameter p other than zero modes.

Vakhitov-Kolokolov criterion of stability

w o d

22 N<0 16

NN < (16)
and instability

wod

Z__N>0. 17

N (17)

*Yulia Galushkina et al., Phys. Lett. B 865 (2025), arXiv: 2411.13514 [hep-ph]
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Relativistic Generalization

In order to provide relativistic generalization of the model (3) we use a

simple relation between the relativistic field ¢ and the non-relativistic field
1) that has the form

o(t,x) = \/;Tne—"mfw(t,x). (18)

Thus, we are able to write down the following Lorentz-invariant Lagrangian

A
L= 0,0"0"¢ — "6+ 2 (670)°. (19)

This theory also supports a soliton solution that can be written as

A

P(t,x) = e g, (x) = e " (M> Z \/sech (2 m? — w? -x).

(20)
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Q = 2w /_OO dx (¢, )% = \/37;“ (21)

\[ﬂ(m + w?)
2VA

It can be directly checked that the differential relation < dQ = w is satisfied.

E:/_i = [‘¢‘2+|V¢!2+m2!¢\2 7 lol° (22)

61 —— Relativistic model
—f— N.R. model
54 === plane waves
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Following scaling

x\/ m? — w?;

% =
o gw)\% (23)
g (2 — )
allows us to write linearized equations of motion for decay modes
59(t,x) = et et (Reg(x) + i ImE(x))
. 2 —w? 2 )R 2 I
vZ Reg — (m w* + ’Ydec.z) ei+ Wdec. mé- o 5g_4 Re&,
m? — w
~ (m2 — W+ 73 ) Im & — 2wygec. Re€ (24)
VImé = R — —&*Im¢.
m? —w
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Figure 1: Spectrum of decay modes that are described by Eqgs.(24). In the limit
w — m parameter 7gec. tends to zero as C - (m — w)-50,
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It can be seen that in the limit w — m parameter vqec. tends to zero.
While Zde < 1 decay modes might be generated by expanding a soliton

w
solution in perturbation series as

idp(t,x) = ie—/(1+i%)wtg1+i%(x) ~ e (1 +qt)- (igw(X) - VO%O(JX)) :

(25)

Comparison with the expansion of decay mode ansatz

So(t,x) = e“te’ (Re& + ilm¢) ~ e“H(1 4 vt) (Reé +ilmE)  (26)

helps to evaluate that Re& = —7&%“705)() and Im¢& = g,,(x).
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Figure 2: Decay mode profile at w/m = 0.99 and Ygec./m = 3.74 - 1073, Scaled
soliton profile and (—~dec. )6
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are added for comparison.
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@ We have found and examined bright solitons in two-dimensional
conformal field theory.

e In a relativistic generalization of our theory, the restoration of
conformal symmetry leads to enhanced stability of bright solitons.

@ The presence of conformal symmetry allowed for the
Vakhitov-Kolokolov series expansion.
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Thank you for attention!

Numerical studies of relativistic decay modes were supported by the grant RSF 22-12-00215.
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