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Beam-Beam Interaction. General Features

The now-common term beam-beam interaction is quite longstanding.

First machine to start operating in collider mode in 1970 is the Intersecting Storage Rings (ISR) at
CERN.

At the present time, it can be without hesitation stated that beam-beam interaction represents
one of the most complex problems in the physics of accelerators and charged particle beams.

Despite significant progress in understanding the relevant issues and underlying processes, there
is still no comprehensive picture that encompasses all the features and physical details of beam-
beam interaction.

It is fair to say that the progress in numerical simulation of beam-beam interaction is
significantly greater than the achievements of the theoretical models proposed so far.
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Beam-Beam Interaction. Weak-Strong Model

Historically, the first theoretical model of the beam-beam interaction is the so called weak-strong
model, also known as the incoherent beam-beam interaction.

Special workshop has been dedicated - M. Month and J.C. Herrera, editors, Nonlinear
Dynamics and the Beam-Beam Interaction. AIP Conference Proceedings, No. 57, (1980).
Enormous amount of articles hereafter.

In the weak-strong model, it is assumed that one of the beams is strong and rigid and does not
undergo significant changes (practically unmodified) in the collision process.

The role of the strong beam is to act on the other beam (considered weak and mobile), the latter
playing the role of a dynamic probe and indicator of the interaction.

The weak-strong beam-beam interaction affects the single particle behaviour and considers the
beam-beam interaction as a static lens. Obviously, highly simplified model, but in many cases
provides good enough results.
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Beam-Beam Interaction. Strong-Strong Model

The realistic model reflecting the collective nature of the interaction between the two counter-
rotating beams is called the strong-strong or coherent beam-beam interaction model for short.

In this model, the evolution of the two beams occurs synchronously, as the electromagnetic field
created by each beam is influencing and modifying the other one at the interaction point.

The coherent beam-beam interaction in one dimension was first theoretically studied by Chao and
Ruth by solving the linearized Vlasov-Poisson equations - AW. Chao and R.D. Ruth,
“Coherent beam-beam instability in colliding-beam storage rings,” Particle Accelerators, vol. 16,
pp. 201-216, 1985.

Since the pioneering work of Chao and Ruth, numerous papers based on the self-consistent Vlasov
technique have been published, among which it is worth noting, at the first place, the article by
Yu.Alexahin - Yu. Alexahin, “A study of the coherent beam-beam effect in the
framework of the Vlasov perturbation theory,” Nuclear Instruments and Methods in Physics
Research Section A, vol. 480, no. 2-3, pp. 253-288, 2002.

March 2025 LHEP JINR Dubna



AT T,

uinann i BN [ TRETTTT™

Beam-Beam Interaction. Strong-Strong Model

Based on the macroscopic hydrodynamic approach the results regarding the linear mode coupling, also
known as the coherent beam-beam resonance have been generalized in - S.1. Tzenov and R.C.
Davidson, “Macroscopic fluid approach to the coherent beam-beam interaction,” Proceedings of
IEEE Particle Accelerator Conference (PAC 2001), 18-22 June 2001. Chicago, IL, United States, vol.
0106181, pp. 2078-2080, 2001.

The standard technique for solving the Vlasov-Poisson system of equations mandatorily used is in terms of
action-angle variables.

The approach used in - Stephan 1. Tzenov and Romnald C. Davidson, “Hamiltonian
formalism for solving the Vlasov-Poisson equations and its applications to periodic focusing systems
and coherent beam-beam interaction,” Physical Review Special Topics - Accelerators and Beams, vol.
5, p. 021001, 2002.

Is implemented in a ”mixed” phase space (old coordinates and new canonical momenta).

In_this way, the form of the Poisson equation for the beam-beam potential(s) in Cartesian
coordinates is preserved, which is significantly simpler to handle analytically on one hand, and more
computationally efficient on the other.
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Beam-Beam Interaction Model Involving Symplectic Maps

Why use Symplectic Maps?

The local nature of beam-beam interaction is an excellent testbed for the application of the symplectic
magpw‘ngs approach, which 1s unfortunately relafively Tess popular as compared to the Vlasov:-P]msson
echnique.

In the vwealk _ the beam-beam potential is a_{'rx—ed static electromagnetic element > maps can

be defined in a straightforward manner. Pioneering article - Alex J. Dragt, “Transfer ma

approach to the beam-beam interaction,” Tn Nonlinear Dynamics and the Beam-Beam Interaction, M.
onth and J.C. Herrera, editors, AIP Conference Proceedings, vol. 57, pp. 143-157, 1980.

A new approach, based on the symplectic twist map method with subsequent regularization of the one-turn
beam-beam map, has been developedin > Stephan 1. Tzenov, “Renormalization Group
Approach to the Beam-Beam Interaction in Circular Colliders,” Proceedings of EPAC 2002, Paris,
France, pp. 1422-1424, 2002.

A regularized symplectic beam-beam map has been proposed, which correctly describes the lon
- - : at the reqularize

ma 0SSesSes an _inte

ens n ase space (stationar stripution tunction) has been constructed as a g.EHGI"iC function
0 e in e?r-a 01 _Motion and a couplied System o1 noniinear tunctional equations Nas been obtaine
or the distributions o1 the two colliding beams.
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Hamiltonian Description of Beam-Beam Interaction

Two-dimensional model of coherent beam-beam interaction in a plane transversal to the individual
particle orbits in each beam is described by the Hamiltonian

Rqy
Eskﬁ?k

R 1
¥y = 2 (P2 +p3)+ 2R (chk)xz + ng)yz) +6,(0) (@3-k — €BskAsG-1))

(x, 1 J py) —> canonical conjugate pair of transverse variables, R - mean machine radius

k
G

q; ~> corresponding particle charges,

E ;. and B =2 energy and the relative velocity of the synchronous particle, respectively

8,(8) - periodic delta-function

@3- and Ag3_jy = scalar and the longitudinal component of the vector potential, respectively.

—> linear machine focusing strengths for each beam in the transverse directions
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Hamiltonian Description of Beam-Beam... Continued

In the ultra-relativistic limit

N %>  9*
2 _ q3-kN3-k93-k 2 _ 2 _
Vigs_=— € »  ViAgz-k) = —Hoq93-kN3-1)s:3-k) Vi = 92 T ay?
: Bs(3—
Since  Jsa-k) = —CPs3-Kk)03—k 2 Ag3-k) = — (i 203}
Appropriate scaling of the beam-beam potential and normalized canonical variables
_ UNiBik v x = qi/B 1 ( 1)
Pr = 41e, k» q1\/ P1k Px = \/ﬁT P1— Q1,41
a-s and 3-s = Twiss parameters, B* => corresponding Twiss parameter at the interaction point.

Xlk( n %)+)%(p2+q2)+5 (0)AV3_

RrpZyZ3_yN3_1B13-1) 1+ BsiBsia-n

2
Astk sk

Ak:
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Hamiltonian Description of Beam-Beam... Continued

The normalized beam-beam potential satisfies the Poisson equation

> > ) Biis-k
~— t K3 k7 | V3 = —4m@3_y, K3_k = 5
(OCI% aq% ﬁ2(3—k)
For the sake of simplicity and clarity, consider the one-dimensional case in one of the transversal
degrees of freedom.
The particle distribution function f;(q, p; @) of each beam is a solution to the Vlasov equation

f k f k af”kaszo

30 T 4P 50" 3q ap

the normalized beam density is expressed as

01(4: 0) = f dp f1(q,p: 0)
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The Frobenius-Perron Operator for the Beam-Beam Map

The locality of the beam-beam interaction suggests a substantial simplification of the problem.
What is the Frobenius-Perron Operator?

Consider a continuous multidimensional finite degree-of-freedom dynamical system (not necessarily
Hamiltonian) defined by a state vector x(t). The evolution is described by the set of equations

dx af(x;t
— =F(x,A;t) - Liouville equation fgt ) + V- [F(x,4;,)f(x;t)] =0

dt
Formal solution

x(t) = X(xg,4;t) - f(x;t) = fdz 6lx — X(z, A, 0)]fo(2), fo(z) — initial distribution

For one-dimensional maps of the form Xne1 = F(x,,4)

Fusr () = Sful®) = j dz 8[x — F(z,)1f u(2)

& is the Frobenius-Perron operator.
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The Frobenius-Perron Operator for... Continued

The Frobenius-Perron operator can be written in a more explicit form as

< N\ SalFp (x4
= k]

Index b runs over all branches of the inverse map F~! and F' = differentiation with respect to x

The beam-beam map is derived by formally solvmg the Hamilton’s equations of motion

q = Xxp, P = —Xrxq — A 6,(0)V3_,(q; 0)
The result is
Gn+1 = qn €0S Wk + [P — 2;V3_1(qn)] sin wy
Pr+1 = —qnSin @y + [Pp — V31 (qn)] cos wy
W) = 21V, Vi 2 betatron tune related to the k-th beam.
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The Frobenius-Perron Operator for... Continued

The Frobenius-Perron operator can be written as

v V(q.p)
= f dédn 8{q — &ci — [ — 1 V5 (D]si}8p + Esi — [ — Vs (Dledfi” & m)
Cj = COS Wy Sk = Sin wy,
Manipulate the arguments -2 qcp—psE—&=0 Qs +pc — M+ 4 V3_.(8) =0

The integral becomes trivial, and the final form of the Frobenius-Perron operator is
1 !
fi@p) = F°1Q.P + 4V (Q)

R)=%G):  ®e=(SGiwe, cosan)
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The Frobenius-Perron Operator for... Continued

Formal small parameter ¢ and the action-angle variables
q=.2Jcosa, p=—2]sina

— 2 2 — !
]— (q +p ), a arctan( )

The Frobenius-Perron operator becomes
fit(a+ ow)) = £i°[q.p + AV (q)]

Exactly the same considerations are valid for the counter-circulating beam, for which a similar
Frobenius-Perron operator can be derived.

March 2025 LHEP JINR Dubna



Renormalization Group Reduction of the Frobenius-Perron Operator

Exponentiation of the Frobenius-Perron Operator
i@+ ) = £V14.p + Vi1 (@)
l
ffc"“)(a + @, ]) = exp|ed,(3,V3—i)d),] fi")(a, D

Since the beam-beam potential V3_; does not depend on the momentum variable p, we can write

831 = (3qV3-1)8p — (9pV3-1)8g = (94V3-4)0p
L2k 2 Liouvillian operator associated with V3_;. In action-angle variables

L3k = (0aV3-1)9; — (8)V3-1) 0

f iml)(a + @y, ]) = exp|€A; 83 f Scn)(a»])
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Renormalization Group Reduction of the Frobenius-... Continued

Premise for the time being that the beam-beam potential V;.(q) is a known function of g.

The Fourier image of the beam-beam potential V. (2), defined as

1 o N ” |
(@ =3 | daTu@es Vi@ = | dqVi(@e

possesses the following symmetry property >  V3(2) = Vi (—2)

The Fourier image can be written as

00 27
— 4 . 41 .
V@ =3z | dedpfiCape =33 [ di | dafi@peieose
— 00 0 0
Using the Jacobi-Anger expansion
eZcos P = Z i"™ 3..(z)e™?, J.(z) — Bessel function of first kind

m=—0oo
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Renormalization Group Reduction of the Frobenius-... Continued

Represent the beam-beam potential in a Fourier series in the angle variable as follows

Vi(a)) = vOU) + V@) = V) + 2 Z V™ (J) cos a
m=1

where
1 _ - jm _
vO0 =5 | aT@au(ay20) V0 = 5 | AT@3In(2V20)

If both rotation frequencies w, are far from nonlinear resonances excited by the beam-beam
potentials V,, the Frobenius-Perron operator can be renormalized. This can be done also when one or
both w; are relatively close to certain structural resonance(s) driven by the beam-beam
potentials.

Details - Stephan . Tzenov, “Stochastic Properties of the Frobenius- Perron Operator,”
arXiv:nlin/0606003, p. 14 pages, 2006.
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Renormalization Group Reduction of the Frobenius-... Continued

Consider the non-resonant case for the renormalized amplitude of the distribution function in the
continuous limit

oF _ _ _
a_: = —wpd Fy + Wakag"}k +2¢k( 82 4 9, 40, )] Fy
Ego_) = wé")k(])aa, wg")k(]) = aavg"_)ku) - nonlinear first-order incoherent tune-shift

w
k) 0] (V(m) GIV(m) ) —  second—order incoherent tune—shift

Qs _p(w,J) =

f™(a,]) ~ Fe(a - nay,Jin)

The diffusion equation exhibits a very important and far-reachlng property - there exists an

equilibrium solution for the renormalized distribution function F (J), which depends only on
the action variables. Moreover, there exist a damgmg mechamsm acting on the fluctuation
harmonics with respect to the angle variables, such that the general solution of the Fokker-
Planck equation rapidly relaxes towards the invariant density distribution.
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Renormalization Group Reduction of the Frobenius-... Continued

Relaxation rate to the invariant distribution depends on the first-order incoherent tune-shift

@ = _ 2 [ da
w3, (D) = 7 j dqdp f3-k(q.p) J - J31(2/2]) cos(qa)

Second integral (with respect to 4) is tabular

Oodx sinbx) 1 (sin[naresin(b/c)]
(! Tgn(cx) {COS bx} B ;{COS[narcsin(b/c)]}' for 0<b<c
« § @ )
@ .t e
w3 () = \/Z_ﬁ fdp J dq f3-x(q p) cos arcsm(\/z_]a]
S 73
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Renormalization Group Reduction of the Frobenius-... Continued

Taking into account the equilibrium distribution function
2 2
1O @p) = — exp(—p A )
' 2me5_, 205,
Representation of the modified Bessel functionn

1
T,.(2) = Ej dt e? ST ¢os(nt)
0

\/211r J J
(w) _ -
ot =5 o)+ = (g e (-5

It is sometimes useful in practlce to evaluate the averaged incoherent tune shift

(@3- k>—<2n>jd1f Ol =~ g e

Finally
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Renormalization Group Reduction of the Frobenius-... Continued

Dependence of the first-order incoherent
tune shift —wg‘)ak as a function of the

; ; 2
action variable J /a7

For typical characteristic parameters
of the magnetic structure for the NICA
collider and the number of particles in
each of the beams N, ~ 4 x 10?, the
Incoherent tune shift is of the order of

)‘k<w3—k>~0-016. — IE L "1 L {IE. L Ell L ----—1-I:I Jig?
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Linearized Frobenius-Perron Operator and Stability of Coherent Beam-Beam Resonances

Temporal evolution of the dynamic motions of the beam distributions around the equilibrium

distributions G (J)
@) = F@]) + 6

Substituting the above ansatz into the Frobenius-Perron operator and retaining only the first order
terms in ?5("), we obtain the linearized Frobenius-Perron operator

?Scn+1) (@ + o)) = Tgn) (a _ lk“’:(:i)k»]) + A [aavg'?k (a - lkw:(:i)k»l)] G ()

Here

[da AT o
Vgcn)(ﬁ;l) =2 fﬁem 2]cosaf dﬁ'd]' :];E(n)(ul’ll)e—m 2] cos a

This is a recurrence Fredholm integral equation of second type.

March 2025 LHEP JINR Dubna



I‘]E;;- U
(noees

Linearized Frobenius-Perron Operator and Stability of Coherent... Continued

To solve the linear recurrence equation introduce the Fourier transform

FP@h = 6D ) g Gmeie

l=—c0

Assuming the equilibrium distribution function G, (J) to be of the form

1
G = exp| ——
k(.’) 271'0'% p ( 2>
for small beam sizes @y, use the following formal trick

I p , 5 -
G (D63 (') = Crexp (— 012 - g ) = € exp (— ﬁ + ]2 - g)
k

k 93_k O03_ O

' 2
X exp |- (\/7_2\/]—) ~ 6 \NTG (NG5 U] = T')

O

The above expression can be symmetrized with respect to the sizes of both beams

March 2025 LHEP JINR Dubna



1‘.‘5:‘;' e
Q JIDOBD ___

Linearized Frobenius-Perron Operator and Stability of Coherent... Continued

_ , _ 1
Gr(NG3_(J") = a\mGr(J)Gs_(J )S(ﬁ - \/7), g = 5(0'1 + 0,)
Equating similar harmonics with respect to the angle variable in the linearized Frobenius-Perron operator,

we obtain _
. (w) o m
Gk(l)gfcl) n+1)=e ll(w"”"w‘"“"‘)Gk(l) gi”(n) + 2J A =5 V21G3_(J) z M gé_i(n)l (*)

o e

The infinite matrix 9t;,,, can be expressed as

M, = 32il |
[+ m)? - 1][(1 — m)* — 1]

If gg) (n) does not depend on the action variable, equation (*) can be simplified by integrating away the

action variable. This approximation however, is valid if and only if the perturbed betatron tunes wgf?k do
not depend on the action J, which obviously is not the case. The dependence on the action variable leads
to an effect similar to Landau damping, well-known in plasma physies, which we shall neglect.

l+m=even - My, =0, l+m = odd
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Linearized Frobenius-Perron Operator and Stability of Coherent... Continued

Another justification for the validity of such an approximation is the rapid decrease of the
incoherent tune shift as a functional dependence on the action variable J clearly visible in

Figure. Thus, the first-order incoherent tune shift can be approximately replaced by its average value

gg) (n + 1) — e_il(wk+)lk<w3—k))

IO + A ) My g5 @)

m=—0oo

2 _ 2 2
X% =01+ 05

|

Consider now an isolated coherent beam-beam resonance of the form
Dy = W + Ap{ws_)

nlif)l + nzg)z = 21s + A,

To study the stability of the isolated coherent beam-beam resonance, we retain only the +n, and

the +n, elements in the infinite matrix Mt,,,,
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Linearized Frobenius-Perron Operator and Stability of Coherent... Continued

The transformation matrix of the coupled map equations can be expressed as

exp(—iyy) 0 ajexp(=iyY,) aiexp(—iy,)
0 exp(iy,) —aexp(ipy) —aexp(iy,)
azexp(=ip,) azexp(=iy,) exp(—iy,) 0
—aexp(iy,) —azexp(iy;) 0 exp(iy,)
~ % 3z N2
]pk - nkwk' al - Almnlnz» az = AZ n_lmtnan

The eigenvalues of the transition matrix are the roots of the secular equation
(2 —2c,0+ 1) (4% — 2cu +1) =0,
1

1
roots = €12 = 3 (cosPy + cosP,) + E\/(cos Py — cosP,)? — 44 siny, siny,,

~ =~ N2 2
where A4 = 4,4, n—il]tnlnz
1
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Linearized Frobenius-Perron Operator and Stability of Coherent... Continued

The motion is stable if the coefficients €4 2 simultaneously satisfy the conditions

-1<¢<1 N mmma—— 4

Linear beam-beam coupling resonance @y + @, = 2mws + Ain o5 [—

the space of the fractional part of the shifted betatron tunes. For
a better clarity of the structure and shape of the islands of v ool
instability, an increased value of the beam-beam parameter

o
—
i

A, corresponding to N ~ 4 x 101% number of particles in each

beam has been taken. ﬁﬁ L
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Linearized Frobenius-Perron Operator and Stability of Coherent... Continued

Note that only
the infinite matrix 9M;,,, decrease quite rapidly with the

resonance order, which leads to a drastic reduction of the
resonant driving term.

The figure shows the stability diagram in the case of
fourth-order coherent nonlinear beam-beam resonance
@, + 3@, = 2ms + A. The instability region consists
of narrow resonance stopbands together with islands of
Instability scattered around them. There is sufficiently
wide band of stability, which greatly facilitates the
felicitous selection of the operating betatron tunes.

In this sense, nonlinear coherent beam-beam resonances
are significantly less dangerous than the linear coupling
resonance.
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The Figure presents the realistic situation showing

the stability diagram of the linear coherent beam-beam
resonance at a value of the beam-beam parameter

A ~4.7712 x 107° corresponding to Nj, ~ 4 x 107 ,

number of particles in each beam. A central narrow
resonance stopband and scattered satellite narrow
stopbands and small islands of instability are clearly
visible.
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What has been achieved and what more can be done

An innovative, unconventional approach to the problem of beam-beam interaction.

Detailed analysis of the establishment of an equilibrium density distribution in phase space and
the relaxation towards the latter has been studied analytically.

The behavior of the perturbed from equilibrium distribution function with respect to the
coherent stability of the colliding beams, is carried out in linear approximation.

The Renormalization Group (RG) method has been applied to study the stochastic properties
of the Frobenius-Perron operator for symplectic twist maps of the most general type and in
particular for the beam-beam twist map.

It has been shown that up to second order in the beam-beam perturbation kick, the renormalized
map propagator (equivalently, the renormalized Frobenius-Perron operator) with nonlinear
stabilization describes a random walk of the angle variable.

The incoherent beam-beam tune shift as a function of the action variable has been calculated
explicitly.
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What has been achieved and what more can be done

 The linearized Frobenius-Perron operator for each of the two beams actually implies a
discrete form of the linearized Vlasov eguations.

 This essentially is equivalent to and signifies a new method for calculating coherent beam-beam
instabilities using a matrix mapping technique. In the special case of an isolated coherent

beam-beam resonance, a stability criterion for coherent beam-beam resonances has been
found in closed form.
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What has been achieved and what more can be done

What nexit:

» The Frobenius-Perron operator approach can be generalized without much difficulty to systems
with _more than one degree of freedom, so as to cover both transverse directions and, if
necessary, the longitudinal degree of freedom as well.

« Combined with an adequate Poisson solver, the Frobenius-Perron operator, especially in its
Cartesian coordinate and momentum representation, can represent a tool of particular value
for the numerical simulation of the beam-beam interaction.

* |Its numerical implementation may provide a wonderful opportunity not only to track the orbits of

Individual particles, but also to follow and describe the dynamic evolution of an entire
statistical distribution of an ensemble of particles.
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