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I Phase transitions for pedestrains
I Phase transition in SU(2)

I Correlation between the asymmetry
and the Polyakov loop

I Correlation between the longitudinal propagator
and the Polyakov loop

I Regression analysis
I Evaluation of the critical exponents and amplitudes
I Conditional distributions of the longitudinal propagator
I Conclusions



Our main result:

DL = DC
L + C ·

(
T − Tc

)0.326419(3) ·
(
1 + α(T )

)

I DL - zero-momentum gluon propagator
I we consider SU(2) lattice gauge theory in the Landau gauge
I Tc ≈ 297 MeV
I limT→Tc α(T ) = 0



Ising model

σn = ±1
Finite-volume lattice: ~n = (n1, ...,nD), 1 ≤ nµ ≤ L, nµ ∈ NN

Infinite-volume lattice: ~n ∈ ZZ D,

H = − J
∑
|~i−~j|=1

σa~iσa~j − h
∑
~i∈ZZ D

σa~i

Z =
∑
σn

e−H[σ]/T = exp
(
−F

T

)

m =
∂F
∂h

, S = −∂F
∂T

, χ =
∂2F
∂h2 , c = −T

∂2F
∂T 2 ,

Phase transition: singular behavior of F (T ) at T = Tc



Critical exponents

τ =
T − Tc

Tc

m|h=0 ' Cβ(−τ)β (τ < 0)

|m|τ=0 ' Cδ|h|1/δ (τ = 0)

χ =
∂m
∂h

' Cγ |τ |−γ

G(~k)|τ=0 = aD
∑
~n∈ZZ D

〈σa~nσ~0〉e
ia~n~k ' Cη

|~k |2−η

correlation length ξ : 〈σ~xσ~0〉|τ 6=0 ∼ e−|~x |/ξ

ξ ' Cξ|τ |−ν

heat capacity : ch=0 ' Cc |τ |−α
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We consider

Ising model −→ SU(2) lattice gauge theory
magnetization −→ Polyakov loop

I Chromoelectric-chromomagnetic asymmetry
I Zero-momentum longitudinal gluon propagator



Lattices: (~x , x4) ∈ Λ(Nt × N3
s ), Nt = 8, 32 ≤ Ns ≤ 88

L(~x) =
1
2

Tr
Nt∏

x4=1

U(~x , x4;µ = 4)

Polyakov loop: P =
1

N3
s

∑
~x

L(~x)

〈L(~x)L(~0)〉 ' A exp
(
− |

~x |
ξ

)
, |~x | → ∞

G(~p) =
1

N3
s

∑
~x

〈L(~x)L(~0)〉ei~p~x



Critical exponents and amplitudes

τ =
T − Tc

Tc
; τ > 0− deconfinement

〈P〉 ' Bτβ

ξ ' f±
|τ |ν

〈P2〉 − 〈P〉2 = G(~0) ' C±
N3

s |τ |γ

τ = 0 : G(~p) ' H
|~p|2−η

Universality hypothesis:
3D Ising model <==> SU(2) in 3+1
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Binder 1981 – Ising model;
Mitrjuskin, Zadorozhny 1986 – Lattice SU(2);
Engels, Fingberg et al., 1990 – Binder cumulant



Critical exponents and amplitudes

3D Ising SU(2),4D
F.Kos, D.Poland et al. J.Engels, T.Schiedeler 1998
JHEP (2016)

β = 0.326419(3) B = 0.825(1)
γ = 1.237075(10) C+ = 0.0587(8), C− = 0.01243(12)
η = 0.036298(2)
ν = 0.629971(4)

C+/C− is universal; for the 3D Ising universality class
C+/C− = 4.75(3) [1998]



Conformal bootstrap

〈O(x)O(y)〉 =
1

|x − y |2∆O

ν =
1

3− 2∆ε
, γ =

3− 2∆σ

3−∆ε

〈A(x)B(y)C(z)〉 =
fABC

|x − y |∆A+∆B−∆C |y − z|∆B+∆C−∆A |z − x |∆C+∆A−∆B

〈σ(x1)σ(x2)σ(x3)σ(x4)〉 =
∑
O

f 2
σσOC∆σ

∆O lO
(x1, x2, x3, x4)

∑
O

f 2
σσO

(
C∆σ

∆O lO
(x1, x2, x3, x4)− C∆σ

∆O lO
(x3, x2, x1, x4)

)
= 0

Poland, Rychkov et al., Nature 2016



The Chromo-Electric-Magnetic Asymmetry

〈
A2

E
〉

= g2〈Aa
4(x)Aa

4(x)
〉
, (1)〈

A2
M
〉

= g2〈Aa
i (x)Aa

i (x)
〉
.

The quantity of particular interest is the (color) electric-magnetic
asymmetry introduced by Chernodub and Ilgenfritz in 2008:

〈∆A2〉 ≡
〈
A2

E
〉
− 1

3
〈
A2

M
〉
. (2)

Later we will use the dimensionless quantity

∆A2 =

〈
A2

E
〉
− 1

3

〈
A2

M
〉

T 2 . (3)

We work in the Landau gauge ∂µAa
µ = 0



Definition of the longitudinal (L) and transverse (T)
propagators:

Dab
µν(p) = δab

(
PT
µν(p)DT (p) + PL

µν(p)DL(p)
)
,

where PT ;L
µν (p) - orthogonal transverse (longitudinal) projectors

DL(p) =
1
3

3∑
a=1

〈Aa
0(p)Aa

0(−p)〉

DT (p) =


1
6

3∑
a=1

3∑
i=1

〈Aa
i (p)Aa

i (−p)〉 p 6= 0

1
9

3∑
a=1

3∑
i=1

〈Aa
i (p)Aa

i (−p)〉 p = 0

chromoelectric screening mass me =
1√

DL(0)



We study critical behavior of the quantities

A = ∆A2 −∆C
A2 (4)

and
D = DL(0)− DC

L (0) , (5)

Asymptotic expansions of ∆A2 and D

in τ =
T − Tc

Tc
at τ → 0+ have the form

A ' BAτβA , (6)

D ' BDτβD , (7)

We evaluate the critical exponents βA and βD
and amplitudes BA and BD.



ME = 1√
DL(0)

A.Maas, J.Pawlowski, L von Smekal, D.Spielmann, 2011



A.Maas et al., 2011 (6× 483):

ME (τ) = mgribov + θ(τ)M+τ
γ+/2 + θ(− τ)M−τγ−/2 (8)

mgribov = 0.25+3
−2; M+ = 1.5+1

−3, M− = −0.07+736
−17 ; (9)

γ+ = 1.54−12
0.05 , γ− = 0.6+45

+5

Our previous result 2015,
(Nt = 8, extrapolation to the infinite-volume limit):

mgribov = 0.217(3); M+ = 0.93(11), M− = −1.23(19) ; (10)
γ+ = γ− = 0.63(3)
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Chernodub, Ilgenfritz 2008
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T/Tc = 0.9925; L = 6.0 fm; 723 × 8



T/Tc = 1.024; L = 5.8 fm; 723 × 8
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Regression analysis

Y (regressand)
depends on
X (regressor)

The problem: to find the conditional expectation value of Y

as a function of X:
E(Y |X ) = f (X , θ) ,

here f (X , θ) = θ0 + θ1X



Quantities under consideration

I The conditional cumulative distribution function (CDF)

F (∆|P) (on this page ∆ ≡ ∆A2)

describes the distribution of gauge-field configurations in the asymmetry
for a fixed value P of the Polyakov loop.

I The conditional expectation

〈∆〉P = E(∆|P) =

∫
dF (∆|P)

d∆
∆ d∆.

I As T → Tc+ (that is, at P ∼ 0) it can be fitted to a polynomial:

E(∆|P) ' ∆C +
n∑

j=1

AjP j .

We employ the method of least squares to determine AC and Ai



 0

 2

 4

 6

 8

 10

-0.08 -0.06 -0.04 -0.02  0  0.02  0.04  0.06  0.08

∆ A
2

Polyakov loop

τ = -- 0.008, L=2.7 fm



 0

 2

 4

 6

 8

 10

-0.08 -0.06 -0.04 -0.02  0  0.02  0.04  0.06  0.08

∆ A
2

Polyakov loop

τ= -- 0.008, L=2.7 fm
τ = 0.025, L=2.6 fm

τ = -- 0.008, L=2.7 fm
τ = 0.025, L=2.6 fm



 0

 2

 4

 6

 8

 10

-0.08 -0.06 -0.04 -0.02  0  0.02  0.04  0.06  0.08

∆ A
2

Polyakov loop

τ= -- 0.008, L=2.7 fm
τ = 0.025, L=2.6 fm

τ = -- 0.008, L=2.7 fm
τ = 0.025, L=2.6 fm



 0

 2

 4

 6

 8

 10

-0.08 -0.06 -0.04 -0.02  0  0.02  0.04  0.06  0.08

∆ A
2

Polyakov loop

τ = 0.025, L=6.0 fm



Infinite-volume limit
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Our main assumption

∆A2 = ∆C
A2 + A1P + o(P)

where
lim
P→0

o(P)

P
= 0

=⇒

βA = β = 0.326419(3),
BA = A1B = −9.6(2.3)



∆A2 = ∆C
A2 + A1P + A2P2 + ...

From this expansion it follows that

A = ∆A2 −∆C
A2 ' A1P ' A1Bτβ , (11)

whereas, by definition,
A ' BAτβA . (12)

Therefore,

βA = β = 0.326419(3),
BA = A1B = −9.6(2.3)

At τ < 0 A ≈ 0 is a smooth function
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Critical behavior of the bare longitudinal propagator

DL(0) = DC
L (0) + D1P + D2P2 + ...

From this expansion it follows that

D = DL(0)− DC
L (0) ' D1P ' D1Bτβ , (13)

whereas, by definition,
D ' DτβD . (14)

Therefore,

βD = β = 0.326419(3),
BD = D1B = −330(80) GeV−2

a−1 ∼ 2.5 GeV
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Conclusions

I Both the asymmetry and the longitudinal propagator have a
significant correlation with the Polyakov loop.

I Regression analysis reveals the dependence of each of these
quantities on the Polyakov loop P as follows:

D ' D0 + D1P + D2P2

I Such dependence implies that in the infinite-volume limit both ∆A2

and DL(0)

βA = βD = β = 0.326419(3)

I BA = −9.6(2.3), BD = −330(80) GeV−2 (bare quantities)
I Scaling in the conditional distribution of DL(0) is observed


