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Gauge fields

Spin 0 (ϕ) → Sscalar =
∫
d4x

{
∂µϕ∂µϕ−m2ϕ2 − V (ϕ)︸ ︷︷ ︸

interactions

}

Spin 1 (Aµ) → Gauge principle: compact Lie algebra

SMaxwell = −
1

4

∫
d4x FµνFµν , Fµν = ∂µAν − ∂νAµ

SYang−Mills = −
1

4

∫
d4x Tr GµνGµν , Gµν = ∂µGν − ∂νGµ − ig [Gµ,Gν ].

Symmetry incorporates Yang-Mills theory + matter . Non-dynamical spacetime!
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Spin 2 (g(µν)) → Gauge principle: non-compact Lie algebra

SEinstein = −
c4

16πG

∫
d4x

√
−g (R + 2Λ), R︸︷︷︸

Ricci scalar

∼ ∂2g + . . .

Incorporates Gravity + Yang-Mills + matter. Dynamical spacetime!

Spin 3 (h(µνρ)) → ???

[Berends, Burgers, van Dam 1985], [Bekaert, Boulanger, Leclercq 2010]

Such theories suffers incurable obstruction in quartic order!
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Higher-spin theory

Gauge Principle: Higher-spin gauge theories ↭ infinite-dimensional nonabelian gauge
algebras containing the spacetime isometry algebra as maximal finite-dimensional subalgebra.
Gravity is a subsector.

Unification of fundamental interactions. Fields with arbitrarily high spin most probably
necessary for consistency, as in string theory.

Vasiliev’s unfolding: Geometric approach to field theory. Manifest differomorphism
covariance. Gauge invariance is a consequence of Cartan’s integrability.

String theory first appeared as a model reproducing the Regge trajectories of massive
hadronic resonances with increasing spin. Veneziano amplitudes: extremely soft UV
behaviour thanks to the exchange of infinitely many massive HS states!

String (field) theory ↭ broken phase of higher-spin gauge theory?
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Supersymmetry and superstrings

Supersymmetry (SUSY) is a theoretical framework in physics that proposes a symmetry
between fermions (matter particles with half-integer spin) and bosons (force carrier particles
with integer spin).

S = −
1

2π

∫
d2σ (∂αXµ∂

αXµ + ψ̄µρα∂αψµ)
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Supersymmetry and harmonic superspace

Supersymmetric theorise naturally can be naturally formulated in the superspace – which is
the extension of Minkowski space-time:

R4 = {xm} → R4|4N = {xm, θαi , θ̄α̇i }.
Superfields collect and unify ordinary fields:

Φ(x , θ, θ̄) =ϕ(x) +
√
2θψ(x) + θ2F (x)

+ iθσµθ̄∂µϕ(x) +
i

√
2
θ2σµθ̄∂µψ(x)−

1

4
θ4□ψ(x).

Supergravity in superspace:

Ssugra =
1

2

∫
dζ(−4) q+aD++q+a −

1

4κ2

∫
d4xd8θdu E H+5H−−5.

Supergravity in components:

e−1L = κ−2
(
1
2
R − ψ̄iµγ

µνρDνψ
i
ρ

)
− NIJDµXI DµX̄ J − 1

2
gXY DµqX DµqY

+
{
− 1

4
iF̄IJ F

+I
µνF+µνJ + 1

16
NIJX

I XJT+
abT

+ab + h.c.
}

− NIJ Y⃗
I · Y⃗ J − N−1|IJ P0

I P
0
J − 2X̄ I XJ kI

X kJX + 2
3
CI,JK e−1

ε
µνρσWµ

I Wν
J
(
∂ρWσ

K + 3
8
fLM

KWρ
LWσ

M
)

+ 1
2
ψ̄aiγ

abc
ψ
j
b

(
δ
i
j NIJ X̄

I DcX
J + Dc q

X k⃗X · τ⃗j
i
)

+

{
− 1

4
NIJ Ω̄

iI /̂DΩJ
i − ζ̄Ā /̂DζBdĀB + 1

2
NIJ ψ̄ia /DXI

γ
aΩiJ

+iψ̄ia /DqX γaζĀ f iBX dĀB − 1
2
NIJεij

(
Ω̄iI
γµ − X̄ I

ψ̄
i
µ

)
ψ
j
νF−µνJ − 1

16
iFIJK Ω̄I

i γ
µνΩJ

j ε
ij F− K
µν

+ 1
2
ψ̄aiγ

a
[
ΩI
j PI

ij + ΩI
j NIJ fKL

JXLX̄K
ε
ij − 4iXI kI

X f iBX CBAζ
A] + 1

2
NIJ Ω̄

I
i fKL

JΩL
j X̄

K
ε
ij + 1

2
X̄ I
ψ̄
i
aγ

ab
ψ
j
b
PIij

+ 2XI
ζ̄
A
ζ
B tIAB + 2ikXI f iBX εij d

Ā
B ζ̄ĀΩjI + h.c.

}
+ 4-fermion terms.

(1)
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For theories with extended supersymmetry (N ≥ 2) ordinary is not adequate! (no-go
“theorems” for extended supersymmetry)

Harmonic superspace [Galperin, Ivanov, Kalitsyn, Ogievetsky, Sokatchev 1984] is the
universal method to deal with off-shell N = 2 supersymmetry theories:

HR4+2|8 = R4|8 × S2 = {xαα̇, θαi , θ̄α̇i , u±i }.

Introduction of harmonic coordinates lead to the presence of a new supersymmetric invariant
superspace – analytic superspace, with coordinates ζ = {xαα̇

A , θ+α, θ̄+α̇, u±i }, where analytic
coordinates defined as

xαα̇
A := xαα̇ − 4iθα(i θ̄α̇j)u+i u−j , θ+α := θαiu+i , θ̄+α̇ := θ̄α̇iu+i .

One can also define harmonic derivatives ∂±± = u±i ∂
∂u∓i , which in the analytical basis take

the form:
D±± := ∂±± − 4iθα±θ̄α̇±∂αα̇ + θ±α̂∂±α̂ .
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N = 2 higher-spin theories

N = 2 higher-spin theories (see talk by E.Ivanov) have natural geometric formulation in
terms of unconstrained analytical prepotentials [Buchbinder, Ivanov, N.Z. 2021]:{

h++α(s−1)α̇(s−1), h++α(s−1)α̇(s−2)+, h++α(s−2)α̇(s−1)+, h++α(s−2)α̇(s−2)
}
.

These prepotentials are the higher-spin generalization of linearized (over flat N = 2
harmonic superspace) N = 2 “minimal” Einstein supergravity (s = 2 case).

Analytic prepotentials are defined up to gauge transformations:

δλh
++α(s−1)α̇(s−1) = D++λα(s−1)α̇(s−1)

+ 4i
[
λ+α(s−1)(α̇(s−2)θ̄+α̇) + θ+(αλ̄α(s−2))α̇(s−1)

]
,

δλh
++α(s−1)α̇(s−2)+ = D++λ+α(s−1)α̇(s−2), . . .

These higher-spin prepotentials covariantize harmonic derivative with respect to the
higher-spin N = 2 supersymmetry:

D++ → D++ + κsh
++α(s−2)α̇(s−2)M∂M∂

s−2
α(s−2)α̇(s−2)

(J)P(s),

and so naturally interact with the hypermultiplet.
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In the Wess-Zumino type gauge

h++α(s−1)α̇(s−1) = −4iθ+β θ̄
+
β̇
Φ(α(s−1)β)(α̇(s−1)β̇) − 4i

(
s − 1

s

)2
θ
+(α

θ̄
+(α̇Φα(s−2))α̇(s−2)) + . . .

h++α(s−2)α̇(s−2) = −4iθ+β θ̄
+
β̇
C(α(s−2)β)(α̇(s−2)β̇) − 4i

(
s − 2

s − 1

)2
θ
+(α

θ̄
+(α̇Cα(s−3))α̇(s−3)) + . . .

we obtain content of N = 2 higher-spin off-shell supermultiplet:

s ↔ 2× (s −
1

2
) ↔ s − 1 + auxiliary fields

These fields corresponds to the Fronsdal higher-spin fields:

δλΦ
α(s)α̇(s) = ∂(α(α̇aα(s−1))α̇(s−1)), δλΦ

α(s−2)α̇(s−2) = ∂ββ̇a
(α(s−2)β)(α̇(s−2)β̇).

Totally there are 8(s2 + (s − 1)2)B + 8(s2 + (s − 1)2)F off-shell degrees of freedom.
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N = 2 higher-spin theories

Rigid N = 2 supersymmetry transformations have non-standard form:

δϵh
++α(s−1)α̇(s−1) = −4i

[
h++α(s−1)(α̇(s−2)+ϵ̄−α̇) − ϵ−(αh++α(s−2))α̇(s−1)

]
, . . .

To construct the invariant action one need to introduce supersymmetry-invariant superfields:

G++α(s−1)α̇(s−1) = h++α(s−1)α̇(s−1) + 4i
[
h++α(s−1)(α̇(s−2)+

θ̄
−α̇) − h++(α(s−2)α̇(s−1)+

θ
−α)
]
,

G++α(s−2)α̇(s−2) = h++α(s−2)α̇(s−2) − 2i
[
h++(α(s−2)β)α̇(s−2)+

θ
−
β − h++(α(s−2)(α̇(s−2)β̇)+

θ̄
−
β̇

]
.

Invariant action have universal form for any spin!:

S(s) = (−1)s+1
∫

d4xd8θdu
[
G++α(s−1)α̇(s−1)G−−

α(s−1)α̇(s−1)

+ 4G++α(s−2)α̇(s−2)G−−
α(s−2)α̇(s−2)

]
.

Where G−−-superfields are defined as the solutions of zero-curvature equations:

D++G−−... = D−−G++....

In component fields, these action leads to Fronsdal action for spins s, s − 1 and
Fang-Fronsdal action for doublet of s − 1/2 spins.
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Thank you for your attention!
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