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In the presented work the main aspects of applying this approach to magnetic
systems madelling are discussed on the example of linear approximation of unknown
variables: discretisation of initial equations, decomposition of the calculation area to
elements, calculation of discretised system matrix elements, solving the resulting non-
linear equation system. In the framework of finite element method the calculation area
is divided into a set of tetrahedrons. At the beginning the initial area is approximated
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5. Magnet system modelling

The method of volume integral equations with the linear approximation of
magnetization has been used for modelling the dipole and quadrupole magnets.
The model of a variant of the projected dipole magnet for CBM experiment
(GSI, Darmstadt) is shown In Figure 2a. A splitting of the magnet into the
tetrahedrons has been done with the help of the generator SDFEMMesh. In
the process of modelling the dipole symmetry of magnetic field has been taken
into account, that allowed to reduce the number of unknown parameters by
8 times. One eighth of the magnet has been divided into 5264 tetrahedrons.
There are 1363 vertexes in all tetrahedrons. In Figure 2b the distribution
of the magnet field module inside the magnet is shown.The results given
in Figure 2¢ show agreement of the present method with the famous code
TOSCA [6] which is based on solving partial differential equations.

“e-The volume integral
equations

Figure 2. 3D modelling of dipole magnet CBM

The proposed approach has been also applied to the modelling of the
BOOSTER quadrupole magnet of the projected accelerating complex NICA
(JINR., Dubna).



The statement of the problem

A self-adjoint elliptic PDE in the region z = (Z, ..., Zg) € Q C RY (Q is polyhedra)

d
~ %0 > %gii(z)a% +V(z)-E | ®(2) =0, go(2) >0, gi(z)=gi(2).
=1

Boundary conditions

(Dirichlet) : d(2)|s =
. 0929 _ (2) _ ®(2)
(Neumann) : oo ’ 0, anD —ZU 1( ,8))gi(z ) oz
(Fehiin) ‘9"’(2)] +o(s)o(2)] =0,

0Pm(2) . N L
an;( ) is the derivative along the conormal direction
D
f is the outer normal to the boundary of the domain 99.

Ladyzhenskaya, O. A., The Boundary Value Problems of Mathematical Physics,
Applied Mathematical Sciences, 49, (Berlin, Springer, 1985).
Shaidurov, V.V. Multigrid Methods for Finite Elements (Springer, 1995).



The statement of the problem

Conditions of normalization and orthogonality (for discrete spectrum problem)

(Pm(2)|®m (2 /dzgo(z Sm(2)Pm (2) = Ommry, dz = dz;...dz4.

The FEM solution of the BVP is reduced to the determination of stationary points of

the variational functional

=(Opm, Em, 2)= /dzg0 )®m(2) (D—Em) &(2) = N(®m, Em, 2)— %cbm( )a"""( ).

(0. En2)= [ dz[Zg,,( 2)2%n(2) 8“’”5 )4 go(z)¢m(z)(V(z)—Em)¢m(z)}.

Q =1

Strang, G., Fix, G.J.: An Analysis of the Finite Element Method, Prentice-Hall,
Englewood Cliffs, New York (1973)



/
The expansion of the solution in the basis of piecewise polynomial functions N,p

L
on(2) =Y NP (2)0p,

=1

Algebraic (eigenvalue) problem

(A —BE))®h =0, (1)
ONF' (z) ONE' (z) 6N’?( 2) 4
A’7,—IIZ1/ = /, d—y{Np() ’

+ /Q N (2)NE'(2)U(2) go(2)dz

Bj, = /Q N (2)NE (2)g0(2)dz. @)

¢',;,TB¢',;,/ = Omm, (for discrete spectrum problem) (3)




Construction of basis of one dimensional local functions NJ(z2)

A non-uniform Finite Element grid on interval Q = [Zmin = Z0, Zmax = Zgmex]

max

q
, Q= U Dg = [Zmin = Z0, Zmax = Zgmox]
g=1

max

Ag=[Zg-1,29], q=1,...,q

Shape functions

are one-dimensional LIPs or HIPs @q(X) = @f,’(; (x), r=1,...,r™ with nodes
r'=0,..., p of different multiplicities x})>* satisfying the relations
a0 g(%)
K q
gOr/q(Xr//) = 6,/,//5,4)7 — o = 6,/,//(;NN/
ax X=X,
and ordered by r’, and for equal r’ by k.
In our implementation of the FEM xg'™ = x;®* and there is a number S such that

Pra(X) = woi (X), risq(X) = @,q (X).




Construction of basis of one dimensional local functions NJ(z2)

The local functions NJ(z) are obtained by matching of shape functions

Ni(x) = Z {Pryss q— s(2),x € Ag_ s}

s'=0,1




In the FEM, the polyhedral domain Q is divided into subdomains Ag, called finite

elements Q = Qp(x) = U§:1 Ag, QCRY.

The shape functions , LIPs or HIPs are introduced: ¢r(X), X € Ag.

The piecewise polynomial functions (PPFs)

constructed by joining the polynomials oy (X)
on the finite elements Ag € Qp(X)

Q
Ni(x) = J{gr()Ix € Agt.  (4)




Construction of basis of multidimensional local functions NJ(2)

A non-uniform Finite Element grid with rectangular cells in a complex domain

Aq = Aqhqud = [X1;q1—17x1;q1] X ® [Xd;qd—hxd;qd]v qi = 17“'7 q’[nax7
g=q(g1,...,9q4), is global number of the FE

Shape functions are products of one-dimensional LIPs or HIPs

n,/ Hr/
‘PKI(X) = ‘Pﬁm’d%u-%(x) = Priq (X1) X ... X ‘P’de(Xd) = ‘qu% (X1) X ... X ‘P,égd(xd)

The local functions N7 (z)

’

N/(X) = Z {‘Pr1+ss1...rd+ssd,q1—s1‘..qd—sd(X), X € Aq1—s1...qd—sd}
Sq,...,5¢=0,1
where the summation is taken over those Sy, ..., Sy for which the shape functions

@r...rgq1...94(X) and the cell Ag _s,...qy—s, C A are defined.

To reduce the dim of AEP we drop Nj(x) with I s > K




Theoretical estimations of the order of the FEM schemes

In the FEM, the estimates of the approximate solution E, &7 (x) € 'H;CHE (2n)
with respect to the exact solution Ep, ®m(X) € H3(Q), are as follows :

’Em = E,CQ’ < ¢ h?, Hd)m(x) = d)’,}(x)HO < h", (5)

where h is the maximum size of a finite element Ag, p is the FEM scheme order,
¢y > 0 and ¢ > 0 are coefficients, independent of h

1Om(x)|E = / 90(X) @m(X)®rm(X) . (6)

“Bathe, K. J.: Finite Element Procedures In Engineering Analysis, Prentice-Hall Inc,
Englewood Cliffs, New Jersey (1982).




Finite Element Method

o BVP — minimization of quadratic functional

Finite Element Mesh (Simplex Mesh, Parallelepiped Mesh, ...)
Construction of shape functions

> Lagrange Interpolation Polynomials
» Hermite Interpolation Polynomials
> e

Construction of piecewise polynomials by joining the shape functions
Calculations of the integrals (of the order 2p for FEM scheme of the order p).

» Gaussian quadratures
> ...

Solving of Algebraic Eigenvalue Problem




Problem statement

Self-adjoint system of N second-order ODEs for unknowns ®(z) = {®()(2)},,

o0 (z) = (<I>S")(Z), CD%)(Z))T by z in the region z € Q, = (z™", z™>)

3(2) dz fa(2) fa(2) az

fa(z) > 0 fa(z) > 0, | is unit matrix; V(z) and Q(z) are a symmetric and an
antisymmetric N x N matrices, with real or complex-valued coefficients from the
Sobolev space H3='(Q).

All coefficients are continuous (or piecewise continuous) functions that have
derivatives up to the order of K™ —1 > 1 in the domain z € Q.

< 1L @ S v Mg & T dWIAD) EI) o(2) = 0.

The boundary conditions:

I : ®(z') =0, t= min and/or max,

(I1) : le_r}r;t fa(2) <I% — Q(Z)) ®(z) =0, t= min and/or max,

(I1I) : lim (I% = Q(z)) ®(2) = G(z')®(z"), t= min and/or max.

z—2t




Problem 1. For bound states

Case of the real potentials and real eigenvalues E: E1 < E; < ... < Ep,

Zmax

(@nl®) = [ 1o(2)(®"(2))!0"(2)d7 = G

Case of the complex potentials and complex eigenvalues E = RE + 1SE:

RE, < RE; < ... < REp,,

The eigenfunctions ®,(2) obey the normalization and orthogonality conditions

max

(®nlom) = [ ta(2)(@(2)O™ (2)dz = G

J.G. Muga, J.P. Palao, B. Navarro, I.L. Egusquiza Complex absorbing potentials
Physics Reports 395 (2004) 357-426

A A. Gusev et al,Symbolic-numeric solution of boundary-value problems for the
Schrodinger equation using the finite element method: scattering problem and
resonance states, Lecture Notes in Computer Science 9301 (2015) 182-197.




Problem 2. The scattering problem

“incident wave + outgoing waves” asymptotic form

D, (z )
XM®(z
(&) ; 4>_,(z — +00)
_ mln (Z) + Xmm ( )R‘> + Xfri)n(z)R:a Z— —Q
XO@)R, | XV ()T, - XS (2)To + Xu(2)TS,, 2 +o00
O, _(z—>1w)
XO(2) O (z = +00)
< > _ G @T + XD (AT, 725 —c0
XO)T, | XO()R, X5 (2) + xmax( JRe + X9 (2)R, z— +oo

d>_>(z), &, (z) are the matrix solutions by dimension N x N5, N x N
N N are the numbers of open channels,

Xiin (z) Xmln (2) are open channel asymptotic solutions at z — —oo, dim. N x N5,
x(2) (2), X S (z) are open channel asymptotic solutions at z — 400, dim. N x NF,
XE:IL(Z), X, (2) are closed channel solutions, dim. N x (N — N5), N x (N — N&),

R_,, R_ are the reflection amplitude square matrices of dimension N5 x N5, NF x N5,
T, T. are the transmission amplitude rectangular mat. of dim. N x N5, N5 x NF,

RS, T°,, T°, RS are auxiliary matrices.
v




Problem 2. The scattering problem

Wronskian conditions

Wr(Q(z); XF)(2), XH)(2)) = +2u00, Wr(Q(2); XF)(2),XH)(2)) = 0
a(z

)
Wr(Q(2) a(2),b(2) =o' (2) (2 ~ a(b(a)) - (2 - aa(a)) b2)

For real-valued potentials

TLT. +RLRL =1, TLTo +RLRL = o,
T,R_+RLT_. =0, RLT,+TLR, =0,
T.=T., RL=R,, R_=R..

For real-valued potentials the scattering matrix is symmetric and unitary,

complex potentials it is only symmetric

_( Ry T g _ ggf —
S_<T_> R<_>’ S'S§ =8S' =1.




Problem 3. The metastable state pr. with complex e.v. E=RE+1SE:

Asymptotic form
(I)M (z > 1)

X0 + X9 (2)0°, z— —
xmax (Z)o—> + xmax(z)oﬁ, Z — +o0

Robin (Siegert) BC

(111) : lim (I% — Q(Z)) ®(z) = G(2")®(z"), t= min and/or max

z—zt

69 = (1m (12 ~a@)) (X2 x0@) ) (X2, x0@)

Orthonormalization conditions

(®nl®m) = [ 1o(2)(®"(2) O™ @)z = b1

J.G. Muga, J.P. Palao, B. Navarro, I.L. Egusquiza Complex absorbing potentials
Physics Reports 395 (2004) 357-426




e Harmonic oscillator

o Poschl-Teller potential and Scarf complex potential
o Morse potential

o Coulomb potential

o Helmholtz problem on equilateral triangle, hypersphere, ...

System of piecewise constant potentials




Test example (ODE System with Piecewise Constant Potentials)

d2
( Iﬁ + V(Z) = El) ¢(Z) = 0, V(Z) = {V1,Z§Z1,...,Vk_1,ZSZk_1,Vk,Z>Zk_1},

Matching the Fundamental Solutions

az2
= Pp(2)= Z(, exp(— \/)\,(.m)—Ez)\I!,(-m)+B} exp(\/)\ EZ) ),

Here )\,(-m) and \Il,(-m) are the solutions of the algebraic eigenvalue problems

2
( d +Vn— EI)cbm(z):O, z€(Zm-1,2Zm], m=1,..,Kk,

VL,H\Ul(m) _ A,(-m)\lll(-m), (w’('m))Twl(m) _ (5,'/'.

. _ . <|>m—1(2) <l>m(Z) _
Zlenn]1_1 bm_1(2) — Pm(z) =0, Zlenn]1_1 = dz 0,

=2N(k—1) linear egs. with 2N(k—1) unknowns.

m=2, ..,k




Problem 2. The scattering problem. Example of asymptotic solutions

ODE in asymptotic regions z — foco

2
<—I% + VR E|> ®(z) =0, where V57 are constant matrices.

Asymptotic solutions

The open channel asymptotic solutions: ip = 1, ..., Ng*H:

exp (:l:z E — )\E’Hz)
vl A< E

{/E — 2o

lo

X{(™)(z — +00) —
The closed channels asymptotic solutions iz = Né’H +1,...,N:
Xfoc)(z — Fo00) — exp <— Afc'ﬁ = E|z|> vl > E

Here )\;"R and \IJ;‘C’R are the solutions of the algebraic eigenvalue problems

L,Ry,L,R _ \LAy/LR LANTy LR _ 5.
VETweT = AP (W )\Ilj = §j.




Problem 3. The metastable state pr. with complex e.v. E=RE+1SE:

Example of asymptotic solutions

The open channel asymptotic solutions: ip = 1, ..., N5R,
—
X,(.f)(z—>oo)—>exp (+2\/E—/\i":'|z|>wé’ﬁ', ANF<RE, =1, Ng'",
The closed channels asymptotic solutions i; = Né’R +1,...,N:

X,(-:)(z—>oo)—>exp<— A,.LC’H—E|2|>\IJ,LC’F’, AF>RE,  ie=NgF+1,... N,

Robin BC

R(zt) whRELR (\UL Fl) =T

Fb R—dlag \/TE \/m




Continuous analog of Newton method

The problem

(A—)\'B)o"=0, X=2E"
{ (¢",Bo") —1=0. @)

The equation of continues analog of Newton Method

at at

2(%.Bo)=1-(¢,B®), ®

{ (A—)B) <22 — 9ABd = — (A — AB) 0,
at

where A\g = A\(0) and ®o = ®(0) are initial approximation to the eigenvalue and the
eigenvector.

Discrete representation of derivatives

do | Dppr — b AN Aket — M

at |y, ™ Ko g " ™ Pks Lk k + Tk (9)




Continuous analog of Newton method

The modifed problem

(A - )\kB) Vi — NkBq)k - _rk7 (10)
2 (Vk, Bq)k) =1- (q)k, Bd)k) .
Iy = (A = )\kB) by, Vk = —Dy + uxOx. (11)

The iteration corrections ©x and px to the eigenvector @, and to the eigenvalue A,

are calculated from the algebraic problem

(A — \B) O = By,
2pk (Ok, BOk) =1+ (¥, BO) ,

Transition from ®g, \¢ at k-th step to Pxr1, Akr1 at kK + 1-th step

Dpy1 = Sp + Vi = (1 — 7i) Dk + TiepuicMix,
Ak+1 = Ak + Tk ik




The piecewise constant potentials

FASushadmdenZmeat” « Servr 3] Maple 2021
sin () Mpsara (@ Bua¥) Bersswrs () Sopwsr ) Borewciwra(8) Wincrpyenss 1) oo (W) Mowscun ()

B aw BTHS = ad> B 10sC & AA’ @
T
o) Marenanea) | G Make gt | [ Coune e e BIU == Lg ==
> restart;read "kantbp5m.mwt";

egs:=6;
IHPtype:=[2,2,2,2];
print2:=true;

for i from 1 to egs do e
for il from i to egs do

vi(i,i1,1): v{il,i,1):=0; #z<-2
W(i,il,2) :=-2*int(sin(i*y) *sin(il*y)*y*2/Pi,y=0..Pi); v(il,i,2):=v(i,i1,2);#z in(-2,2)
v(i,i1,3):= 2*int(sin(i*y)*sin(il*y)*y*2/Pi, y=0..Pi); v(il,i,3):=v(i,i1,3) #z>2

od;

vi{i,i,1):=i"2;

vii,i,2) :=v(i,i,2)+ir2;

v(i,i,3):=v(i,1,3)+i%2;
od:

vpot:=proc(il,i2,z) “if’ (z<-2,v(il,i2,1), if"(z<2,v(i1,i2,2),v(i1,i2,3))); end;

nintv:=3; N
zintv(0) :=-6;zintv (1) :=-2;zintv (2) :=2;zintv(3) :=6;2: n
zmesh:=[seqg(zintv(0) -zstep*3*((2/3.)~ii-1) ,ii=-5..-] _l— V'J "
.zintv (0) -
,seq(seq(zintv(ii-1) +i* (zintv (ii)-zintv(ii-1))/ce: »
,i=1..ceil((zintv(ii)-zintv(ii-1))/zstep)),ii=1..7— | | ) 2 —_
kantbp5m () ; = g
_— -5
read "evlproc.dat": — L i %
ev:=proc(j,y,z) local jc; '_ -t
nm:c}d(»mram(j,jc,z,nj*sq:t(zuinsszssasa)*sin(; L - 1 y — I
= Ciassomses e o s e o o 15 i e

A. Gusev, S. Vinitsky, V. Gerdt, O. Chuluunbaatar, G. Chuluunbaatar, L. Le Hai, E.
Zima, A Maple implementation of the finite element method for solving boundary
problems of the systems of ordinary second order differential equations. Maple
Conference, Waterloo Maple Inc., Canada 2020



The piecewise constant potentials (eigenvalue problem)

1 - LA RAA L W

-2.12846486034129+0.%1 |

Pr— o ok p
" +9aQ Ix W, L
-.92556529026015+0.1 : +RAQ s B «
1 .83512734313781+40.41 Ey
04 i g
0 lpeder P 0.5
[ w- @ @ or+Aaals 3 !
225 <20 <15 -10 s [P =] ReRi) ‘l
oy -4 g=[2 '
= m ‘
. 1). o A

-20

zmesh =

N- ®- [ ow+EaQls
T Rer)

25.78124999, —18.18750000, —13.12500000, —9.750000000, —7.500000000,

-13 -10 -5

. Elav i ‘- m- G ¢v+fa]is H
"EIGV(3):=.83512734313781 + 0.5L." I RePi) |
) local jc; add( — EIGFI( j, je. z, 0) *sqrt(2/3.14159265358) *sin( jc*y).je=1.4
1, —2.12846486034129 + 0.1, —2.128463032, —1.71658714798184 x 10~ — 0.1 m
|, —0.925565290260150 + 0.1 —0.9255658838, —593539849824687 x 107 — 0.1 -l -5 o
0.1, 0.8351269789 — 1.978378690 x 10~ [, —3.64237810357437 x 10~ 7 — 1.9783 /869000000 % 101 1)

[l Penoxrrprmse. ot Hopke o yronasara 11 Sase\Aniind Nouero 19307 fpera: 37.8% Mocroh 190% Tomcrionspemem



The piecewise constant potentials (multichannel scattering problem)

Smatr=| 0.831487653709182 — 0
“fests: Eh=", 2.
"s-5'T=[ 0.+ 0.1]

"S.Shdage1"=| 0. 4 3.92556789316536 % 107 1°1 |
[.u.mm ]

Sexacr=[ 0.8314898151 — 0,555539!
—2.16139081821165 x 10 5 — 3.2
NOpenL =1, NOpenR =1
S

TLR“] m],!

0.499513500141065 — 302144098421 —0.126770241789921 — 0.4187064549681201 ‘

Smatr=

—0.126770241789914 — 0.4187064549680051  0.830380604999926 + 0.34508207727
"fests: Eh:
0.40.1 —7.13318203321663 x 101 —
47 44504176929847 x 10711

RL 1, Eh=4.

—1.45716771952082

— 074772526831
~0.1267662235 — D.418'

Sexact=

—0.1267662235 — 041870517321
0517311 0.8303802831 -+ 0.34508678321

—9.49805803468714 % 107% — 4.94610084101901 x 10791 —4.01828092074860 % 10~ ¢ — 128176811953,
— 1127200141841 % 1070 — 1 721848A0SN4007 % 1NET 3 7100074407006 » 107 — 3 KNAISKRNK 1A

Vrerem d =]




The piecewise constant potentials (resonance scattering states)

LR 1, Eh=2.45639

4 swasor
LR 1, Eh=6.320157806 LR 2. Eh=6.320157806

23.45678)

+ 0933 1 -0 + 02STIT9NBETEISNT  0.0830114323135169 — 0.1038387748482601
02871709188782071 —0.045709 7249917768 — 0.144639483007883 T
— 0.1036387745452601  —0.045709728992 7916 — 0.1446394830078901 079030336 7202363 — 0578618586370+
“tests: Ehe”, 6320157806
041947249 % 10™M + 2 3536728122083 % 10741 — € wnivisantans caamt L

- 0.210198338653342
0.0830113323135

RL 1, Eh=6.320157806

55T = | 211775041947 0.+01
S 3013194258512 x 107 — 5.35101512312878 x 10751 — 1 5140886498325 x 107 — 3 69704267200177 x 107"
999200722162641 x 10™ + 0.1 — 4868995516035 x 1071 4 L4T4S49545H009 x 10 Te T T L T
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—6.52501611609941 % 10715 + 6.69950206422243 x 10711 —520417042793042 x 1015 — 3.81916720471054 x 1071 6661338147750
ET

2
sy, -8 -6 -4W\4'/6'\.3

LA | TLRY , RRIY

~DOLSDATE0345 + DSFITISARIIT — 01102204990 + 027N TAT4THL 001303356643 — 010355105951
Seoer=| =02100204990 + D2STTATEET 08943402399 — OISHASTISONT  — 004571680986 — 014468409361
0.03303196644 ~ 0.1035510595 1 ~0.04571680987 — D.14468409361  0.7903301167 — 0.57556490401
0.0000139430856758958 + 9.60302966401316 10751 0.0000220603456366208 — 3.83002176945757 % 10751 —0.0000224341164830358 + 0.00001 2264954 7406628 1
*S-Sexact” = | 0.0000220603456577984 — 3.82992179298602 % 107°1 1.13222109354716 x 10 — 0.00004405301368271001 6% 107 + 0.00004461059214715291 m
—0,0000224341 264777531 + 0.00001228495474010771 7.03087720840272 < 10™% 4 1059211022241
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The piecewise constant potentials (metastable state problem)
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Applications: Deep sub-barrier fusion

The coupled-channels Schrodinger equation

md®> I(I+1 ZpZ- 92
[‘Zw+i( A v + 22 ] vt S V(=0 (1)
n’'=1

The Akyiiz-Winther (AW) type

Overlap Region Two-| Body Region

Woods-Saxon potential

"-.. Sudden ? /
Ve \ vV = - Vo (15)

g

u 1+ exp((r — Ro)/ao)

g Adlabatlc’h

5 L T. Ichikawa, K. Hagino and A. Iwamoto,

L7 Touching Phys Rev C 75, 064612 (2007); Phys Rev
-~ Point Lett 103, 202701 (2009); T. Ichikawa, Phys
Compound ) ) )

State o0 @ O r. 92 (6), 064604 (2015). K. Hagino, A.

B. Balantekin, N. W. Lwin et al, Phys Rev
C 97, 034623 (2018).

Center-of-Mass Distance r



The incoming wave boundary condition

The incoming wave boundary conditions (IWBC)

Trexp (—ikn(Fmin)r), I < in
Yn(r) =4 |
H;™ (knr)ono — BnH™(Kar), r > Fnax

Here Kk, = kn(r — 400), and Kn(r) is the local wave number for n-th channel

2 =
(1) = J 5 (E — e O - I vnn(r>)

2ur2

o The plane wave boundary condition at the
left boundary fyin involves only the diagonal
part. This requires that the off-diagonal
matrix elements tend to zero.

Tunneling

.§ wave Incident wave o However, at fmin, the distance between two
o} - Eococcooe o o o
s = NG nuclei is so short that the off-diagonal
Reflected o
wave matrix elements are usually not zero.

S [=====

. : V.V. Samarin, V.I. Zagrebaev, 2004 NPA 734 E9;
™ Distance ~ V.1. Zagrebaev, V.V. Samarin, 2004 Phys. Atom.
Nucl. 67 1462;




64Ni+199Mo: Deep sub-barrier fusion
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New calculations are more stable and
agree with experimental data better




The Kantorovich method (coupled-channel method, Born-Oppenheimer
approximation, adiabatic approximation,...)

Boundary value problem(BVP)

(’:I(Xsz)— E)W(Xf, Xs)=0 + boundary and orthonormality conditions,

A 1 . N .

H(xixs) = MHZ(Xﬁ Xs)+Hi(Xs) + Vis(Xr, Xs),
~ 1

Hi(xt; Xs)=— W 8()9( g2f(Xf) 0 + Vi(xi; xs),

~ 1

Hs(xs)= m Ixe ng(xs) + Vs(xs)

F;(xf; xs) and Hs(xs) are the Hamiltonians of the fast and slow subsystems, Vis(Xf, Xs)
is an interaction potential.




The Kantorovich method

The Kantorovich expansion

of the approximated solution W(x;, Xs) € W3 (Q) of the BVP over known parametric
basis functions® ®;(x; Xs)

Jmax

W(xi, X6) = D (X3 X)X (X6)

?L. V. Kantorovich and V. I. Krylov, Approximate Methods of Higher Analysis
(Wiley, New York, 1964)

BVP for fast subsystem

The SODE for the basis functions of the fast variable X; and the potential curves
&i(xs) continuously depended on the slow variable Xs as a parameter

{ Pl x5) = Ei(xe) } @11 5) = 0,

+ boundary conditions and the orthogonality and normalization conditions
X;naX(XS)
<¢‘,’|¢j>: / ¢/(Xf; Xs)¢j(Xf; Xs)g1f(Xf)de :5,j

X;“i"(xs)




BVP for slow subsystem

The set of the coupled-channel SODEs for the subsystem

H(Xs)X(i)(Xs) =E; |X(i)(Xs) +the boundary conditions
1 d
H(xs)=—
)= gt
G2s(Xs) d 1 dgos(Xs)Q(xs)
Q PR b
+g1s(xs) (xs) dxs = Gis(Xs) dXs

QZS(XS) d + Vs(Xs)H'U(Xs)

The effective potential matrices of dimension jmax X jmax

G2s(Xs)

Ui' 815/ ol VV/ Xs) + V/ Xs),
/( ) 9s ( ) ]( 5) gs(Xs) ]( S) ]( 5)

X" (Xs)
Vii(xs) :/_ (X1 Xs) Viis (X, Xs)j( Xr; Xs)Grr(Xr) AXy,

X" (xs)

X0 9d;(xr; Xs) OPj(Xr; Xs)
W) = [ o R ey

X7 () b, (x1; X
Qf/(XS) = _/ ) ¢i(Xf§Xs)7jést Q) G1¢(Xr)dxy.
XN (6

f




5DBVP for five-dimensional quadrupole Hamiltonian

AEP

(A—BEM®" =0, o' B = 1, (16)

its derivative

h h AN T
(A E"B)aa% __ (ﬁ _ 2= B) o, (‘9"’ ) BPo" — 0. (17)
S

OXs  OXs O0Xs

OE" /1 N\T OAP
OXs (¢ ) OXs ¢ (18)

Then the potential matrix elements H,-/h (Xs) and O,? (Xs)




5DBVP for five-dimensional quadrupole Hamiltonian

The 5D Hamiltonian in the intrinsic frame parameterized by two internal variables
X1 = 8, X2 = 7 and three Euler angles x; = 0;_», i = 3,4,5 has the form

P RN o _

A = 5 (Ta(x1,3) + Ta(X)) + Vx1, %), x=(x,...,x)eQs=05U0Q€R’.  (20)
Here V = V(x1, X2) is the potential energy, ?Vib = ?’Vib(x1 , X2) is the vibrational kinetic
energy, and T = Trot(X) is the rotational kinetic energy:

12 /2 12

gO(X1,X2) Z aX I](X17X2) Trol(x) j -+ 72 J37

'
9(x1, %) = BB,s* S|n(3'y) = 553|J1J2J3|1/2, =/|BssByy — B2 |

BB,y |1dads|'?

?-vib(x1 y Xz)

B .

gi(x1,3) = B sin(37)Byy = SIS (21)
B . Bss|Ji o)

Ge2(X1, X2) = 552 sin(3v)Bgp = Boolheh| 21,62.‘:?3| )

By |J1dads| '
2B ’

Here B, = +/B1B2Bs, moments of inertia Jx = Jk(3, ) of the intrinsic frame
Je(x1, X2) = Ji(B,7) = 4Bx(B,7)8° sin® (v — 27k/3), k=1,2,3. (22)

B .
G12(X1, X2) = Go1(X1, X2) = —FJBS sin(3v)Bsy = —




5DBVP for the five-dimensional quarupole Hamiltonian(5DQH)

The Schrédinger equation with respect to eigenfunction Wnm = Vom(8, v, 9i) and the
corresponding eigenvalues of energy E, has the form

2 . A 5 2
ﬁ(H — En)Vom = (Tvib + Tt + ﬁ(v = Enl)) Vom = 0. (23)
orthogonality and normalization conditions

/ YoV o e Go (B, ) dBdy sin 92091 d¥2d93 = Sp S S - (24)
Qs

v

The eigenfunction W,y in the representation of the angular momentum / and its
projections K and M on the third axes of the intrinsic and laboratory frames

!
Vom(B,7,9) = > Dux(9)Pnx(B,7), (25)

K>0,even

where D} (¥9;) are the normalized D-functions with the space parity # = +1

e oy 211 (D (9) + #(=1)'Dji_x (9)))
Dk (9i) = \/? 201 T on0) : (26)




2DBVP for five-dimensional quarupole Hamiltonian(5DQH)

The unknown set of Ina.x internal components ®px = Ppk(8,7v), where K=0,2,...,/
for even /, or K=2,4,...,(/—1) for odd /, compose the vector eigenfunction &,
corresponding to the eigenvalue E,, (in MeV) of the BVP for a system of //2 + 1 or
(I —1)/2 equations for even or odd /, respectively:

A 2
T + Tix + 7 (V- Enl):| ik + ThrsoPrikrz + Thx_2Prk—_2 = 0,

1

X 0 0
Tin(X1, X2) = *m //2:1 8*)(/90'()(1»)(2)8*)(1,

. o [ 1 1 K _, 1 1
Tk = (I(1+1) = K%) 2J1+ 20, +737 Tkk+2 = i 3L Chi+2,

Chicsa = Crerax = (1 + 6ka)'2[(1 — )(/+ K+1)(I— K=1)(I+K+2)]"?
Jk(X1 9 Xz) = Jk(ﬁ, ",) 4Bk( )ﬁ sin (’\/ — 27Tk/3) (27)

The components ®,x are subject to Neumann or Dirichlet boundary conditions at

the boundary 0> of the domain Q5 and the orhtogonality and normalization
conditions

Bmax Imax
/ / B(B,IBAY S Pc(B,7) P (6,7) = b (28)

K>0,even




Exact solvable 5D harmonic oscillator (5DHO)

V(B,7) = (C2/2)8°, Bss =By, =B =B.=B3s=By, Bs,=B,5=0,
90(B,7) = Bogi1(8,7) = BoBge2(B,7) = By ?B*sin(3y),  912(8,7) = ga1(B,7) = 0.

Internal (ao, @) and affine (bo, b2) coordinates

a=_3 cos(v):bo—k\/gbg, 32:%5 sin(y)=bz.

Rectangular grid of finite
elements for the 5D harmonic
oscillator. The Gaussian nodes
are marked by circles.

In  grid  Qpp  the
0--.--.-u.--------.u.-u---------.--c-- CellS Aq fOI' Which
0 1.6 3.2 . 4.8 6.4 8 min(bo,bz)eAq V(bo, bz) >~ 30
are dropped.




Benchmark calculations of '°*Gd in the RMF model

go 60

Spectrum  E, isolines rs0 —— 1154Gd
of V(8,7) counted 3000 i 0.4
from the minimum seo N

of V(5=0.3875,y=0)
=-1270.6MeV,  go(B,7)
and g;(B,7) of ™*Gd
calculated in PC-F1 of
RMF model®

g1z

N

2T .Niksic, Z.P.Li,B. D.Vretenar, L.Prochniak, J.Meng, P.Ring, Beyond the
relativistic mean-field approximation. III. Collective Hamiltonian in five dimensions,
Phys.Rev.C 79, 034303(2009)




Energy spectrum of '%4Gd

45
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35 t

30 ==

g ——exp —— - dE o 0102 03 04 05 08"

20 - ——exp _ Band J

th

exp

E, MeV

1=t ==
10f—==" ===
05

00 Band: A B C E G |
Energy spectrum of '"®*Gd. For each state of the bands A, B, E, C, G, and I, three
short bars correspond to the diagonal approximation (left), nondiagonal one
(middle), and experiment (right)[http://www.nndc.bnl.gov/ensdf/].
Band(A) is the K™ = 0+ ground state band,
Band(B): the first excited K™ = 0 (B-vibrational) band;
Band(E), Band(J), Band(K): the second, third and forth excited K™ = 0+ bands;
Band(C): the K™ = 2% (y-vibrational) band;
(G):
(

l o
03 04 05 05

= o
0 0102 03 04 05 06 O 0102
Band C Band G

Band(G): the second excited K™ = 2" (By-vibrational) band;
Band(I): the K™ = 4 band.




Calculated intraband and interband transitions

B(E2) ndiagdiag exp bands
21— 04 160 159 157 AA
44 — 24 244 243 245
61 — 4y 294 293 285
8 — 61 341 339 312

104 — 8¢ 387 385 360
2, —0; 194 193 97.0 BB
0> — 24 68.5 69.2 52.0 BA
| . | 2, >4 450 45.5 19.6
6 12 18 24 23 >4y 0.4600.2481.72 CA
! 23— 0y 3.89 4.14 5.70
Calculated intraband and interband B(E2; In; — (/ — 2)ny) transitions between A, B
and C bands in Weisskopf units (W.u.) in the nondiagonal approximation (nondiag)
for %*Gd.

B(E2;In~>(I-2)n)

0.014




Thank you for your attention!



