Relativistic quantum-mechanical description of
acceleration of charged vortex particles by a uniform
electric field
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Crammonapmbie  COOCTBEHHBIE BOJHOBBIE (DYHKINK  3apsyKEHHOTO  TYIKa
Jlareppa-T'aycca, yCKOpeHHOTO B OJHOPOIHOM 3JIEKTPUYECKOM II0JE, CTPOTO
paccamTaHbl B paMKaX PEeISTUBUCTCKON KBAHTOBOM MeXaHWKMH. JeraasHo
ompeiesIeHa IBOJIIONU TTAapaMeTPOB MyYKa B mporiecce ycKopenwd. lIpemmoxkena
TpOCTasi KJiacCHYecKasi MOJesh DTON SBOJIONN. YCKOPEHWE B YPE3BLIYANHOMN
CTENeHW IIOJaBJSEeT IONEPEYHOEe PACILIBIBAHUE IIYyUKA. Hamwu pesynbrars:
II0Ka3bIBaIOT, UTO IIyYKH 3aKPYUYEHHBIX HYaCTUIl MOXKHO yCKOPATbH, He Hapyllas UX
BHYTPEHHUX BUXPEBBIX CBOMCTB.

Stationary wave eigenfunctions of a charged Laguerre-Gauss beam accelerated
in a uniform electric field are rigorously derived in the framework of relativistic
quantum mechanics. The evolution of beam parameters during acceleration is
calculated in detail. The simple classical model of this evolution is proposed.
The acceleration extraordinary suppresses transverse spreading of the beam. Our
results show that vortex particle beams can be accelerated without destroying their
intrinsic vortex properties.
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Vortex (twisted) particles possess the intrinsic orbital angular momentum
(OAM). Vortex electrons are widely used in fundamental and applied physics
(see Refs. [1-10] and references therein). Since an applicability of vortex
electrons and other vortex particles significantly depends on their energy
ranges, a successful acceleration of vortex beams would be an important
achievement. The simplest possibility is the use of a uniform electric field [11].
For this purpose, an axisymmetric electromagnetic lens can also be used [12].
The injection and acceleration of electrons can also be carried out in a twisted
laser beam [13,14| and a RF field [15]. Production of high-energy vortex
particle beams is now one of the most actual problems of physics of vortex
particles [16-21]. However, the acceleration of relativistic particles is mostly
studied with the Schrodinger equation [11,12,15] and the Dirac equation has
been used only in Ref. [14]. Unfortunately, the last investigation is based
on the non-normalizable Volkov-Bessel wave function. In contrast, we use
the well-known normalizable Laguerre-Gauss (LG) wave function and fulfill a
high-precision relativistic quantum-mechanical description of the acceleration
of charged vortex particles needed for designing and implementing present
and future [13-15,22] high-energy physics experiments.

We use the system of units h =1, ¢ = 1 with A and ¢ explicitly included
when this inclusion clarifies the problem.

To perform a rigorous quantum-mechanical analysis, we use the initial
Dirac-Pauli Hamiltonian for a charged particle in a uniform electric field
collinear to the z axis:

H=pm+E+O, E =ed, 1)
O=ca-p+ipvy-E, b =0, E.2.

Here m is the particle rest mass, ;' is an anomalous magnetic moment and
standard denotations of the Dirac matrices (see Ref. [23]) are applied. A
particle is accelerated along the z axis when eE, = |eFE.| > 0.

Our analysis is applicable for an infinite space with a uniform electric
field and also covers the transition of a charged particle beam from the free
space or a solenoid to the electric field region. In the latter case, we use the
“hard-edge” approximation based on the sharp boundary between two media
at z = 0. As follows from quantum mechanics, the wave function and its first
derivative should be continuous on the boundary. In particular, the beam
width and its first derivative, w(0) and w’(0), should be continuous.

The Schrodinger picture of relativistic quantum mechanics can be ob-
tained by the relativistic Foldy-Wouthuysen (FW) transformation [24-28].
The weak-field approximation is applicable when all terms in the FW Hamil-
tonian containing commutators of £ are much less than mc?. When [0, £] =
0, the FW transformation is exact [24]. Therefore, the term & is not covered
by the weak-field approximation. When this approximation is applied, the
relativistic FW transformation for a particle in a uniform electric field results
in [24,28]
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where g = eh/(2m) is the Dirac magnetic moment and € = y/m? + p2.

We consider stationary states (Hpw v rw = Eopw ). They can be real-
ized only in stationary external fields. Any vortex beam is a continuum of
coherent partial de Broglie waves with the same total energy. In stationary
states, the total energy is constant, and the coherence of the beam is not vi-
olated. As a result, stationary LG beams remain coherent in any stationary
electric, magnetic, and gravitational fields. We do not consider nonstationary
LG beams studied in Refs. [29,30].

As a rule, practically used vortex beams satisfy the paraxial approxima-
tion (|py| < |p.|). In this case, a transition to the second-order paraxial
equation is rather convenient. It can be fulfilled with any required preci-
sion [28,31,32], and we obtain [28]

[(i%—@)Q—pz—mQ}w:O, Gze@—i—(ﬁ—z—ku')%[ﬁl-(pr)].
(3)
For stationary solutions,

[(Eg — €)? — p2 —m?|y =0, Eo = €o + ePg = /m? + pg + Dy, (4)

where Eg is the conserved total energy. The spin-dependent term in the
formula for € is rather small compared with e® and can be neglected (& =
e®). One needs to introduce the wavenumbers k = k(z) = p/hand ko = po/h.
Here

k(z) = ko\/l + 2Kz + K222 (5)
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Next necessary derivations have been carried out in Ref. [33]. The paraxial

equation takes the form

K, =

. 0
{Vi - 2zk(z)£} ¥ = 0. (7)
In free space (k = const), the paraxial equation has the following solution
for LG beams [34-36]:
U = Aexp (i), [OTrdrdg = 1,
Il
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where

the real functions A and ® define the amplitude and phase, k is the beam
wavenumber, wy is the beam waist (minimum beam width), R(z) is the



radius of curvature of the wavefront, ®5(z) is the Gouy phase, zp is the
Rayleigh diffraction length, L is the generalized Laguerre polynomial, and

n = 0,1,2,... is the radial quantum number. The spin function 7 is an

eigenfunction of the Pauli operator o,: o.nt = £n*, nt = ( (1) ), n- =

( (1) ) ¥ is a spinor and, evidently, is not an eigenfunction of the operator
p.. Therefore, the free-space wave function (8), (9) characterizes a beam
formed by partial waves with different p,.

The derivation shows that the eigenfunction of the LG beam in the uni-
form electric field has the form (8) with replacing & — k¢ in the phase ® [33].
However, the beam parameters are not defined by Eq. (9) and the calcula-
tions result in [33]
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Here N is defined by Eq. (9) and the boundary conditions are w(0) = wy,
w'(0) = wy. For z > 0, the beam is accelerated and the argument of the
arctanh function in Eq. (10) lies within the interval (0,1), ensuring that A(z)
remains real. The equation for the beam waist can be simplified for w{ = 0:
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It has been proven [33] that the beam undergoing initial focusing for
w(, < 0 reaches a minimum width of

Wo

Wmin = ; . (12)
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The corresponding focal position is given by
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Two focuses exist for w # 0. When w(, > 0, the beam has a real focus for
its free-space part and an imaginary one for an electric-field part. Everything
is the opposite for w(, < 0.

An analog of the Rayleigh range in the electric field, defined as the prop-
agation length over which the beam’s cross-sectional area doubles from the
focus, is given by [33]
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This Rayleigh range is extended as compared to the free-space case.
Calculated beam behavior can be properly explained in the framework of
classical particle physics [33]. A paraxial partial de Broglie wave with the
transverse momentum p; and the total momentum p =~ p, describes a parti-
cle with the same parameters. At the waist, a LG beam moving in free space
can be modeled by a continuum of coherent particle states with identical py
and p and various ¢. The distribution of probability of the particle position
azimuth is uniform with respect to ¢. Let rg be the distance between the
particle and the axis of symmetry of the beam. In the transverse plane, any
particle moves freely with constant velocity. At the waist, v, = 0 and the
direction z of its movement is orthogonal to r: dx = vydt. This direction
remains unchanged all the time. After time ¢, the azimuth of the particle
position changes, the radial velocity becomes nonzero, and the distance to

the axis of symmetry increases: r(t) = ,/ré + vitQ. To check the compati-

bility with wave theory, we need to determine the connection between r and
z. Since dz = v,dt =~ vdt and vys/v = py/p, we obtain

P37
P

r(z) =/rd + (15)
Comparison with Eq. (9) shows the equivalence of two approaches at ro =
Wo, Py = 2h/w.

If the beam waist coordinate is z = 0 and the beam is accelerated at
z > 0, then p = hk(z) and p, remains unchanged. However, v, decreases
in classical and quantum-mechanical pictures because v, = py/€(z). In this
case, dv = [py/€(2)]dt = [ps/p(2)]dz. After integration, we obtain

dz _ P 1, K1+ K22+ Ko\ /142K 2+ K222 (16)
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It is amazing that the same substitution as before, ro = wo, py = 2h/wy,
results in Eq. (11) for the beam width.

This simple model perfectly explains a fundamental suppression of trans-
verse spreading of the beam in an electric field, but it is approximate. It does
not take into account the real quantum-mechanical structure of the LG state.
In particular, there is a radial motion even at the waist and the transverse
and longitudinal momenta are not definite. Nevertheless, the model perfectly
explaines Eq. (11) which describes an evolution of the beam width.

Vortex beams can enter an electric field not only from free space but also
from a solenoid. In this case, wy; = 0 for a Landau state, but w{ can be
positive and negative for a LG beam with a spatially oscillating width [9,10].
While an electric field extraordinarily suppresses transverse spreading of the
beam, the beam focusing can be important. We suppose that it can be
performed with magnetic lenses.

Our results can be directly applied to electrostatic linear accelerators
(linacs) [37] accelerating electrons by a static and approximately uniform



electric field. They also cover RF linacs with a time-varying RF field [15,22].
When the beam motion is synchronized with the RF oscillations, the beam
is governed by an approximately static and uniform electric field acting on
moving electrons. Further studies of this regime are necessary and can be
considered as an outlook.

It is known that the helical motion of particles in a magnetic field is
followed by the radiation of vortex photons and can lead to loosing OAMs
|38-46]. Certainly, the decrease of the particle OAM is equal to the total
OAM of radiated photons [38,44]. Tt can be proven [33] that the acceleration
of particles in a uniform electric field does not decrease their OAMs. Al-
though the radiation of non-vortex photons cannot change the particle OAM
and destroy the beam coherence, but it can influence the wave function. This
effect does not occur within the framework of the classical theory of radiation
but can appear when the energies of the photon and particle are comparable.

In summary, the practically important problem of acceleration of vortex
beams is studied. It is shown that charged particle beams keep their coher-
ence and OAMs in a uniform electric field, despite the emission of photons.
Stationary LG wave eigenfunctions of relativistic twisted Dirac fermions ac-
celerated in such a field are rigorously derived in the “hard-edge” approxi-
mation. The evolution of the beam in the field is considered in detail. The
important effect of extraordinary suppression of transverse spreading of the
beam is discovered, carefully analyzed, and appropriately explained. Our re-
sults can be successfully used for the acceleration of vortex beams in linacs.
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