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We study the free energy and the angular momentum of rotating hot gluon matter using first-
principle numerical simulations of the SU(3) lattice Yang-Mills theory. We calculate the specific
moment of inertia and the specific deformation of the gluon matter as, respectively, the leading and
next-to-leading terms in a series in angular velocity over a broad range of temperatures and various
spatial boundary conditions. We show that the specific deformation, similarly to the moment of
inertia, takes negative values in a phenomenologically interesting region of temperatures above the
phase transition and turns positive at higher temperatures.

PACS: 11.15.Ha; 12.38.Gc; 12.38.Mh; 12.38.-t

Introduction

Modern experiments on heavy-ion collisions provide us with unique access to the effects
emerging in quark-gluon plasma (QGP) under various extreme conditions including high
temperatures, strong magnetic fields and baryon densities. Since the QGP is described by
Quantum Chromodynamics (QCD), these experiments allow us to test the theory of strong
interaction in different regimes, thereby improving our understanding of its nonperturbative
properties.

One of the extreme environments is given by a rapid rotation, which has attracted signifi-
cant interest in the last decade. The STAR collaboration [1] measured the global polarization
of A, A-hyperons and estimated an average vorticity as w ~ 10722 s7! ~ 10 MeV. Hydrody-
namical simulations predict that vorticity may reach even larger values, w ~ 20—40 MeV [2],
which may significantly affect the thermodynamic properties of QGP.

The theoretical analysis of a vortical system is drastically simplified under the assumption
that the vorticity is constant throughout the whole volume, implying that the system rotates
with a uniform angular velocity 2 similar to a rigid body. In this case, friction between
cylindrical layers is absent and the system resides in the thermodynamic equilibrium.

Various aspects of the rotating QGP have been studied in different approaches [3-46].
Lattice calculations predict exotic properties of rotating QGP, including a spatially inho-
mogeneous mixed phase [45,46] and a negative moment of inertia [42-44], which may be a
manifestation of negative spin-vortical coupling for gluons at temperatures close to the phase
transition (“the negative Barnett effect”) [44]. These non-trivial effects may also be related
to the anisotropy in the gluonic action developed at the curved co-rotating background [46].

In this paper, we study the mechanical properties of the rotating hot gluon matter focus-
ing on its free energy and angular momentum. We calculate two leading terms in a series of
these quantities over the angular velocity thus extending our previous study [42—44|, where
only the leading term has been addressed.
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Rotating gluodynamics on the lattice

We consider the system in thermal equilibrium in the reference frame rotating together
with the system around the z-axis. To determine the coordinates in this corotating non-
inertial frame, x® = (t,z,y, 2) = (t,rcos p, rsinp, z), one uses the following transformation,
o=¢— O, t=1, 2=z where 2, = z® = (t,7cos @, 7sin @, z) are the coordinates in the
inertial laboratory frame. This transformation leads us to the curvilinear metric,

ds® = g drtds” = (1 — r*Q*)dt* + 2yQ dt dz — 22Q dt dy — da® — dy® — dz2?, (1)

which reduces the effect of rotation to that of an external gravitational field. Having in mind
the numerical simulations that are performed in the Euclidean spacetime, it is convenient to
make a Wick rotation and consider the Euclidean metric:

ds? = gfydx’“‘dx” = (14 r*03)dr? — 2y d7 dw + 20 d7 dy + do* + dy?® + dz*,  (2)

where we introduced the imaginary angular velocity Q; = 0p/0T = —idp /0t = —ifQ.
The partition function of gluons in the curved background (1) can be written as a path
integral over the gluon fields,

Z=Tr [e-ﬁ/ﬂ - / DAe=SalAl (3)

where H is the Hamiltonian of the system in the rotating frame. The Euclidean action, Sg,
is given by the following general expression,
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where F}7, is the gluon field-strength tensor and the inverse temperature 1/T" sets the size of
the system in a compact Euclidean time 7 = it.
As a result, the action of rotating gluons has a structure of quadratic polynomial in the
angular velocity,

Sa

S = So+ Q81 + Q35 (5)

where S is the action of non-rotating gluodynamics, operator S; is related to the angular
momentum at vanishing rotation, given by a product of chromoelectric and chromomagnetic
fields, and operator S, contains the squares of chromomagnetic fields only. The explicit
forms of these operators can be found in Refs. [37,39,46].

Note that the Euclidean action (5) would be complex-valued in the case of real rotation,
which makes it impossible to simulate a real-rotating system directly within the Monte Carlo
technique due to the sign problem. In contrast, for an imaginary angular velocity, the sign
problem is absent so that we can carry out the lattice simulations for imaginary rotation
and then analytically continue the results to real angular velocity. We consider the system
of a finite size in x and y directions thus respecting the causality condition r < 1.

We discretize the action for rotating gluons (5) following Refs. [37,39]. We use the
tree-level improved Symanzik action for the €2;-independent contributions to the action and
chair-clover discretization for the terms that explicitly depend on the angular velocity. To
set the lattice spacing, a, we use the data for the string tension taken from Ref. [47].

The simulations are performed on the lattices of the size N; x N, x N2 (N, = N, = Nj).
In order to check the sensitivity of our results to the presence of the boundaries in the
orthogonal directions x and y, we studied the system with different, periodic (PBC) and
open (OBC), boundary conditions. Notice that in our work, the temperature 7' = 1/N;a is
a global parameter identified with the inverse length of the compactified temporal direction.
The Ehrenfest-Tolman law for the metric (2) implies that the local temperature depends on

the radial coordinate and coincides with 7" only at the axis of rotation (see a discussion in
Ref. [46]).



Angular momentum and free energy of rotating gluodynamics

Free energy of a rotating system can be represented as a series in angular velocity:

Fy(T.R) ,  FuT.R)

F(TvRaQ):FO(TvR)_ 2 4

Qt— . (6)

where F{y = fy V' is the free energy at vanishing rotation.

For a system of characteristic radius R, the coefficients F,, in the series (6) depend on
the system size, F,, = i,(T) VR", where the specific quantities i, are functions of tempera-
ture [32,42-44|. These quantities, that determine a mechanical response of the thermody-
namic ensemble to the rotation with a constant angular velocity, also determine the angular
momentum of the system:

J=J, =~ <8—F) =VOR® (i, + is(QR)* +i6(QR)* +...) . (7)
o),

The leading contribution, iy, is a specific moment of inertia at vanishing angular velocity,
whereas the higher-order coefficients describe a deformation of the system due to the mass-
energy redistribution in the rotating system.

For the rotating gluodynamics, the specific moment of inertia was calculated in Refs. [42—
44] using two different methods. In this study, we present our first results for the specific
deformation coefficient, i4.

For the thermodynamic ensemble with partition function (3), the imaginary angular
momentum, J; = ¢J, reads as follows:

oF olnZ

Note that this expression explicitly depends on the angular velocity because the calcu-
lations are performed in the rotating reference frame. Indeed, one may transform the
“rotating” gluon fields, F},,, to the ones in the laboratory frame, FW, using the relation
E, = %ggj F,5. Then, after performing an inverse Wick transformation to real time, the
usual expression for the gluon angular momentum in the laboratory frame can be recon-
structed, J = Jpa = [T (fﬂgl{) — yT%), where T is the stress-energy tensor of the
gluon field.

On the lattice, the dimensionless total imaginary angular momentum (8) is calculated as

follows,

) 2N4 sub
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where s = T/V - Sy, s9 = T/V - Sy and R = (Ns; — 1)a/2 is the distance from the axis
of rotation to the lattice boundary (in the x,y-plane, the system has the shape of square
2R x 2R). We subtract a zero-temperature contribution in Eq. (9), calculated with the same
lattice parameters but on the lattice with a large temporal extension, to avoid divergence in
the final result, [(s,)]™" = (si)7 — (si)7=0 = (8i)n, — (8i) Npo—n.. This approach differs from
the method used in Ref. [37]|, where only the contribution s; to the angular momentum was
calculated without subtraction.

Figure 1 (left) shows the total angular momentum J; as a function of the velocity of
rotation QR for different temperatures. The data were obtained on the lattice 5 x 30 x 1212
with both types of boundary conditions. One can readily see that while the results for OBC
and PBC slightly differ from each other, they demonstrate qualitatively the same behavior
as functions of the angular velocity.
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Fig. 1. The imaginary angular momentum as a function of the imaginary angular velocity, calculated

on a full lattice (left) and on a square sublattice of size 2R’ x 2R’ (center, right) with periodic (P)
and open (O) boundary conditions for R'T' = 11 and R'T = 10.
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Fig. 2. The specific moment of inertia io and deformation iy as a function of temperature computed
on the lattices of different sizes with periodic boundary conditions.

To estimate the influence of the boundary conditions on the rotational properties of the
system, we also computed the total angular momentum, J; = j;V’, on a square sublattice
of size 2R’ x 2R/, where R' = R — 1N;a and R — 2N,a. After discarding the outer layer
of the width of (R — R) = 2N;a = 2/T near the boundary, we find that the results for
different boundary conditions are in good agreement with each other (see Fig. 1 (right)).
This result confirms our earlier observation that the rotation of the gluonic medium in the
bulk is independent of the boundary conditions due to the screening of the boundary effects
via the (thermal) gluon mass effects [39,46].

We fit the results for total angular momentum by the polynomial function of the imagi-
nary rotational velocity, v; = Q/R:

Ji(Toor) _ () (D) 5 i6(T)

5
T T A T A o (O (10)
which is inspired by the representation of the free energy (6) for an imaginary rotating
system, Q% = —Q2. In our simulations, we consider the domain of the imaginary angular

velocities v; < 1/4/2, where the causality condition is satisfied. Consequently, the best-fit
values i, in the fitting function (10) correspond to the coefficients in the expansion (7) after
an analytic continuation, Q2 — —Q2.

The coefficients iy and iy, calculated on the lattices 4 x 24 x 972, 5x 30 x 1212, 6 x 36 x 1452,
7 x 42 x 1692 with PBC, are shown as functions of temperature in Fig. 2. We do not present
the subsequent coefficients ig, ig, etc, due to large statistical uncertainties in their values.
The hatched region in Fig. 2 shows the continuum limit extrapolation, 1/N; — 0.

The specific moment of inertia, is, takes negative values below the supervortical tempera-
ture, T, ~ 1.5T,y, where T, is a critical temperature of the confinement-deconfinement phase
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Fig. 3. The specific moment of inertia iy and deformation i4 in the continuum limit as a function of
temperature calculated in the lattices with periodic/open boundary conditions and square sublat-
tices of different sizes 2R’.

transition in non-rotating gluodynamics. This result, which is in agreement with our previous
studies, has been suggested to be a manifestation of the negative Barnett effect [44]|. At high
temperatures, the moment of inertia is a positive quantity, in agreement with our intuition
originating from classical mechanics. Asymptotic freedom supports this claim, since at high
temperatures — or, equivalently, at large momentum transfer — the running QCD coupling
becomes small, driving gluon interactions into a weak-coupling, quasi-classical regime.

The specific deformation coefficient, iy, exhibits a similar behavior in the studied tem-
perature region, T > 1.17T,y. The deformation coefficient is positive at high temperatures
and becomes negative below a certain fixed value of temperature, T' ~ (1.6 — 1.8) T, which
is slightly higher than the supervortical temperature T ~ 1.57 .

Note that in classical mechanics, positive values of the deformation coefficient indicate
a natural redistribution of the mass to the periphery in the rotating system, whereas the
negative values correspond to the opposite behavior: as the rotation frequency increases, the
mass tends to gather near the axis of the rotating system. Let us stress that this mechanical
property of the gluon plasma does not fit our intuition coming from the classical mechanics
that predict an exactly opposite behavior for a rotating system. This exotic mechanical
property can be correlated with the recent observation of Refs. [45,46] that rotating gluon
gas may form an exotic, spatially inhomogeneous mixed phase within a finite temperature
interval above T,. In this mixed phase, the “heavy” deconfinement phase is positioned in
the center of the real rotating system, whereas the periphery is in the confinement phase.
When the angular velocity increases, the boundary between two phases shifts closer to the
rotation axis [45,46]. We suppose that the negative values of the deformation coefficient is
a direct manifestation of this mixed phase.

The results for the coefficients i,, quantitatively depend on the boundary conditions. In
Fig. 3, the continuum limit extrapolation results are presented for lattices with PBC and
OBC, calculated for the full system of size RT = 12 and for square sublattices of different
size R'T = 10,11. From these data, it follows that the effects of boundary conditions for the
specific moment of inertia may be of the order of ~ 20% at high temperatures and it can
reach even ~ 30 — 40% at T = 1.17 .

However, the dependence of the results on the boundary condition has a systematic
nature which can be easily taken under control. The difference comes as a result of a
boundary effect: the results quickly come to agreement after discarding a thin boundary
layer in agreement with our results described earlier. The same trend takes place for the
deformation coefficient but the effect of discarding the boundaries is not so clearly visible



due to the larger uncertainties. Note that the coefficient values i, are also affected by the
geometry of the system. These properties of the system will be studied in forthcoming
publications devoted to an analysis of angular momentum density.

Conclusions

Using first-principle lattice simulations, we calculate the angular momentum of rotating
SU(3) gluodynamics for different temperatures and angular velocities. From these data, we
extract the specific moment of inertia, iy, and the specific deformation, iy, of the rotating
gluon system with two different types of boundary conditions in the z,y-directions. The
coefficients i, determine the free energy of rotating system (6) at non-zero angular velocity.
The results for the specific moment of inertia are in agreement with previous studies [42-44].
It was found that the deformation coefficient is positive at high temperatures, in accordance
with classical expectations, but it is negative below ~ 27,5, which may be a signal of an
exotic mixed inhomogeneous phase, predicted for this temperature range in Refs. [45,46].
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