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Представлен краткий обзор недавних расчетов адронного вклада от
рассеяния света-на-света в аномальный магнитный момент мюона в
нелокальной кварковой модели. В лидирующем порядке по 1/Nc этот
вклад состоит из кварковой бокс-диаграммы, дополненной резонансными
обменами. Ключевой особенностью данных расчетов является то, что
двухфотонные форм-факторы мезонов в модели зависят не только от
виртуальностей фотонов, но и от виртуальности самого мезона. Вследствие
этого кварковая бокс-диаграмма обеспечивает правильную асимптотику
операторного разложения. Показано, что результат модели остается
достаточно стабильным при её расширении за счет включения частиц со
спином 1.
A brief review of recent nonlocal quark model calculations of the hadronic light-

by-light contribution to the muon’s anomalous magnetic moment is presented. To
the leading order in 1/Nc, the contribution consists of a quark box diagram sup-
plemented by resonance exchanges. A key point in these calculations is that the
two-photon transition form factors of the mesons in the model depend not only on
the photons’ virtualities but also on that of the meson. Consequently, the quark
box diagram provides the correct OPE asymptotic. It is shown that the model’s
result is quite stable when the model is extended to include spin-1 particles.
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Introduction

The anomalous magnetic moment (AMM) of the electron [1, 2] and the
muon [3] are quantities that can be measured experimentally and calculated
theoretically with high precision. The electron AMM is dominated by electro-
magnetic interactions, with only small corrections from strong interactions,
whereas the muon AMM is more sensitive to other contributions. A discrep-
ancy between the measured and calculated values could indicate the presence
of unknown interactions – commonly referred to as New Physics (NP). For
many years, the observed discrepancy made the muon AMM a promising
signal for NP. However, the situation has changed dramatically in recent
years.

The experimental measurement at Fermilab with a precision of 127 ppb [3]
represents a fourfold improvement over the earlier result from Brookhaven
National Laboratory [4].

On the theoretical side, while the electromagnetic and weak contributions
are well-established and their precision has improved, the calculation of the
strong interaction contribution is more challenging. The strong interaction
contributions—hadronic vacuum polarization (HVP) and the subleading (in
the fine-structure constant) hadronic light-by-light (LbL) scattering—cannot
be reliably computed using perturbative QCD. For a long time, the leading-
order HVP contribution was estimated primarily using experimental data
on e+e− annihilation into hadrons. However, recent cross-section measure-
ments of e+e− → π+π− from the threshold up to 1.2 GeV by the CMD-3
collaboration [5] deviate significantly from all previous results. Conversely, a
lattice QCD calculation by the BMW Collaboration [6] achieved sub-percent
precision for the HVP contribution, comparable to the precision of the data-
driven methods. Consequently, the White Paper (WP) 2025 [7] employs the
lattice QCD value for the Standard Model prediction of the muon AMM. As
a result, the discrepancy between the latest experimental result [3] and the
WP 2025 update [7] has substantially diminished, indicating no significant
tension between experiment and theory within the current precision.

The aim of this work is to present the results of our recent papers [8, 9],
which calculate the LbL contribution within a nonlocal quark model that
includes vector and axial-vector particles, and to compare them with the
results obtained in the model with only scalar and pseudoscalar sectors [10–
12].

Quark models

The Lagrangian of the SU(2) model, which incorporates pseudoscalar,
scalar, vector, and axial-vector mesons, is given by

L = Lfree + LP,S + LV,A, Lfree = q̄(x)(i∂̂ −Mc)q(x), (1)
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where Mc is the current quark mass matrix with diagonal elements mc, while
G1 and G2 are the coupling constants in the pseudoscalar–scalar (P,S) and
vector–axial-vector (V,A) sectors, respectively. For the strange quark sec-
tor, a straightforward generalization of the four-quark interactions to the
SU(3) group is insufficient. To correctly describe the η–η′ mass splitting,
the six-quark ’t Hooft determinant interaction must also be included in the
Lagrangian

L = Lfree + LP,S − H
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where H is six-quark coupling constant.
The nonlocal quark currents are given by

J
a{,µ}
M (x) =

∫
d4x1d

4x2 f(x1)f(x2) q̄(x− x1) Γ
a{,µ}
M q(x+ x2), (3)

with M = S, P, V,A. The spin-flavor matrices are defined as: Γa
S = λa,

Γa
P = iγ5λa, Γa,µ

V = γµλa, Γa,µ
A = γ5γµλa. In the SU(2) case, the flavor ma-

trices are given by λa ≡ τa for a = 0, . . . , 3, where τ 0 = 1. This interaction
structure finds motivation in the instanton liquid model [13]. The func-
tion f(x) represents a form factor encoding the nonlocal nature of the QCD
vacuum. The SU(2) model can be bosonized via the standard Hubbard–
Stratonovich transformation by introducing auxiliary mesonic fields P, S, V,A
for each quark bilinear. For the SU(3) case, however, the bosonization re-
quires the use of the stationary phase approximation [14].

The scalar isoscalar field develops a nonzero vacuum expectation value,
⟨S0⟩0 = σ0 ̸= 0. Shifting the field as S0 = S̃0 + σ0 to obtain a physical
scalar field with zero vacuum expectation value leads to the emergence of
a momentum-dependent quark mass. The separable structure of the quark
current allows the momentum dependence to be factorized, resulting in a gap
equation of simple form. For the SU(2) model, it reads:

m(p) = mc +mdf
2(p), md = G1

8Nc

(2π)4

∫
d4Ek

f 2(k2)m(k2)

k2 +m2(k2)
. (4)

This gap equation for the scalar coefficient md can be solved numerically.
The corresponding quark propagator is given by

S(p) = (p̂−m(p))−1. (5)

Meson propagators are derived from the quadratic terms in the meson fields
in the one-loop effective Lagrangian. The quark loops contributing to the
propagators of vector and axial-vector mesons must be decomposed into lon-
gitudinal and transverse components with the help of appropriate projectors.
The transverse components correspond to physical spin-1 states, while the
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Fig. 1. Leading-order 1/Nc topologies for the hadronic light-by-light contribution:
(a) quark box diagram; (b) meson resonance exchanges.

longitudinal components are related to spin-0 degrees of freedom. In the case
of coupled pseudoscalar–axial-vector states, mixing arises through quark po-
larization loops involving both pseudoscalar and axial-vector vertices. The
physical states of the π–a1 system are determined by solving the matrix
equation. Interactions with the electromagnetic gauge field are incorporated
into the nonlocal quark currents, which generates additional nonlocal vertices
involving an arbitrary number of photons [12]. Furthermore, the photon ac-
quires dressing through intermediate vector mesons. This dressing does not
lead to renormalization of the photon mass or quark charge, as required by
electromagnetic gauge invariance [9].

LbL contribution

The projection technique can be used to calculate the LbL contribution
to the muon’s AMM:

aHLbL
µ =

1

48mµ

Tr ((p̂+mµ)[γ
ρ, γσ](p̂+mµ)Πρσ(p, p)) ,

Πρσ(p
′, p) = −ie6

∫
d4q1
(2π)4

∫
d4q2
(2π)4

1

q21q
2
2(q1 + q2 − k)2

γµ× (6)

× p̂′ − q̂1 +mµ

(p′ − q1)2 −m2
µ

γν p̂− q̂1 − q̂2 +mµ

(p− q1 − q2)2 −m2
µ

γλ ∂

∂kρ
Πµνλσ(q1, q2, k − q1 − q2),

where mµ is the muon mass, and the static limit kµ ≡ (p′ − p)µ → 0 is
implied. By averaging over the direction of the muon momentum, the result
for aHLbL

µ becomes a three-dimensional integral with the radial integration
variables Q1, Q2 and the angular variable [12].

In order to obtain the diagrams contributing to the LbL process in the
quark model, it is necessary to use 1/Nc counting rules: each quark loop yields
a factor of Nc due to the trace over color indices, while each meson propagator
contributes a factor of 1/Nc. Therefore, at leading order in 1/Nc, the LbL
amplitude is saturated by two topologies of diagrams, schematically depicted
in Fig. 1: the quark box (a) and resonance exchanges (b). In the model, the
transition form factor depends not only on the virtualities of the photons but
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also on that of the meson. This dependence arises because mesons are quark-
antiquark bound states. A similar situation occurs in the local NJL model
and in the Dyson-Schwinger approach to QCD. This dependence leads to a
suppression of the resonance exchange contributions shown in Fig. 1(b). As a
result, the correct QCD asymptotic behavior is provided by the box diagram
contribution [10], while resonance exchanges and vector-meson dressing of
photons do not alter this result [9]. In the model, the transition form factor
depends not only on the virtualities of the photons but also on that of the
meson. This dependence arises because mesons are quark-antiquark bound
states. A similar situation occurs in the local NJL model and in the Dyson-
Schwinger approach to QCD. This dependence leads to a suppression of the
resonance exchange contributions shown in Fig. 1(b). As a result, the correct
QCD asymptotic behavior is provided by the box diagram contribution [10],
while resonance exchanges and vector-meson dressing of photons do not alter
this result [9].

The LbL contribution in the model with spin-1 particles differs from that
in the model without the vector meson sector for the following reasons:

• The model parameters differ, as they are fitted to observables including
π–a1 mixing,

• There is an additional intermediate axial-vector LbL contribution of
the type shown in Fig. 1(b),

• The internal photon lines are dressed by intermediate vector meson
exchanges.

The total LbL contribution in the model with only scalar–pseudoscalar de-
grees of freedom is (168± 12.5)× 10−11 [12]. The estimated contribution in
the model with vector–axial-vector sector is1 [9]

aHLbL
µ = (154± 12.4)× 10−11. (7)

A comparison of our results with spin-1 particles [8,9] and the model with
only scalar–pseudoscalar interactions [10–12] is presented in Fig. 2, along-
side results from lattice QCD, phenomenological estimates, effective mod-
els2, Dyson–Schwinger studies, and AdS/QCD calculations. Additionally, we
show the difference between the experimental value [3] and the theoretical
prediction from the WP 2025 update [7] without the HLbL contribution.
When combining our LbL result (7) with the WP 2020 values [15], a signif-
icant theory-experiment discrepancy of approximately 200 × 10−11 persists.
However, using the WP 2025 values [7] together with our LbL contribution
(7) not only changes the sign of the discrepancy but also reduces its mag-
nitude to about −1 × 10−11. Thus, our result substantially constrains the

1The strange-quark sector contribution is taken from the model without spin-1 mesons.
2The line between effective models and phenomenological approaches is somewhat

blurred.
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parameter space for NP scenarios while producing a theoretical value con-
sistent with experimental measurements of the muon’s anomalous magnetic
moment.
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Fig. 2. Hadronic LbL contribution in different approaches (references given from
top to bottom): lattice QCD calculations (Mainz) [16], (RBC/UKQCD) [17],
(BMWc) [18]; phenomenological estimations in dispersive formalism HSZ2025
[19], using combinations of different contributions WP 2025 [7], WP 2020 [15],
DRV2019 [20], J2017 [21], “Glasgow consensus” [22], N/JN2009 [23]; in effective
models ENJL+π(K) loop (BPP) [24], ENJL+HLS + phenomenology (HKS) [25],
in CχQM [26]; DSE&BSE studies GFW2013 [27]; AdS/QCD result for different
models LMR2024 [28]; in nonlocal quark model without vector and axial-vector
mesons [12] and with spin-1 particles [9]. The thin vertical line corresponds to
difference between experimental value [3] and theoretical prediction minus HLbL
contribution while shaded region to the theoretical error without HLbL contribu-
tion from WP 2025 [7].


