Impact of antiparticle degrees of freedom on neutrino
flavor oscillations in frames of quantum field theory
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Nzyuatorcs ieiiBopHble OCHUJLISIIUN HERTPUHO C UCIOJIH30BAHUEM I10JIX0OJIA
ocHOoBaHHOrO Ha KBaHTOBOH Teopun moas (KTII), B koropom HeHTpHHO
CUNTAIOTCH BUPTYAJbHBIMU vacTUaMu. B jganHoM dopMasiu3Me HUCHOAB3YIOTCH
IpOonararopbl MacCOBBIX cOCTOsHUI Hefirpuuo. Panee, nmpumensisi 9TOT MOAXO
K OCHWLIATNAM HEATPUHO BO BHEIIHUX MOJIX, ITPUMEHSJIOCh PAa3JI0KEeHNe
IPONAaraTopoB C TMOC/JEAYIOMNM HKCIOJB30BAHUEM TOJBKO BKJIAJA3 YACTHUI[ I[IPH
BBIYHCJIEHUY MAaTPUYHOTO 3jieMeHTa. B Hacrosieit pabore npuBeieno obocHOBaHUE
CIIPABEJIMBOCTH TAKOTO POJIa MpeodpasoBaHuil Ha MTPUMepe OCITUJIISIINT HEHTPIHO
B Bakyyme. B mnpuHIuIe, moJiydeHHbIE DE3YJIbTATBI MOTYT OBITH 000OIIEHbI Ha,
Caydail OCIM/TANUAM HERTPUHO BO BHEITHWX mojisax B pamkax KTTL.

We study neutrino flavor oscillations using the approach based on the quantum
field theory (QFT), where neutrinos are taken to be virtual particles. One deals
with the propagators of neutrino mass eigenstates in this formalism. Previously,
while applying this approach to neutrino oscillations in external fields, we decom-
posed the propagators and used only the particle contribution in the calculation
of the matrix element. In the present work, we carefully justify the validity of this
kind of transformation by considering neutrino oscillations in vacuum. In principle,
the results obtained can be extended for the QFT applied to neutrino oscillations
in external fields.
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In the wake of numerous experiments (see, e.g., Ref. [1,2]), neutrinos were
established to be massive particles having nonzero mixing between different
flavors. These neutrino properties result in transitions between neutrino
types which are called neutrino flavor oscillations. Historically, neutrino os-
cillations are described using the quantum mechanical approach (see, e.g.,
Ref. [3]). However, this kind of formalism was shown in Ref. [4] to have
certain shortcomings.

To avoid some of the shortcomings, the approach, where neu-
trino states are represented as noncovariant wave packets, was pro-
posed (see, e.g., Ref. [5]). The covariant generalization of the neu-
trino wave packets formalism was developed in Ref. [4]. Neverthe-
less, an approach to scrutinize neutrino oscillations, consistent with
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Fig. 1. The schematic illustration of the process which corresponds to neutrino
flavor oscillations in frames of QFT.

the quantum fields theory (QFT), has to be developed. This kind
of formalisms was developed in Refs. [6—8]. The originally proposed
QFT approach was significantly extended in Ref. [4], e.g., by the
consideration of the covariant wave packets of in- and out-states of
particles involved in a reaction.

As a rule, the QFT approach incorporates both the production, the prop-
agation, and the detection of neutrinos. Neutrinos are supposed in Ref. [6]
to be produced in a source, which is a heavy nucleus N, in a reaction with
the incoming charged lepton lg, [3+ N — N +neutrinos. Then, these neutri-
nos propagate in space and interact with a detector, which again is a heavy
nucleus N’. A charged lepton [, is produced in the wake of this interaction,
neutrinos + N’ — N’ +1,. If [, # l, the process in question is interpreted
as neutrino oscillations. Note that neutrinos are taken to be virtual particles
in this approach. The described process is schematically depicted in Fig. 1.

In Refs. [9,10], we extended the above picture of neutrino oscillations to
include various external fields which neutrinos can interact with. In partic-
ular, we considered the cases of the neutrino interaction with background
matter and with an external magnetic field. Note that neutrino oscillations
in external fields in frames of QFT were also studied in Refs. [11-13].

The main purpose of the present work is to justify one assumption made
in Refs. [9,10]. As we shall see shortly, a process interpreted as neutrino
oscillations involves the propagators of virtual neutrinos. In Refs. [9, 10],
these propagators were decomposed into particle and antiparticle parts, with
only one them being used in the computation of the matrix element. The
remaining part was claimed to give a negligible contribution to the matrix
element for ultrarelativistic neutrinos. It is an expected but not so obvious
assumption. Now, we demonstrate the validity of this statement considering
neutrino oscillations in vacuum.

In frames of QFT, the following S-matrix element corresponds to neutrino



flavor oscillations,
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where

Ju = Z ZN ROV (2)
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is the operator valued leptonic current, J* is the nuclear current operator,
and Giy is the coupling constant, and v* = (7°,+) are the Dirac matrices.
In Eq. (2), the operators of flavor neutrinos, vy, and of charged leptons, [y,
stay as the left chiral projections o< £(1 —~%), where v° = in%y'7243,

The flavor neutrinos, which interact with other particles in the standard
model, do not have definite masses. To diagonalize the mass term in the
neutrino Lagrangian, one introduces the neutrino mass eigenstates 1,, with
the masses m,, which are the superposition of the neutrino flavor eigenstates.
If we deal with only two neutrinos for simplicity, e.g., v. and v, this matrix

transformation reads

by = Z Usatn,  (Usa) = ( cosf sinf )7 (3)
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where 6 is the vacuum mixing angle.

Assuming that the nuclei in a source and a detector of neutrinos are quite
heavy, as well as that charged leptons propagate as plane waves, one rewrites
Eq. (1) as

S = —21GE0(E, — Eg)e” PeX2tiPeXiiz (4)
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where
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is the matrix element, ug = ug(ps) and u, = un(ps) are the spinors of
incoming and outgoing charged leptons having the momenta pj; = (Ej, ps)
and pt = (E4, Pa), £ = (Ea+E3)/2, L is the vector connecting the positions
of a source x; and a detector x5, and

Sa(q") =
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is the 4D Fourier image of the vacuum propagator of a neutrino mass eigen-
state S,(z —y) = —i(0 ‘T {@Da(x)@/)a(y)}’ 0). ]
We cast the propagator to the form, S, = sS4 4 S((lw), where
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Here E, = /q¢?> + m2 is the energy of a massive neutrino. The propagator

S in Eq. (7) has the positive imaginary term +i0 in the denominator. We
referred to such a function in Ref. [9] as to the propagator of particles. On

the contrary, S in Eq. (8) has the negative imaginary term —i0 in the
denominator. We can attribute it to the antiparticle propagator.

We calculate the contributions of both neutrinos and antineutrinos to
the matrix element in Eq. (5) by replacing S, — S5 and S, — 5. To
simplify the calculations we adopt the forward scattering approximation for
leptons by taking that uf ; = (0,0,0,1)". It means that both leptons are
left polarized and propagate along the positive direction of the z-axis. We
rely on the Dirac matrices in the chiral representation here. We also suppose
that L = Le,.

First, we study the particles contributions to the matrix element. Using
Eq. (7), one gets that
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Then, we use the cylindrical coordinates for the momentum of the virtual

neutrino, q = pe, + ze,. Taking into account Eq. (9), the integral in Eq. (5),
averaged over leptonic states, becomes
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The integral over z in Eq. (10) is computed in the complex plane. Assuming
that L > 0, we should close the contour in the upper half plane to provide
the integral convergence. The poles of the integrand, which are the solution
of the equation £ — E, +i0 = 0, have the following form:

Vg — p? 410, if p < po,
0=9. /33 . (11)
P =, if p> po,
where pg = \/FE — m2.
Decomposing the denominator of the integrand in Eq. (10) near the pole,
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since E,(z9) = E, one obtains that
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The remaining integrals over p in Eq. (13) are computed with help of the
expressions,
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Eventually, one gets that
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As a rule, one considers the situation when the propagation distance is great,
L > E~'. Thus, we can neglect the last term in Eq. (18).

Using Eqs. (3) and (18) and considering the two neutrinos system, one
gets the particle contribution to the matrix element in the form,
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where we assume that neutrinos are ultrarelativistic with m, < F.
Now, we compute the antiparticle contribution to the matrix element.

For this purpose, we substitute S in Eq. (8) to Eq. (5). We just list the
main modifications in Eqgs. (9)-(18). Equation (9) becomes
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The integral in the matrix element reads
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Instead of Eq. (11), the poles of the integrand in Eq. (21) are
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Note that we close the contour also in the upper half plane while integrating
over z. The decomposition in Eq. (12) takes the form,
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since E,(Z)) = —FE.
The integral in Eq. (13) is rewritten as
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The integrations in Eq. (24) can be carried out if we replace L — —L in
Egs. (14) and (15). The final result for I; reads
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Using Eq. (25), one gets the antiparticle contribution to the matrix element,
2
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where we are based on the same assumptions as for the derivation of Eq. (19).
Comparing Eqgs. (19) and (26), one obtains that
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Thus, the antiparticle part of the propagator in Eq. (8) gives a contribution
to the matrix element which is negligible for ultrarelativistic neutrinos.

Finally, we demonstrate that the matrix element in Eq. (19) results in
the appropriate transition probability expression. Based on the fact that
Py, < | M., %, one gets that

2
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where Am? = m2 — m?. One can see that Eq. (28) reproduces the known
expression for the transition probability of neutrino oscillations in vacuum
(see, e.g., Ref. [3]).
In conclusion, we mention that we have analyzed the validity of the de-
composition of the propagators of neutrino mass eigenstates which was used
in Ref. [9]. After the separation of the particle and antiparticle parts in



the propagator, one uses only the particle part in the formalism for the de-
scription of neutrino flavor oscillations based on QFT. We have shown that
the contribution of the antiparticle part to the matrix element is suppressed
for ultrarelativistic neutrinos. This fact has been demonstrated for neutrino
oscillations in vacuum since one can carry out all the calculations analyti-
cally in this case. Despite the QFT based description of neutrino oscillations
in external fields is more complicated technically, one can extrapolate the
obtained result to this kind of situations.
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