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Èçó÷àþòñÿ ôëåéâîðíûå îñöèëëÿöèè íåéòðèíî ñ èñïîëüçîâàíèåì ïîäõîäà
îñíîâàííîãî íà êâàíòîâîé òåîðèè ïîëÿ (ÊÒÏ), â êîòîðîì íåéòðèíî
ñ÷èòàþòñÿ âèðòóàëüíûìè ÷àñòèöàìè. Â äàííîì ôîðìàëèçìå èñïîëüçóþòñÿ
ïðîïàãàòîðû ìàññîâûõ ñîñòîÿíèé íåéòðèíî. Ðàíåå, ïðèìåíÿÿ ýòîò ïîäõîä
ê îñöèëëÿöèÿì íåéòðèíî âî âíåøíèõ ïîëÿõ, ïðèìåíÿëîñü ðàçëîæåíèå
ïðîïàãàòîðîâ ñ ïîñëåäóþùèì èñïîëüçîâàíèåì òîëüêî âêëàäà ÷àñòèö ïðè
âû÷èñëåíèè ìàòðè÷íîãî ýëåìåíòà. Â íàñòîÿùåé ðàáîòå ïðèâåäåíî îáîñíîâàíèå
ñïðàâåäëèâîñòè òàêîãî ðîäà ïðåîáðàçîâàíèé íà ïðèìåðå îñöèëëÿöèè íåéòðèíî
â âàêóóìå. Â ïðèíöèïå, ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü îáîáùåíû íà
ñëó÷àé îñöèëëÿöèÿì íåéòðèíî âî âíåøíèõ ïîëÿõ â ðàìêàõ ÊÒÏ.

We study neutrino �avor oscillations using the approach based on the quantum
�eld theory (QFT), where neutrinos are taken to be virtual particles. One deals
with the propagators of neutrino mass eigenstates in this formalism. Previously,
while applying this approach to neutrino oscillations in external �elds, we decom-
posed the propagators and used only the particle contribution in the calculation
of the matrix element. In the present work, we carefully justify the validity of this
kind of transformation by considering neutrino oscillations in vacuum. In principle,
the results obtained can be extended for the QFT applied to neutrino oscillations
in external �elds.

PACS: 14.60.Pq; 11.10.-z
In the wake of numerous experiments (see, e.g., Ref. [1,2]), neutrinos were

established to be massive particles having nonzero mixing between di�erent
�avors. These neutrino properties result in transitions between neutrino
types which are called neutrino �avor oscillations. Historically, neutrino os-
cillations are described using the quantum mechanical approach (see, e.g.,
Ref. [3]). However, this kind of formalism was shown in Ref. [4] to have
certain shortcomings.

To avoid some of the shortcomings, the approach, where neu-
trino states are represented as noncovariant wave packets, was pro-
posed (see, e.g., Ref. [5]). The covariant generalization of the neu-
trino wave packets formalism was developed in Ref. [4]. Neverthe-
less, an approach to scrutinize neutrino oscillations, consistent with
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Fig. 1. The schematic illustration of the process which corresponds to neutrino

�avor oscillations in frames of QFT.

the quantum �elds theory (QFT), has to be developed. This kind
of formalisms was developed in Refs. [6�8]. The originally proposed
QFT approach was signi�cantly extended in Ref. [4], e.g., by the
consideration of the covariant wave packets of in- and out-states of
particles involved in a reaction.

As a rule, the QFT approach incorporates both the production, the prop-
agation, and the detection of neutrinos. Neutrinos are supposed in Ref. [6]
to be produced in a source, which is a heavy nucleus N , in a reaction with
the incoming charged lepton lβ, lβ+N → Ñ+neutrinos. Then, these neutri-
nos propagate in space and interact with a detector, which again is a heavy
nucleus N ′. A charged lepton lα is produced in the wake of this interaction,
neutrinos + N ′ → Ñ ′ + lα. If lα ̸= lβ, the process in question is interpreted
as neutrino oscillations. Note that neutrinos are taken to be virtual particles
in this approach. The described process is schematically depicted in Fig. 1.

In Refs. [9, 10], we extended the above picture of neutrino oscillations to
include various external �elds which neutrinos can interact with. In partic-
ular, we considered the cases of the neutrino interaction with background
matter and with an external magnetic �eld. Note that neutrino oscillations
in external �elds in frames of QFT were also studied in Refs. [11�13].

The main purpose of the present work is to justify one assumption made
in Refs. [9, 10]. As we shall see shortly, a process interpreted as neutrino
oscillations involves the propagators of virtual neutrinos. In Refs. [9, 10],
these propagators were decomposed into particle and antiparticle parts, with
only one them being used in the computation of the matrix element. The
remaining part was claimed to give a negligible contribution to the matrix
element for ultrarelativistic neutrinos. It is an expected but not so obvious
assumption. Now, we demonstrate the validity of this statement considering
neutrino oscillations in vacuum.

In frames of QFT, the following S-matrix element corresponds to neutrino



3

�avor oscillations,

S =− 1

2

(√
2Gint

)2 ∫
d4xd4y

×
〈
Ñ , Ñ ′, lα

∣∣T {j†µ(x)Jµ(x)jν(y)J†
ν(y)

}∣∣N,N ′, lβ

〉
, (1)

where
jµ =

∑
λ

ν̄λLγµlλL, (2)

is the operator valued leptonic current, Jµ is the nuclear current operator,
and Gint is the coupling constant, and γµ = (γ0,γ) are the Dirac matrices.
In Eq. (2), the operators of �avor neutrinos, νλ, and of charged leptons, lλ,
stay as the left chiral projections ∝ 1

2
(1− γ5), where γ5 = iγ0γ1γ2γ3.

The �avor neutrinos, which interact with other particles in the standard
model, do not have de�nite masses. To diagonalize the mass term in the
neutrino Lagrangian, one introduces the neutrino mass eigenstates ψa, with
the massesma, which are the superposition of the neutrino �avor eigenstates.
If we deal with only two neutrinos for simplicity, e.g., νe and νµ, this matrix
transformation reads

νλ =
∑
a=1,2

Uλaψa, (Uλa) =

(
cos θ sin θ
− sin θ cos θ

)
, (3)

where θ is the vacuum mixing angle.
Assuming that the nuclei in a source and a detector of neutrinos are quite

heavy, as well as that charged leptons propagate as plane waves, one rewrites
Eq. (1) as

S = −2πG2
intδ(Eα − Eβ)e

−ipαx2+ipβx1 iMβ→α, (4)

where

Mβ→α = ūαγ
L
0

∑
a

UαaU
∗
βa

(∫
d3q

(2π)3
eiqLSa(E,q)

)
γL0 uβ(pβ), (5)

is the matrix element, uβ = uβ(pβ) and uα = uα(pα) are the spinors of
incoming and outgoing charged leptons having the momenta pµβ = (Eβ,pβ)
and pµα = (Eα,pα), E = (Eα+Eβ)/2, L is the vector connecting the positions
of a source x1 and a detector x2, and

Sa(q
µ) =

γµq
µ +ma

q2 −m2
a + i0

, (6)

is the 4D Fourier image of the vacuum propagator of a neutrino mass eigen-
state Sa(x− y) = −i

〈
0
∣∣T {ψa(x)ψ̄a(y)}∣∣ 0〉.

We cast the propagator to the form, Sa = S
(ψ)
a + S

(ψ̄)
a , where

S(ψ)
a =

1

2(q0 − Ea + i0)

(
γ0 − 1

Ea
γq+

ma

Ea

)
, (7)

S(ψ̄)
a =

1

2(q0 + Ea − i0)

(
γ0 +

1

Ea
γq− ma

Ea

)
. (8)
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Here Ea =
√
q2 +m2

a is the energy of a massive neutrino. The propagator

S
(ψ)
a in Eq. (7) has the positive imaginary term +i0 in the denominator. We

referred to such a function in Ref. [9] as to the propagator of particles. On

the contrary, S
(ψ̄)
a in Eq. (8) has the negative imaginary term −i0 in the

denominator. We can attribute it to the antiparticle propagator.
We calculate the contributions of both neutrinos and antineutrinos to

the matrix element in Eq. (5) by replacing Sa → S
(ψ)
a and Sa → S

(ψ̄)
a . To

simplify the calculations we adopt the forward scattering approximation for
leptons by taking that uLα,β = (0, 0, 0, 1)T. It means that both leptons are
left polarized and propagate along the positive direction of the z-axis. We
rely on the Dirac matrices in the chiral representation here. We also suppose
that L = Lez.

First, we study the particles contributions to the matrix element. Using
Eq. (7), one gets that

ūαγ
L
0

(
γ0 − 1

Ea
γq+

ma

Ea

)
γL0 uβ(pβ) =

1

2

(
1 +

qz
Ea

)
. (9)

Then, we use the cylindrical coordinates for the momentum of the virtual
neutrino, q = ρeρ+ zez. Taking into account Eq. (9), the integral in Eq. (5),
averaged over leptonic states, becomes

Iψ =ūαγ
L
0

(∫
d3q

(2π)3
eiqLS(ψ)

a (E,q)

)
γL0 uβ(pβ)

=
1

8π2

∫ ∞

0

ρdρ

∫ +∞

−∞
dz

(
1 + z

Ea

)
eizL

E − Ea + i0
. (10)

The integral over z in Eq. (10) is computed in the complex plane. Assuming
that L > 0, we should close the contour in the upper half plane to provide
the integral convergence. The poles of the integrand, which are the solution
of the equation E − Ea + i0 = 0, have the following form:

z0 =

{√
ρ20 − ρ2 + i0, if ρ < ρ0,

i
√
ρ2 − ρ20, if ρ > ρ0,

(11)

where ρ0 =
√
E −m2

a.
Decomposing the denominator of the integrand in Eq. (10) near the pole,

E − Ea + i0 = −(z − z0)
dEa
dz

∣∣∣∣
z=z0

+ · · · = −(z − z0)
z0
E
, (12)

since Ea(z0) = E, one obtains that

Iψ =− i

4π

[ ∫ ρ0

0

ρdρeiL
√
ρ20−ρ2

(
1 +

E√
ρ20 − ρ2

)

+

∫ ∞

ρ0

ρdρe−L
√
ρ2−ρ20

(
1− iE√

ρ2 − ρ20

)]
. (13)
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The remaining integrals over ρ in Eq. (13) are computed with help of the
expressions, ∫ ρ0

0

ρdρ
eiL

√
ρ20−ρ2√

ρ20 − ρ2
= − i

L
(eiρ0L − 1), (14)∫ ρ0

0

ρdρeiL
√
ρ20−ρ2 = − i

L2
eiρ0L(Lρ0 + i)− 1

L2
, (15)∫ ∞

ρ0

ρdρ
e−L

√
ρ2−ρ20√

ρ2 − ρ20
=

1

L
, (16)∫ ∞

ρ0

ρdρe−L
√
ρ2−ρ20 =

1

L2
. (17)

Eventually, one gets that

Iψ = −Ee
i
√
E−m2

aL

4πL

(
1 +

√
E −m2

a

E
+

i

LE

)
. (18)

As a rule, one considers the situation when the propagation distance is great,
L≫ E−1. Thus, we can neglect the last term in Eq. (18).

Using Eqs. (3) and (18) and considering the two neutrinos system, one
gets the particle contribution to the matrix element in the form,

M(ψ)
e→µ ≈− EeiEL

4πL
sin 2θ

[
e−i

m2
2L

2E

(
1− m2

2

4E2

)
− e−i

m2
1L

2E

(
1− m2

1

4E2

)]
.

= −Ee
iEL

4πL
sin 2θ

[
e−i

m2
2L

2E − e−i
m2

1L

2E +O
(
m2
a

E2

)]
, (19)

where we assume that neutrinos are ultrarelativistic with ma ≪ E.
Now, we compute the antiparticle contribution to the matrix element.

For this purpose, we substitute S
(ψ̄)
a in Eq. (8) to Eq. (5). We just list the

main modi�cations in Eqs. (9)-(18). Equation (9) becomes

ūαγ
L
0

(
γ0 +

1

Ea
γq− ma

Ea

)
γL0 uβ(pβ) =

1

2

(
1− qz

Ea

)
. (20)

The integral in the matrix element reads

Iψ̄ =ūαγ
L
0

(∫
d3q

(2π)3
eiqLS(ψ̄)

a (E,q)

)
γL0 uβ(pβ)

=
1

8π2

∫ ∞

0

ρdρ

∫ +∞

−∞
dz

(
1− z

Ea

)
eizL

E + Ea − i0
. (21)

Instead of Eq. (11), the poles of the integrand in Eq. (21) are

z̄0 =

{
−
√
ρ20 − ρ2 + i0, if ρ < ρ0,

i
√
ρ2 − ρ20, if ρ > ρ0.

(22)
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Note that we close the contour also in the upper half plane while integrating
over z. The decomposition in Eq. (12) takes the form,

E + Ea − i0 = (z − z̄0)
dEa
dz

∣∣∣∣
z=z̄0

+ · · · = −(z − z̄0)
z̄0
E
, (23)

since Ea(z̄0) = −E.
The integral in Eq. (13) is rewritten as

Iψ̄ =
i

4π

[ ∫ ρ0

0

ρdρe−iL
√
ρ20−ρ2

(
1− E√

ρ20 − ρ2

)

+

∫ ∞

ρ0

ρdρe−L
√
ρ2−ρ20

(
1− iE√

ρ2 − ρ20

)]
. (24)

The integrations in Eq. (24) can be carried out if we replace L → −L in
Eqs. (14) and (15). The �nal result for Iψ̄ reads

Iψ̄ =
Ee−i

√
E−m2

aL

4πL

(
1−

√
E −m2

a

E
+

i

LE

)
. (25)

Using Eq. (25), one gets the antiparticle contribution to the matrix element,

M(ψ̄)
e→µ ≈Ee

−iEL

4πL
sin 2θ

[
m2

2

4E2
ei

m2
2L

2E − m2
1

4E2
e−i

m2
1L

2E

]
, (26)

where we are based on the same assumptions as for the derivation of Eq. (19).
Comparing Eqs. (19) and (26), one obtains that

|M(ψ̄)
e→µ|

|M(ψ)
e→µ|

∼ m2
a

E2
≪ 1. (27)

Thus, the antiparticle part of the propagator in Eq. (8) gives a contribution
to the matrix element which is negligible for ultrarelativistic neutrinos.

Finally, we demonstrate that the matrix element in Eq. (19) results in
the appropriate transition probability expression. Based on the fact that
Pνe→νµ ∝ |Me→µ|2, one gets that

Pνe→νµ(L) = sin2 2θ sin2

(
∆m2

4E
L

)
, (28)

where ∆m2 = m2
2 − m2

1. One can see that Eq. (28) reproduces the known
expression for the transition probability of neutrino oscillations in vacuum
(see, e.g., Ref. [3]).

In conclusion, we mention that we have analyzed the validity of the de-
composition of the propagators of neutrino mass eigenstates which was used
in Ref. [9]. After the separation of the particle and antiparticle parts in
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the propagator, one uses only the particle part in the formalism for the de-
scription of neutrino �avor oscillations based on QFT. We have shown that
the contribution of the antiparticle part to the matrix element is suppressed
for ultrarelativistic neutrinos. This fact has been demonstrated for neutrino
oscillations in vacuum since one can carry out all the calculations analyti-
cally in this case. Despite the QFT based description of neutrino oscillations
in external �elds is more complicated technically, one can extrapolate the
obtained result to this kind of situations.
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