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Beam Production,
Acceleration
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Pearce Gun - Child—Langmuir Law (3/2 law)

B “Ideal” electron gun does not have

transverse electric field — just longitudinal

field for particle acceleration
B Poisson’s equation
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B Discontinuity 2ep @

equation: J=pvV=17p
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B Combining: ¢ =47 U
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B Solution: ¢ =A4z" = n(n—1)Az _47”\/2&42:1 —~n-2=-n/2

B Child-Langmuir (CL) law: [/ % U

— = Z=97Z"2/33ﬂ24/3
2o = P2 =(97)) \ 26
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Virtual Cathode
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B Excessive cathode current _ | | n
i1s reflected by virtual s
cathode

B The same space charge limitation 1s for the beam current of 1on
sources

B Space charge limitation of the beam current reduces shot noise
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Electrostatic Axial-symmeftric Focusing
B Laplace’s equation

1 ? 1 E.
Ap=0=1 (921,90 6 195y %
r or\_ or oz’ r or Oz
B For small » we can assume dFE./dz=const and integrate
OF
/E ~— r@E:rE r@EZ:> E},z—i ]
2 Oz 2 0Oz 2 Oz
B Decfocusing at the Pearce gun exit
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Electrostatic Axial-symmetric Focusing (2)

B Axial symmetric electrostatic lens
j Edz=0
‘ r

=> no focusing in the 1% order
¢ Two contributions: Imbalances due to l
e change of longitudinal velocity =l & il

e change of radial position

B Introduce: U/Us=u(z) and assume ¥ = t, €xp(-z" /207)
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Numerical solution in paraxial approximation
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Magnetic Axial Symmetric Focusing

[ Motlon equations in cyhndrlcal frame in paraxial approximation

2
dpr m7/V9 L F d’r l doY + € d@ B —-v.B
z z70
) dt r ' ) ar dt mcy a’t
M d
= (rpe):rFH 1df,.d0)_ e (v.B.—v,B,)
L dt dt 7 dt dt mcy
do do 1 dB
= -, f— - B —0 B =
Vo= P, T2 4

N Transmng from ¢ to z and substituting B,
d*r (d@j _eB. do

2 = 2 r
dz dz mc” Py dz

ld( dﬁj e (rdB drBj
rdz\ dz me’By\2 dz  dz

. . . . 2 d@ el"sz _ )
The last equation is easily integrated -+~ = By const (Busch’s theorem)
do eB

For zero initial transverse velocity one obtains: =

d’r eB, ’ 1 eB, ’ eB. ’ 1 1dr
ar o o= ===
dz¢ \2mc*By ) 2\ mc*By 2mc’ By F  rdz

Focusing is proportional to B2
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Quadrupole Focusing

2 2 ofil of
Scalar potential: $ %X —V S és -
.. ‘*1..

Magnetic field: ﬁj:G{_yx} ))\ 7dliia) :

A
el ]

Force: 4| p, y

y
Il

Integration FPath

i
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Angle change in the thin-lens approximation
o e

o0, | p, Pely
e(GL)

Poc
Equation of motion in paraxial approximation
d’ {x} _ﬁ{_x} Focusing is proportional

7=
ds* | y| pecl Y to G, i.e. B, but
defocusing is present

= CDx’y El/Fx’y =
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Quadrupole Focusing (2)

Solution of motion equations

x| | Acos(kx)+ Bsin(kx) 2 _eG
y| | Ceh(kx)+Dsh(kx) |~ =~ p,c

Transfer matrix
{x} | cos(ky)  k7'sin(kx) {x} y| | ch(kx) k7'sh(kx) || ¥
0|, |—ksin(kx) cos(kx) ||6,|  |0,], |ksh(ke) chkx) |6, ]

In agreement with the Liouville theorem detM =1

Transfer matrix of empty space

1 L X x+ L6,
M, = : =
0 0 0, |, 0.

Transfer matrix of triplet (thin lens approximation)

[1 n][1 L][l n] [1 L][l n]_ gl gt 2L(L-& + 1
3 1o )hze 1) ot ) e 1) g

L8l Tarite

Overall focusing still goes as B
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Linear Theory
of Beam Stability
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Equations for Uncoupled Motion

B [Linearized equation of motion
x" +(Kx2 +k)x =0

where: K.(s)=K,=eB (s)/Pc, k(s)=k=eG(s)/Pc

B In Hamiltonian form

[ dx _OH
ds dp
< . pz , x2
dp  OH with H="—+(K +k)=
— = 2 2
L ds dx

B General solution of 2-nd order linear equation
x(s)=C(s)x(0)+S(s)0(0), O(s)=dx/ds

where C(s) and S(s) two linear independent solutions

We can rewrite it in matrix form
x(s) B M, (s) M, (s) || x(0)
{9(5)}_{M21(S) MD(S)MQ(OJ or | X(s)=M(s)x(0)
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Conservation of the Phase Space Volume
Jacobian does not depend on time

2 2
i p0+d—pds i x0+@ds l—aHdS aljds
d ( o(p,q) j_i P ds P s _df| ap P =0
ds| 0 d ds|| & 2 }
s\ 9(Po-4) S11.9_ p0+d_PdS o x0+@ds > 82HdS 1+aHdS
ox, Ox, ds 0" x OxOp
rdx_c'?H
<a’S dp
where we used |dp _ oH
L ds dx

= The phase space volume is conserved in the course of motion
M|=1

and, consequently,

B The conservation of the phase space volume is also justified for
multidimensional motion.
It 1s called Liouville theorem
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Betatron Motion in a Ring

B Arbitrary turn-by-turn betatron motion at a given place may be
presented through eigen-vectors

X, = Re(Aln (A1V1)+A2n (szz)) where Mv, =Av, . k=12

¢ Stable betatron motion requires |Ak| =l = A, = A/ (since real M)

+i
¢ Introduce betatron frequencies so that A1,z =e”

Corresponding betatron tune (fractional part): O = ¢/ 27

B Description of betatron motion for the entire ring

¢

¢

The eigen-vector V(s)=M(0,5)V is the eigen-vector for the total ring transfer
matrix for coordinate s.

Then we normalize the eigen-vectors so that
v(s)=M(0,s)v(0)e "

and require Im(v,.(s)) =0 and v (s)Sv(s) =—-2i | where S { 0 1}
Then we can describe the entire ring betatron motion

x(s) = NGV Re( ei(w—ﬂ(s))v)

where the action 7 and the betatron phase iy determine initial part. pos.
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The Eigen-vector Parameterization
B Parametrize the eigen-vector )

v VAB(s)
VE|: 1:|EV(S)= Cita(s) | o {

VB(s)

¢ we define that Im(v,(s))=0
¢ The eigen-vectors are orthogonal and correctly normalized

o] g e o 1] YW
v'Sv = ,B(S \/ﬂT I+ 0[(5) =—2i
5) _
VB(s)
vSv=0 or VviSv,=0

J\
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Courant-Snider Invariant

The betatron amplitude (maximum particle displacement) =+2//

. 21
The maximum angle = \/?(1+052) L1+ B 4—;—__—_;_.———-—
K
The maximum angle for x=0 is achieved when 7B
JB(s) 0] /
J2IRe|| i+a(s) €™ |=V2IRe| | 1-ia(s) /
VB VB
21
= Local angular spread: 6, = 5
B Finding action from the known x and &
iy .
V+S|:X = \/ﬁ(e V; CCH orthogonaliy _y Q= —iNJ21 — 1 :% v'Sx

B Courant-Snyder invariant Remember that:

l+a® ,
X

21 = V+SX‘2 = BO° +2ax6 +

Introduction to Beam Dynamics in Accelerators, V. Lebedev, August 26, 2025

S

|

0 1
-1 0

Page | 15

|



Computation
of Machine Optics
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Software for Computation of machine optics

B There are many computer codes allowing one to compute beam optics
B [ mention 3 of them

1. MAD ->MAD-8 -> MADX - supported by CERN
https://mad.web.cern.ch/mad/

2. Elegant - supported by ANL
https://www.aps.anl.gov/Accelerator-Operations-Physics/Software#elegant

3.  OptiMX - supported by Fermilab
https://home.fnal.gov/~ostiguy/OptiM/ (temporary link because of Fermilab security:

https://www.dropbox.com/s/56l4nctnwegf7w7/0ptimX64-20210526-setup.exe?dI=0 )

B In this course we will be using OptiM

¢ Interactive, GUI driven, easy to learn

¢ Operates on major computer platforms: Windows, Unix, MAC

¢ Free installation, Easy to install

¢ Online help (documentation)
B [nput file consists of:

¢ Math header

¢ Main body starting from keyword OptiM. It includes: (1) beam parameters,
(2) element sequence, (3) parameters of elements, (4) service blocks

Introduction to Beam Dynamics in Accelerators, V. Lebedev, August 26, 2025 Page | 17



B1 # 05C straight sextupoles

B2 $ssx21 =11/18; => 1.1 # L=18 cm
B3 §ssx2r =11/18; => 1.1 # L=19 cm
B4 $ssxilr =-6/6; =» -1 # L=6 cm
e

86 $EmitX=8.5696e-88; =» 8.5696e-008
B7 35igmaP=9.86383e-05; =»>9.86383e-005

BB fAcceptX=18.5e-4; =>» 8.8a185

B9 $AcceptY¥=6.6e-4; =>» 0.00066

90 $DeltaPaccept=2.32e-2; => B.8232
S

92 $Bshort="h_str =38 gm3@ bm3@u iSL bm38d gm3@ =38 h_str";
93 $Blong="h_str s6@ gmb@ bm6Bu iSL bmbBd gm6B s68 h_str";

95 $Dp_p=0

96 H------mmm -

97 OptiM

98 Energy[MeV]=%E-%Me Mas[MeV]=5Me

99 Emittance: ex[cm]=%AcceptX ey[cm]=%Accept¥ DP/P=3DeltaPaccept
108 #Emittance: ex[cm]=%EmitX ey[cm]=%EmitX DP/P=%5igmaP

181 Initial: BetaX[cm]=25. 8602 Beta¥[cm]=199.985
182 AlfaX=-7.68374e-108 Alfa¥=-6.6119%1e-16
183 DispersX[cm]=26.9962 DispersY[cm]=0
184 Dsp_PrimeX=1.63293e-11 DspPrimeY=0

185 X=08. ¥=08. I=08.

186 tetaX=9. teta¥Y=a.

1e7

188 begin lattice. Number of periods=1

189 # middle of 0SC straight

118 ol5tart ggxlhl h_05Cmagn olX1L oDiL olX2L h_05Cmagn gbxm bbx1l gbxil
111 h_0SCmagn ssx21 h_05Cmagn olLX6L gbx2Edgel bbx21 gbx olX7L h_05Cmagn
112 #Undulator

113 oowh2l h_und

114 gglindI1il bbwEnd1il ggUnd01il oowl2l ggUndI2il bbwEnd2il ggUnd02il
115 gINbwpl bbwpl gOUTbwpl oowl gINbwuml bbwml gOUThwml oowl gINbwpl
116 gINbwml bbwml gOUTbwml oowl gINbwpl bbupl gOUTbwpl ocowl gINbwml
117 gINbwpl bbwpl gOUTbwpl oowl gINbwml bbwml gQ0UTbhwml oowl gINbwpl
118 gINbwml bbwml gOUTbwml oowl gINbuwpl bbupl gO0UTbwpl oowl gINbwml
£ >

¥ Bata Function [m]

L% OptiMX (LINE) - | *®
File Edit Search Fitting Tools View Viewd4D SpaceCharge Window Preferences  Help
R 5 I dy P 7 T,
sERXHNaEFesVYVYEnOE EEEEE0
LATTICE EDITOR: ota_0SC_vB.6.2.0vI2.0pt =] [oEe 3] || £ Uncoupled Lattice Functions o [=]=]
73 $qqd3r=0.235758; => @.235758 A 16— g e EE B | IR BN EE B (8 AEE G R k2
74 $gqd4r=-8.19847; =3 -@.19047 B
75 3ggelr=0.136764; => 8.136764 g
76 fqgxdr=-1.8815; => -1.8815 -
77 $qqx3r=1.1925; => 1.1925 C
78 # Coupling skew-quad 0.8
79 fsqb2r=0; =» (] r
80 $sgall= 0.002; => 0.902 #0.010846 EEe

I
(=]
o
[w] uoissadsiq Afx

=1

]
Fa

=
'S

CEEIEEEIEE

0 Phases (Uncoupled Lattice Functions)

—

Phase (%Y [2 pi]

i5 20 25

Computations can be done in a ring and beam line modes
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Tune Diagram
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Betatron Oscillations and Tune

Particle trajectory
g -+ As particles go around a ring, they
|deal /

orbit oscillations v (sometimes Q)g;en
" by
1 ¢ ds
v=—-y4
27 B(s)

 This Is referred to as the
litunel!

 We can generally think of the tune in two parts:

Integer: - 64.31

*.. Fraction:
magnet/aperture Beam
optimization Stability
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Integer Resonance Example

" s,
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B Tevatron could see resonances up to 12" order
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Problems

1.

Find the beam current for Pierce electron gun and the focusing distance of its exit lens:
Cathode radius - 1 cm, Anode-cathode distance 3 cm.

Learn how transit from Gauss system to SI system

For uncoupled betatron motion prove that the normalization of eigen-vectors,

v,'SV, =-2i yields that du/ds=1/p.

0 1
S =
Prove that

if vis the eigen-vector for matrix M corresponding to the one turn matrix starting at
s=0 (point 1)

then the vector M2 v will be the eigen-vector of the transfer matrix corresponding to
the point 2. Here M:: is the transfer matrix from point 1 to point 2.
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