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Within the framework of the joint project of MLIT and BLTP an ecosystem is being 

developed for the tasks of studying a system based on Josephson junctions using Python 

in the form of Jupyter Book  is being developed.

The following tasks were solved:

1. Development of algorithm for calculation of current-voltage characteristics of Annular 

system of parallel Josephson junctions  under the external radiation and amplitude 

dependence of Shapiro step width.

2. Realization of parallel calculation of amplitude dependence of Shapiro step width.

Main Tasks 



Ecosystem ML/DL/HPC of HybriLIT platform



Research of systems based on Josephson junctions

Symbolic Computing Unit Calculation, modeling and analysis unit

Acceleration of multiparameter calculations

SymPy is a Python

library for symbolic

mathematics.

Matplotlib is a main 

library for building 

graphs, diagrams 

in Python

SciPy is an open-

source software for

mathematics, 

science and 

engineering.

Numba is an open source JIT 
compiler that translates a subset 
of Python and NumPy code into 
fast machine code.

Joblib is a set of tools 
to provide lightweight 
pipelining in Python



Various possibilities of Jupyter Book

KEY FEATURES

Jupyter Book is an open-source

project for creating interactive

and publishable online books,

documentation, and blogs based

on computational materials.

Jupyter Book supports .ipynb,

Markdown, and reStructuredText

files, allowing you to combine

text with code, equations,

images, and interactive

elements.

Code in Jupyter Notebook can be

executed while building the book,

and the results (output, plots) will

be embedded in the book.

Generation of various types of

materials. We can get the book as

a single or multi-page website,

and we can export it to PDF.

Development of an electronic recourse Jupyter Book 
for conducting research in Python  
http://studhub.jinr.ru:8080/books

The development is carried out on the 

basis of the ecosystem ML/DL/HPC 

heterogeneous platform HybriLIT

http://studhub.jinr.ru:8080/books


The influence of external radiation on the dynamics of 

the Josephson junction

Under the influence of external radiation, in case of the Josephson
frequency is a multiple of the radiation frequency (n ꙍJ =k ꙍ), a
constant voltage step appears on the current-voltage characteristic
(CVC) of the Josephson junction. This step is called a Shapiro step.

The width of the Shapiro step depends 
on the amplitude and frequency of the 
radiation.

The Shapiro step has practical interest, for 
example, a voltage standard was 
implemented on its basis

2K. K Likharev, Introduction to Dynamics of Josephson junctions» — Moscow, «Nauka», 1985
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Amplitude dependence 
of Shapiro step width



Algorithm for calculating the current-voltage 
characteristic
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We set the values ​​of 

the parameters

We set the current 

cycle from I = 0 to 

Imax and back to 

zero

We numerically solve the 

Cauchy problem for fixed I 

and obtain V(t),  𝜑(t), u(t)

Calculate the average voltage
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Plotting a current-

voltage characteristic 

graph

Current voltage characteristic
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We set the values ​​of 

the parameters

We set the current cycle from 

I=0 to Imax and back to zero

We numerically solve the Cauchy problem for 

fixed I and obtain V(t), 𝜑(t), u(t)

Calculate the average voltage
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Plotting a current-

voltage characteristic 

graph

If 𝜀 > 𝑉 − 𝑛𝜔
I decreases

We start to increase 

I

If𝜀 > 𝑉 − 𝑛𝜔

𝐼 > 𝐼𝑠𝑡𝑒𝑝,𝑚𝑎𝑥

𝐼𝑠𝑡𝑒𝑝,𝑚𝑎𝑥 = 𝐼

𝐼 < 𝐼𝑠𝑡𝑒𝑝,𝑚𝑖𝑛

𝐼𝑠𝑡𝑒𝑝,𝑚𝑖𝑛 = 𝐼

We set the values ​​of 

the parameters

We define a cycle 

along A from 

Amin to Amax 

with a step of dA

Calculation of the two-

loop I-V characteristic

We define the Shapiro step

Δ𝐼𝑠𝑡𝑒𝑝 = 𝐼𝑠𝑡𝑒𝑝,𝑚𝑎𝑥 − 𝐼𝑠𝑡𝑒𝑝,𝑚𝑖𝑛

Plotting a graph of the 

step width versus A

Algorithm for calculating the dependence of the Shapiro step 

width on the amplitude

A.R. Rahmonova, I.R. Rahmonova, O.I. Streltsova, M.I.Zuev, Physics of Particles and Nuclei, 
Vol. 55, pp. 528-531 (2024).



Annular system of parallel JJs under the external 

electromagnetic radiation

I. R. Rahmonov, J. Teki´c, P. Mali, A. Irie, and Yu. M. Shukrinov, Phys. Rev. B 101, 024512 (2020)

The current-voltage characteristic of a annular system of parallel Josephson

junctions under the influence of external radiation was studied. The authors

demonstrated that the constant voltage step (Shapiro) arises as a result of

frequency locking of fluxon rotation by external radiation, which differs

from the usual case in which frequency locking of Josephson oscillations

by external radiation occurs.

Until now, the dependence of the step width on the amplitude in this case

has not been investigated.

Schematic view Annular system of 

parallel JJ. It can be described with 

the Frenkel-Kontorova model



Statement of the problem

I. R. Rahmonov, J. Teki´c, P. Mali, A. Irie, and Yu. M. Shukrinov, Phys. Rev. B 101, 024512 (2020)

𝑑2𝜑𝑖
𝑑𝑡2

−
𝜑𝑖+1 − 2𝜑𝑖 + 𝜑𝑖−1

𝑎2
+ 𝑠𝑖𝑛𝜑𝑖 + β

𝑑𝜑𝑖
𝑑𝑡

= 𝐼 + 𝐴 𝑠𝑖𝑛 𝜔𝑡

Frenkel-Kontorova model

Develop an algorithm for finding the step width from the amplitude and speed up the 

calculation process by parallel implementation

𝑎

β
𝐼

𝜔
𝐴

𝜑𝑖 - phase difference

- distance between JJs

- dissipation parameter

- external current

- Amplitude of external radiation

- frequency of external radiation 𝑡 = 0, 𝜑𝑖 = 0,
𝑑𝜑𝑖

𝑑𝑡
=0

Initial condition 𝜑𝑁+1 = 𝜑1 + 2πM

𝜑0 = 𝜑𝑁 − 2πM
M – number of introduced fluxon

Boundary condition

i= 1, 2, … ,𝑁, N − number of Junction



The influence of the amplitude of external radiation on 

the current-voltage characteristics of a annular system
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Current-voltage characteristic at 

A=0, no step
Current-voltage characteristic at 

А=10

Current-voltage characteristic at 

А=25

The computations were performed on the ML/DL/HPC component of the HybriLIT heterogeneous platform ecosystem

with the following specifications: 2x Intel Xeon Gold 6148 (2.4 GHz, 20 cores/40 threads), 512 GB of DDR4 RAM.

CPU parallelization for multiprocessor computation was performed using the numba.prange function.

In this current voltage characteristics we can see resonance branches and in cases A=10 and A=25 we can see also

Shapiro steps which are highlighted with red ellipse.

Arrows indicate

resonant branches

Shapiro step
Shapiro step



Dependence of the Shapiro step width on the amplitude 

and acceleration of calculations

Dependence of the Shapiro step width on the 

external radiation amplitude at a frequency of 𝜔 = 5

Calculation time as a function of the number of 

threads. Acceleration achieved by 34 times



Conclusion

- A toolkit for modeling the physical properties of a annular system of parallel Josephson junctions under the 

influence of an external electromagnetic radiation has been developed.

- Algorithms for calculating the current-voltage characteristic of the considered system and dependence of 

Shapiro step width on amplitude of external radiation have been developed and realized on the Python 

programming language.

- The software realization of the developed algorithms is performed using the Numba library function, 

including the parallelization mechanism when calculating the amplitude dependence of the Shapiro step 

width.





A toolkit based on Python libraries and the Jupyter
ecosystem for solving of scientific and applied problems

http://studhub.jinr.ru:8080/books
http://studhub.jinr.ru:8080/jjbook/intro.html

http://studhub.jinr.ru:8080/books

