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Objective

Context

Recently an ambiguity in specification of the Wigner quasiprobability
distribution for a finite-dimensional quantum system has been studied.

It was shown that for an N-level quantum system one can construct N — 2
parametric family of unitary non-equivalent Wigner quasiprobability
distributions.

The main objective

In the report the moduli space of the Wigner quasiprobability distributions
for N-dimensional quantum systems will be discussed and exemplified for
low dimensional cases: for a single qubit, qutrit and quatrit.
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Introduction
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Introduction

Defining a quantum state
A state of an N-level quantum-mechanical system is described by a density
operator o acting on the CV Hilbert space 2 , satisfying the conditions:
eHermicity : of = o eCompleteness : tr(p) =1;
eSemi-positivity : (¢|o|)) > 0;

aThe states with ¢®> = p are called pure states.

The Wigner function

is constructed from the density matrix o describing a quantum state and
the Stratonovich-Weyl self-dual kernel A(Q2y) defined over the
symplectic manifold Qy:

W(9) = tr (o AQ)) -
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Stratonovich-Weyl correspondence

Stratonovich-Weyl: operators(H) 4§) functions(€2), at that

@ Reconstruction of the state:
o= [ aa@ w,9);
Q

@ Hermicity of the kernel:

© Finite norm:
tr (o) = / dQ W,(Q), / dQA(Q) =1;
Q Q

@ Covariance: the unitary symmetry o' = U(c) o UT(c) induces the
kernel transformation ?

A(Q) = U(a)T A(Q) U(a).

2C. Brif, A. Mann, Phys.Rev.A, 59, 2, 1999
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Master equations

Master equations:

Ly, Abgaryan, A. Khvedelidze, On families of Wigner functions for N-level quantum systems,
arXiv:1708.05981v3, 2018
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Parametrization of the moduli space

The Stratonovich-Weyl kernel

AQv) = %U(Q)

I+5> NS(V)AS] U, w=+NN2-1)/2,

AEH
where

e H is the Cartan subalgebra in SU(N),

@ parameter v = (v1,--- ,vy_2) labels members of the WF family,

e coefficients ZQ’ZZ /1?2_1(1/) =1

A density matrix of an N-dimensional quantum system

1

oe = |1+ W(E,)\)

b

where
e & is an (N2 — 1)-dimensional Bloch vector,
@ A={\1, -, A2_1} is su(N) algebra basis.
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W =tr(oA)
A family of the Wigner functions
1 N2 —1
W Qu) = = |1+ n &),
e ()= T 1( €)
where
e N —= M3n(3) _|_ - _|_ 'u/Nz_ln(N2_1) ,
o n(D =Ler(UNo_ UTN,), s=2,N.
The spectrum {71, - , 7y} of the Stratonovich-Weyl kernel:
N .
1 ( Hs2_1 2(i—1)
mi=—(1+vV2k ——— — K\ ———pp_1 |-
N 5:21;_1 \% S(S B 1) ! /
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Constraints on the spherical angles
The spherical (N — 2) angles:
p3 =sinty - siny o,
Hip—1 =sintyy---sinyy_;COSYn_it1,

Jp2_1 = COS i=2,N.

For decreasing order 7, > --- > wy
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Examples: qubit, qutrit and quatrit
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N=2
The Wigner function of a single qubit

A generic qubit quantum state is parameterized in a standard way

1
Qqubitzi(l+r'o')

by the Bloch vector r = (rsint)cos ¢, rsingsin¢, rcosip).
The master equations determine the spectrum:

spec (P(z)) _ {1+2\/§7 1 —2\@} |

The Wigner function for a single qubit is

W5 = 2+ (rim)

where n = (—cosassin 3, sinasin 3, cos 3) is the unit 3-vector.
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Qutrit kernel and its fundamental region

A generic qutrit state is given by the density matrix

8
1
it = 5 |/ 3 v |
Oqutrit 3< +\f;_1§ )
The Stratonovich-Weyl kernel

A(Q3) = U(Qs) % [/ +2v3 (u3As + usAs)} U(Qs)",

where the coefficients

ia(v) = LTG0, ) = 21— 30)

are functions of the parameter v = 1 — % cos({) with ¢ € [0, 7/3] being
the moduli parameter of the unitary nonequivalent WF of a qutrit.
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The Wigner function of a single qutrit

W) = 5 + 3 (13 (n,€) + s (n® €)].

with two orthogonal unit 8-vectors

n® = %tr [UA3UT>\,,] . n® = %tr [UAguT)\V} .

The master equations
tr(A(Q2)) =1, tr (A(Q)z) =3

determine one-parametric family of kernels P(3)(1/) .
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=3
One-parametric P®)(v)-family

@ The spectrum of generic kernels:

spec(P(3)(y)) _ {1_12/—1_5,1_”_571/} ,

2

where 6=+/(1+v)(5—3v) and ve(-1,-3).

o Two degenerate kernels:

spec (P(3)(—1)) ={1,1,-1}, spec (P(3) (—1/3)) = {?,’_;’_;} .

@ The spectrum of singular kernel:
e (o) = {1572 0. 158 e (i) =

where the m-th Lucas number L, = ¢™ + (—¢)"™ and ¢ = % .
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The ordering of the density matrix The ordering of the SW kernel
eigenvalues‘ 1>n>n>n> O‘and eigenvalues and con-

condition > r; =1 lead to dition Y- p? =1 lead to
& >0 53 usz =sin(, pug=cos(, 0<§<Z.
32V, \/7 . =5=73

1.0

10 05 00 05 1.0
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Quatrit kernel and its fundamental region

A generic quatrit (N = 4) state is given by the density matrix

15
1
Oquatrit = z <I + \/azlfzz)\u> .
The Stratonovich-Weyl kernel

1
A(Qlv) = U(Qw) {/ +V/30 (u3)3 + ps s + M15A15)} u(Qw)t.
The Wigner function of a quatrit

13[{

() =

#3(n, €) + o(n®, €) + prs (), 8)]
with i
n(3819) = Str [U/\3,8,15 UT)\V} :
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N=4
Quatrit density matrix
In a quatrit case, there are 24 ways of the spec (oquatrit) = {r1, 2, 13, ra}
ordering.

The fixed order of the eigenvalues

1>n>n>rn2>n2>0,
0<r<1, Y r=1,

leads to
0§€3§ \/2/37
%§£8§\/§/3,

%S&sﬁl/&
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The master equations

determine two-parametric family of kernels P*) with T > T > W3 > T4

@ Generic kernel:

1—v— 0 1—wv1—1vy—90
spec(P(4)(u1,u2))—{ V12V2+ ; V12V2 ,V1,V2}7

where

5:\/7—!-21/1—31/%4—21/2—21/11/2—31/22.
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e Degenerate kernels:

e Double degenerate
0 11234 : 7y = mp # w3 # 74,
12|34 : 71 # My = w3 # 74,

123|4 : my # mp # W3 = Ty,
1‘23‘4:7‘(1:7{'27&71'3:774.

e Triple degenerate

12|3|4 : 71 # = w3 = g,
1234 :m =my=m3 # 7a.

-1.5
-1.5 0 1

e Singular kernels

Note that
1034 : 11 £ =0 # w3 £ 7y,

7zm:’er—1‘|'%,R‘m—27 7z1::|-77€2:4'; . _
Ln=LmrtLlna, Li=2L=1. 2Hm7m=07m7m,
1004 : 71 # m # w3 = 0 # ma,

with  tr ([Pfg()m]"’) =R
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Parameterizing o by two spherical coordinates

‘Ma =sinyysintyy, pug =sinyicostn, 15 = COS¢1\

and using the constraints coming from the requirement of a decreasing
order of the SW kernel's eigenvalues

U3 13
3 >0, MSZ%; ,U15Zﬁy

we have:

1/}2 S (07 %] )
0 < 1 < arccot (cospp/V2) ;

¢2:07

See Fi 1
0 < 91 < arccot (1/\@) : (See Figurel)

| v1=0.
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Girard’s theorem: the spherical
excess of a triangle determines the
solid angle

w/2+7/3+ /3 —7=4n/24.

Any fixed order of eigenvalues cor-
responds to one of 24 possible

ways to tessellate a sphere.
Figure 1. Mébius (2, 3, 3) triangle with
(w/2,7/3,7/3) angles.
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Conclusions

An ambiguity in the master equation’s solution for Stratonovich-Weyl
kernel is analyzed and the corresponding moduli spaces of the Wigner
QPDF is determined for N = 2,3, 4 quantum systems:

o for the qubit the moduli space is the single point,
o for the qutrit the moduli space is the % arc of the unit circle,

o for the quatrit the moduli space is (2, 3,3) M&bius triangle.

The basic goal of our further studies is

@ to understand a physical meaning of the Wigner function moduli
space;

@ to clarify the role these unitary invariant moduli parameters play in
dynamics of classical and quantum systems.
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Thank you 2 you

2v. Abgaryan, A. Khvedelidze, A. Torosyan, On moduli space of the Wigner quasiprobability
distributions for N-dimensional quantum systems, Zap. Nauch. Sem. POMI, 468, 177-201, 2018
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