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Overview

@ Formulation of the problems and the general set up
@ The main objective
@ Standard form of the Wigner function
@ The Stratonovich-Weyl correspondence

© Constructing the kernel for Wigner distribution
@ Master equations

e Qubit

@ Qubit kernel and the Wigner function

@ Probability of negativity as a measure of non-classicality of space of
states
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Formulation of the problems and the general set up

The main objective

We are interested in phase space representations for finite dimensional
quantum systems

THE GOAL:

@ s it possible to describe the whole family of the WF W,(Q|v) over
the classical phase space (Q2) for a generic N-level quantum system
with density matrix 0?7 (+)

@ What's the nature of negative values of quasiprobability distribution
functions? (?)

© Can the non-classicality of a states be described by the negative
values of the Wigner function

Q -
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Formulation of the problems and the general set up Standard form of the Wigner function

The standard form of the Wigner function

For a given state, describing by the density operator o, the Wigner
function W(q, p) defined on a classical 2n-dimensional phase space
spanned by the canonical coordinates ¢ and momentum p reads

2 z z
W(q,p) := /d”zeﬁz”<q+ Slelg—=3).

QPD’s
Quasi-Probabilty Distributions — “quantum analogue” of the statistical
distribution on the phase space of a classical system

Representation for W via displacement operator D

W =Tr [QDI'IDT}

where D and I1 are the displacement and parity operators respectively.

v
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Formulation of the problems and the general set up The Stratonovich-Weyl correspondence

Symbols and Quasi probability distributions

@ For any operator A on the Hilbert space H of quantum system one
can define a family of functions Fa(; ) onto the phase space .
Here, v labels the parameters fixing the function.

@ When the operator A represents the density matrix, A = g, the
corresponding phase-space functions F,(Q; ) := P(Q; ) are named
as Quasiprobability Distributions.

The Stratonovich-Weyl correspondence

The physically motivated properties of P(£2; ) were formulated by
R.L.Stratonovich more than sixty years ago (1955) and are usually referred
to as the Stratonovich-Weyl correspondence
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Formulation of the problems and the general set up The Stratonovich-Weyl correspondence

The Stratonovich-Weyl Correspondence

Clauses of SW correspondence:

@ Mapping e For a density matrix ¢ the Wigner function W, on the classical
phase-space (Q2) is given by the map:

W, () = tr (pA(Q2))
defined by the Hermitian kernel A(Q) = A(Q)", with a unit norm
/ dQA(Q) =1
Q
@ Reconstruction e The state p can be reconstructed as
p= / dQA(Q)W,(Q).
Q

@ Covariance e The unitary symmetry p' = U(a)pUT(a) induces the kernel
transformation: A(Q) = U(a) T A(Q)U(a)

y
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Formulation of the problems and the general set up The Stratonovich-Weyl correspondence

The Wigner distribution kernel

The Wigner distribution W,(Q2) over a phase space parametrized by the
set Q is determined by the kernel A(Q|v):

Wg(”)(ﬁl, Vo,...,0q.) =tr[o A(Q|v)] = tr QXP(N)(I/)XT ,

Here P(v) = diag||m1, w2, ..., 7Nl

In accordance with the SU(n)-covariance of kernel we identify:

dF - parameters of unitary matrix U(f) € SU(N) with the coordinates of
classical phase-space, Q = (61,... 04,) .
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Constructing the kernel for Wigner distribution Master equations

Deriving the Master equations for A(2)

o Step 1 e The SU(N) symmetry allows to define the “reconstruction”
integral for o over the SU(N) group with the Haar measure:

0=zt / dpsu AQw) tr [oA Q)] -
SU(N)

o Step 2 e Substitute decomposition A = U(0)PUT(0) into the
identity, after fixing
ML 2T 2 2TN.

and evaluate the integral using the Weingarten formula:

- 1
/ dpUijy Vs Uian Urat, = 35— Ok 0ok 0 ik + Ok Ok GOt )

o m (51'1 ki Oipky 5.1'1 b 51'2 h T Oirko Ok 5.1'1 h 6]2 h ).
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Constructing the kernel for Wigner distribution ~ Master equations

Deriving the Master equations for A(2)

(tr[P])? = ZyN, tr[P?] = ZyN?.

@ Step 3 e Fixing Zy : Standardization

ZNl/d'uSU(N) Wi () = rlA],
is satisfied iff tr [P] = Zy N, resulting in Zy = % and
master equations

w[AQ)] =1,  t[AQN)Y = N.

Abgaryan, Khvedelidze, Rogojin, Torosyan Wigner quasiprobability functions December 4, 2018

9/14



Constructing the kernel for Wigner distribution ~ Master equations

In pi, pio, . .. upy2—q orthonormal basis of su(/N)

\/ _1 §:Ms

AeH

AQy|v) = 44JQN < UT(Qn),

with coefficients 115(») defined on an unit sphere Sy_»(1).

The Wigner function
for N dimensional quantum system with NN — 1 dimensional Bloch vector &

N2 —1
VN +1

(N-1)

v 1
Wﬁ( Y(01,0,...,04) = = [1"'

v (n.6)| .

n = Mln(l) —I—,uzn(Z) + . _|_,uN_1n

1 2
nﬁtzitr<uxgﬁxu), p=12... N -1.
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Qubit Qubit kernel and the Wigner function

Qubit kernel and the Wigner function

For a 2-level system the uniquely defined kernel is P(2

qubit parametrized in a standard way by a Bloch vector

r(¢, ¢) = (rsint cos ¢, rsin ¢gsin ¢, rcos ) as g = (/—|—r o),

W,(a, ) = tr [gx p) xf] - % - */; (F(—1). —&),n) .

Lot

L00F
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Frobability OF NCedalivilty a5 a ITicasuic O non=cidassiCality O spalc O
states

Probabolity of negativity

The normalized measure M, = o-=—M {Q| W,(Q) < 0} of the unified
dF

VO/Q
domain where the Wigner function acquires negative values is a measure
of non-classicality (e.g. exhibition of pure quantum correlations).

"How much” non-classicality may be found in uniformly covered set of the
states of an N-level system?

/ M, dVir_s(p).

VoI(Space of states)

Claim

The limit of total non-classicality limy_oo P = 2erfc (\[) = 0.15866-,
and doesn’t depend on the choice of Stratonovich-Weeyl kernel.
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Conclusions

Q It is shown that the kernel A(Q2) satisfies two algebraic “master
equations”;

@ An ambiguity in the solution to those “master equations” has been
analyzed and the moduli space of the Wigner quasiprobability
distribution was determined;

© The positivity of the WF has been studied and the probabilistic
characteristics of negativity of the WF were found.

@ The total non-classicality for infinite level system has been
found.
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Thank you!

«O>» «F>r «=» «E)» .
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