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Photonia has imported a single electron from Qedland, and
physicists are studying its interaction with soft photons
(both real and virtual)

The ground state (“vacuum”) — the electron at rest e = 0
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Lagrangian

L = htidyh
equation of motion
Charge —e
g = —€A0
Equation of motion
1Doh =0
D, =0, —1ieA,
Lagrangian
L = h"iDyh

Not Lorentz-invariant



Lagrangian

+ Lagrangian of the photon field

0, F" = j¥
%= —eh™h

The electron produces the Coulomb field
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Spin symmetry

At the leading order in 1/M, the electron spin does not
interact with electromagnetic field

We can rotate it without affecting physics

In addition to the U(1) symmetry h — e'®h,

also the SU(2) spin symmetry

h— Uh

The electron magnetic moment i = uc
interacts with magnetic field: —ji - B
By dimensionality p ~ e/M

(Bohr magneton e/(2M) up to radiative corrections)

(& —
L —— S 1tB.5h
™= oM 4

Violates the SU(2) spin symmetry at the 1/M level
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Spin-flavour symmetry
ny flavours of heavy fermions
nf
L= hiiDoh;
=1

U(1) x SU(2ny) symmetry

Broken at 1/M; by kinetic energy and magnetic interaction
At the leading order in 1/M, not only the spin direction
but also its magnitude is irrelevant

We can, for example, switch the electron spin off:

L = ¢*iDyp
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Superflavour symmetry
The scalar and the spinor fields together

U(1) x SU(3) symmetry

The superflavour SU(3) symmetry:
> — X% h— e h
» SU(2) spin rorations

o(7)=(29) ()

¢ — an infinitesimal spinor
Broken at 1/M
We can consider, e. g., spins % and 1
SU(5) superflavour symmetry

>
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Feynman rules
Leading order in 1/M

* 1 v
L = SOOZDOSOO I O,uZ/F(éL - (a,uAg)Q

4
The usual photon propagator

1
2(10
The momentum-space free electron propagator

1
= o(p) o(p) P——T7
depends only on pg, not on p
(spin-3 field kg — the unit 2 X 2 spin matrix)
The coordinate-space propagator
x
Static electron does not move
Solving the equation

i0pSo(x) = 0(x)
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Feynman rules

Vertex
1
:‘,}j:;: = ieovl‘
v* = (1,0)

The static field g (or hg) describes only particles,
there are no antiparticles.

No loops formed by static-electron propagators.

The electron propagates only forward in time;

the product of 6 functions for a loop vanishes.

In the momentum space: all poles of the propagators
are in the lower pgy half-plane;

closing the integration contour upwards, we get 0.
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Residual momentum
The full-theory energy M is the HEET zero level
E=M+c¢
€ — the residual energy

P* = Mot 4 p#

» P* — 4-momentum of some state (containing a single
electron) in the full theory
» pt — its momentum in HEET (the residual
momentum)
v* — 4-velocity of a reference frame in which the electron
always stays approximately at rest
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Reparametrization invariance

HEET is applicable if there exists such v that
< M phy <M

This condition does not fix v uniquely: v — v + dv,

dv ~ p/M.

Effective theories corresponding to different choices of v
must produce identical physical predictions:
reparametrization invariance.

Relations between quantities at different orders in 1/M.



Relativistic notation

Lagrangian
L = pjiv - Dy + (light fields)

Free propagator

Mass shell



Spin %

4-component spinor field

Phy = h,
Lagrangian
L = hygiv - Dhyg + (light fields)
Propagator
Solp) = 1;¢p-v1+z'0

Vertex tequ?



Qedland

M+Mp+p 1494 1 N
(Mv+p)2—M2+i0 2 p-v+i0
i)

= —————» O—
Mv+p P * (M

So(MU —l—p) ==




Qedland

M+ My + p I+¢y 1 p
M = = M
So( U+p) (MU+]9)2_M2+ZO 2 pU+ZO+O<M>
_ P
Mv +p _T+O(M>

1+¢W1+¢:1+¢W1+¢
2 2 2 2
We may insert the projectors (1 + 9)/2 before u(P;) and
after u(F;), too, because

pu(Mv +p) = u(Mv+p)+ O <%)



Qedland

We have derived the HEET Feynman rules from the QED
ones at M — oo. Therefore, we again arrive at the HEET
Lagrangian which corresponds to these Feynman rules.



Qedland

We have derived the HEET Feynman rules from the QED
ones at M — oo. Therefore, we again arrive at the HEET
Lagrangian which corresponds to these Feynman rules.

We have thus proved that at the tree level any QED
diagram is equal to the corresponding HEET diagram up to
O(p/m) corrections. This is not true at loops, because loop
momenta can be arbitrarily large. Renormalization
properties of HEET (anomalous dimensions, etc.) differ
from those in QED.



Exponentiation

1-loop correction to xz-space propagator, multiply by itself
Integral in ¢y, to, ¢, ¢, With 0 < t; <ty <t,0<t] <t <t
Ordering of primed and non-primed ¢’s can be arbitrary

6 regions corresponding to 6 diagrams

01ty tgt

“ﬁ’j&“ e ¢ e




Exponentiation

This is 2x the 2-loop correction
1-loop correction cubed is 3!x the 3-loop correction, ...

S(t) = So(t) expwy

2 . 2e
I _ 2 _
w, = (47T)d/2(2> F( 8) (1+d—3 CLQ)

In the d-dimensional Yennie gauge the exact propagator is
free



Exponentiation

No corrections to the photon propagator Z4 = 1: a = ay,

€ =€
Zp =exp |—(a— 3)%E
e
Th = 2(“ - 3)@

exactly!



Operators

Full QED operators — series in 1/M
via HEET operators

O(n) = C(n)O(n) + ﬁ D> Bim)O:(p) + -+

Matching on-shell matrix elements



Electron field
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Electron field

wo(x) — e—in-x |:Zé/2hv0<x) + - ]

On-shell matrix elements

<Oleole(p)> = (23) " u(p)
<Olhuole(p)> = (Z°) u, (k)
1

Bare decoupling Zp*° =
os 1
Zy ()
os 0
Z (e(() ))

Z0 —



Electron field

wo(x) — e—iM’U~x |:Z(])~/2hv0(x) + . ‘i|
On-shell matrix elements

<Oleole(p)> = (23) " u(p)

(
<0lhuole(p)> = (Z)"* u, (k)
Bare decoupling Z;° = 1

Zy ()
Z(ey”)

Z0 —

Renormalized decoupling
Zn(a O (p),a® (1))
Zy(a5" (), a M (p))

2(p) = 20



Gauge dependence of QED propagators
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Gauge dependence of QED propagators

1 k. k,
D) = 5 (o = 255 + AR,

S(z) = Sp(x) e A @-A0)

. qd
Aw) = [ A5



Gauge dependence of QED propagators

1 k. k,
Dok = L (gw - “—) ARk,

2

S(z) = Sp(x) e A @-A0)




Gauge dependence of QED propagators

1 k,k,
D0 = 75 (90— 252) + B0,

S(z) = Sp(x) e A @-A0)

d
1= [ et

A(0) = 0 in dim. reg.

Qg

(K2)?

A(k) =

Landau, Khalatnikov (1955)
Fradkin (1955)
Bogoliubov, Shirkov (1957)
Zumino (1960)



Gauge dependence of Zy, vy

Massless electron

S(x) = So(z)e”™
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Gauge dependence of Zy, vy

Massless electron

S(x) = So(z)e”™

= log Zy + 0,
log Zy(ov,a) = log Zr(a) — a%m




Gauge dependence of Zy, vy

Massless electron

S(x) = So(x)e”™
7(a) = o1(@) + a0 M (%) (-
- <>+a<u>—(’ﬁl )ewr( )

afp
T
= log Zy + 0,
a
log Z = logZ —a—
08 Zy(01,0) = log Z1(0) — a7~

(%
Tp(a,a) = 2@4— +7z(e)
™

dlog(a(p)a(p))/dlog i = —2¢ exactly
vr(a) starts from o?



Gauge dependence of Zy, vy

Massless electron

S(x) = So(x)e”™
7(a) = o1(@) + a0 M (%) (-
- <>+a<u>—(’ﬁl )ewr( )

afp
T
= log Zy + 0,
a
log Z = logZ —a—
08 Zy(01,0) = log Z1(0) — a7~

(%
Tp(a,a) = 2@4— +7z(e)
™

dlog(a(p)a(p))/dlog i = —2¢ exactly
vr(a) starts from o?
known to 5 loops



Gauge independence of z(p) in QED

> 2o = Z,; gauge invariant

(0)
log 7 — (3 — )&
> logZy = (3 —a )47r€
) = s & 1/137
(1)
» log Zy = —a(l)(p)%m + (gauge invariant)
e

» Decoupling aMa® = a0 )
Gauge dependence cancels in log(Zy/Zy)



Result

3 55, 5957\ say?
v o e ) )
+(7T 82756 R’ i) \x) T



Electron propagator near the mass shell
On-shell mass M = My + oM, w < M

P=(M+w)v Y(P) =%o(w) + X1 (w)(p — 1)
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Electron propagator near the mass shell
On-shell mass M = My + oM, w < M

P=(M+w)v Y(P) =%o(w) + X1 (w)(p — 1)

B 1
~ p— My —X(p)

S(P)
1

M +w—%1(w)]p— M+ M — 3p(w) + X1 (w)

The denomunator
(M 4w — 3 (w)]> = [M = M + So(w) — By (w))
should vanish at w = 0:

SM = %(0)



Electron propagator near the mass shell

1
(M +w—31(w)]p — M — 3(w) + Xo(0) + X

S(P) =

w) 1(w)
_ M 4w =5 (W)]f + M+ ¥o(w) — %(0) — X (w)
(M +w — £y (w)]* = [M + Zo(w) — £o(0) — Tu(

1(w)]?



Electron propagator near the mass shell

1
M +w—31(w)]p — M — Zg(w) + 2p(0) + 2

S(P) =

M A w - (w)] P+ M A+ Ep(w) — Xe(0) = X
(M +w — Ty (w)]* = [M + T(w) — £o(0) =
The denominator at w — 0
[M —$1(0) + w — 21 (w) + 21(0))°
— [M = %1(0) + Zo(w) — Z6(0) — 21 (w) + 21(0)]?
~ 2 (M —%4(0)) [w — Xo(w) + Xo(0)]

(w)
1(w)
(

1(w)]?



Electron propagator near the mass shell

1

S(P) = M +w—31(w)]p — M — Zg(w) + 2p(0) + 2

_ M+ w—%1(w)]p+ M+ Xo(w) — 3p(0) — 5
[M +w = S1(@)]* = [M + Zo(w) = Zo(0) - =

The denominator at w — 0

(M — £1(0) + w — 21 (w) + 21(0))°

— [M = %1(0) + Zo(w) — Zo(0) — By (w) + Z4(0))?

~ 2 (M = £41(0)) [w — Zo(w) + o (0)]
The numerator at w — 0

(M —%4(0) (f + 1)

(w)
1(w)
(

1(w)]?



Electron propagator near the mass shell

1

S(P) = M +w—31(w)]p — M — Zg(w) + 2p(0) + 2

_ M+ w—%1(w)]p+ M+ Xo(w) — 3p(0) — 5
(M +w — 51 (w)]* = [M + Zo(w) — £o(0) —

The denominator at w — 0

[M —$1(0) + w — 21 (w) + 21(0))°

— [M = %1(0) + Zo(w) — Zo(0) — By (w) + Z4(0))?

~ 2 (M = £41(0)) [w — Zo(w) + o (0)]
The numerator at w — 0

(M —%4(0) (f + 1)

(w)
1(w)
(

1(w)]?

p+1 1

)~ S TS @) T 50(0)




Heavy—heavy current

Jo = yotewo = Zy(a(p))J (1) coshp=v-0/
r(9) = dlog Z;
dlog

Exponentiation: 1-loop formula is exact



Cusp anomalous dimension

(I




Cusp anomalous dimension

(O[N]

Classical electrodynamics

2
dE = < (9cothd) — 1) dw
272
2
= % (Weothy — 1)-2

d
v 272 w



Cusp anomalous dimension

Unitarity
2
+/|% + ﬁ/' =1

Classical electrodynamics

2

dE = < (9cothd) — 1) dw
272

¢? dw

dw = 5 ~— (Jcothd) — 1)w1+25



Cusp anomalous dimension

Unitarity
2
+/|% + ﬁ/' =1

Classical electrodynamics

2

e
dE = ﬁ(ﬁcothﬂ —1)dw

2 o
dw = 5 (19(:0th19—1)w1+2E
1 [ &2 dw o
F:1—§/)\ 27T2(1900th79—1)w1+28 :1—24—71_6(19C0th19—1)

I = 4%@9 coth® — 1)



Cusp anomalous dimension

Unitarity
2
+/‘\\/ + f/' =1

Classical electrodynamics

2

dE = 5 2(1900th19— 1) dw

o o
dw = o (19(:0th19—1)w1+2E
1 [ €2 dw «
F:1_§/)\ 27T2(1900th19—1)w1+28 = 1—24—7‘_8(’[9C0th’l9—1)

I = 4%(19 coth® — 1)

The Guiness Book of Records: the anomalous dimension
known for the longest time (> 100 years)



Limiting cases
¥ < 1 Series in 92

T(Y) = %192 + O

9> 1 T(W) =0 + O(°)

o
-
T



Limiting cases
¥ < 1 Series in 9?
a
() = —? v
) = 292 4 O(")
v>>1TW) =T+ 0W°)
r,=2
T
Euclidean space cos¥g = v - v/

T(¥g) = 4%(% cot ¥ — 1)

‘ cos Vg

g ‘oi




19E—>7T

Heavy-particle pair production

—.

=1

-~
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Heavy-particle pair production
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T =t
=0
2
1
U(r) = ——



19E—>7T

Heavy-particle pair production

—.

=1t
=0
2
1
U(r) = —=



19E—>7T

Heavy-particle pair production

e 1
U(r) = T A opl-2e
T 2 2
, et T
W = exp {—2/0 dt U(ut)} = exp {ng}



19E—>7T

Heavy-particle pair production

e 1

T g pl-2e
T
W = exp {—z/ dt U(ut)} = exp [z
0

Zj = exp [zi]
2eu

a a
I'=—i— ) — E—
i u =1 [(m—9) 5

62 TZE :|

A7 2eul—2¢



H
QET

L
=L
L -
0 — OO
O - i
0 — (WDQMOQ
thhO L Cm
2h0 2MOO
Zy(as( O( |
s(1)) M>
O 2
k(
14)

O,
= 90th
;B
i
t
R
0 pr—
I
[0
S(N)
)O
m(,u)



HQET

Cy CY 1
L=1L k MO ~—m N0
0+ O+2M0m+@(M2>
LO = h+ZDOh0
Of) = h{ D*ho = Zr( (1)) Ox(11)

O?n = goho+B < Otaho = Zm(as(p1))Om (1)
Reparametrization invariance

Ch=1 Cup)=2'Cl=1



Propagator

H&.ﬁcgjg::%:

o L O
[Ea N 1 R

. 2e
it

S(t) = So(t) exp [%ﬁ (§> S

g (it\*"
+CF(47)d E (CASA—I—TFHZSZ)




Chromomagnetic interaction

_goM™* T(e)
F2(0) = (47)4/2 2(d — 3)
x [2(d — 4)(d — 5)Cp — (d* — 8d + 14)C 4]

IR divergent (unlike QED)




Chromomagnetic interaction

_goM™* T(e)
F2(0) = (47)4/2 2(d — 3)
x [2(d — 4)(d — 5)Cp — (d* — 8d + 14)C 4]

IR divergent (unlike QED)

o 4 a
=20, L 20, (17C, — 13T (-)
Y a3 A(17Cx — 13Tpmy) ym

as(M)
47r+

2
s

M
Co(p) =142 (—OA log m +Cr + CA>



Mass splitting

4 A
My = M = 307(’?)(“)“2@(4) () + 0O ( J?/ZD)
—-9/25
Mp. — My _ ot (M, / {1 +0 ( \QCD
- Qg, ——
Mp. — M, al? (M) M,



In the past

Only renormalizable theories were considered well-defined:
they contain a finite number of parameters, which can be
extracted from a finite number of experimental results and
used to predict an infinite number of other potential
measurements. Non-renormalizable theories were rejected
because their renormalization at all orders in
non-renormalizable interactions involve infinitely many
parameters, so that such a theory has no predictive power.
This principle is absolutely correct, if we are impudent
enough to pretend that our theory describes the Nature up
to arbitrarily high energies (or arbitrarily small distances).



At present

We accept the fact that our theories only describe the
Nature at sufficiently low energies (or sufficiently large
distances). They are effective low-energy theories. Such
theories contain all operators (allowed by the relevant
symmetries) in their Lagrangians. They are necessarily
non-renormalizable. This does not prevent us from
obtaining definite predictions at any fixed order in the
expansion in /M, where E is the characteristic energy and
M is the scale of new physics. Only if we are lucky and M
is many orders of magnitude larger than the energies we are
interested in, we can neglect higher-dimensional operators
in the Lagrangian and work with a renormalizable theory.



Conclusion

Practically all physicists believe that the Standard Model is
also a low-energy effective theory. But we don’t know what
is a more fundamental theory whose low-energy
approximation is the Standard Model. Maybe, it is some
supersymmetric theory (with broken supersymmetry);
maybe, it is not a field theory, but a theory of extended
objects (superstrings, branes); maybe, this more
fundamental theory lives in a higher-dimensional space,
with some dimensions compactified; or maybe it is
something we cannot imagine at present.



Conclusion

The only model-independent method to search for physics
beyond the Standard Model (without inventing arbitrary
scenarios) is to use SMEFT: add operators having higher
dimensions (5, 6) to the Standard Model Lagrangian with
unknown coefficients, and to try to measure these
coefficients experimantally. As soon as some coefficient(s) is
proved to be non-zero, we know that the Standard Model is
not exact. After measuring sufficiently many such
coefficients we can start inventing a more fundamental
theory which explains them.
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