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Q-balls
Q-balls – non-topological solitons with 

time dependent field, carrying conserving 

Noether charge associated with symmetry.

• Certain  types  of  boson  stars  with  appropriate  non-linear  

self-interaction  are  linked  to  the  corresponding  flat  space  

solutions, which represent Q-balls. (R. Friedberg, T. D. Lee and Y. 

Pang, Phys. Rev. D 35 (1987) 3640, B. Kleihaus, J. Kunz and M. List, 

Phys. Rev. D 72 (2005) 064002, J. Kunz, I. Perapechka and Y. Shnir, 

arXiv:1904.13379 [gr-qc])

• These mini-boson stars contribute to early Universe evolution 

scenarios.(R. Friedberg, T. D. Lee and Y. Pang, Phys. Rev. D 35, 

3658 (1987), P. Jetzer, Phys. Rept. 220 (1992) 163, T. D. Lee, Phys. 

Rev. D 35 (1987) 3637.)

• Q-balls may play an essential role in baryogenesis via the 

Affleck-Dine mechanism. (I. Affleck and M. Dine, Nucl. Phys. B 

249 (1985) 361.)

• They were considered as candidates for dark matter. (A. Kusenko

and M. E. Shaposhnikov, Phys. Lett. B 418 (1998) 46.) 2
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The model

𝐿 = 𝜕𝜇𝜓
2
+ 𝐷𝜇𝜙†𝐷𝜇𝜙 +𝑚2𝜓2𝜙†𝜙 + 𝑈 𝜓 −

1

4
𝐹𝜇𝜈𝐹

𝜇𝜈

𝐹μν = 𝜕μ𝐴ν − 𝜕ν𝐴𝜇 𝐷μ𝜙 = 𝜕μ + 𝑖𝑔𝐴μ 𝜙

𝑈 𝜓 = 𝜇 𝜓2 − 1 2

𝜙 → 𝑒𝑖𝛼𝜙

𝜙 – complex scalar field

𝜓 – real scalar field 

U 𝜓 – scalar field potential

𝐴 – gauge field
44

E. Radu, M.S. Volkov, Phys. Rep. 468 (2008) 101 p.52.

𝑈 = 𝜆 Φ 2 Φ 4 − 𝑎 Φ 2 + 𝑏



Noether current

𝑗𝜇 = 𝑖(𝜙𝐷𝜇𝜙
∗ − 𝜙∗𝐷𝜇𝜙)

𝑄 = න𝑑3𝑥 𝑗0

𝜕𝜇𝐹𝜇𝜈 = 𝑔 𝑗𝜈 ቐ
𝜕𝜇𝜕𝜇𝜓 = 2𝜓 𝑚2 𝜙 2 + 2𝜇 1 − 𝜓2

𝐷𝜇𝐷𝜇𝜙 = 𝑚2𝜓2𝜙

𝐿 = 𝜕𝜇𝜓
2
+ 𝐷𝜇𝜙†𝐷𝜇𝜙 +𝑚2𝜓2𝜙†𝜙 + 𝑈 𝜓 −

1

4
𝐹𝜇𝜈𝐹

𝜇𝜈
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Different ansatz

Spherically-symmetric model Axially-symmetric model

𝜓 = 𝑋 𝑟, 𝜃

𝜙 = 𝑌 𝑟, 𝜃 𝑒𝑖 𝜔𝑡+𝑛𝜑

𝐴𝜇𝑑𝑥
𝜇 = 𝐴0 𝑟, 𝜃 𝑑𝑡 + 𝐴𝜑 𝑟, 𝜃 sin 𝜃 𝑑𝜑

𝜒 = 𝑋 𝑟

𝜙 = 𝑌 𝑟 𝑒−𝑖𝜔𝑡

𝐴𝜇 = 𝐴0 𝑟
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Spherical symmetry with 𝑔 → 0 (FLS)

R. Friedberg. T.D. Lee and A. Sirlin. Phys. Rev. D 13 (1976)

𝐿 = 𝜕𝜇𝜉
2
+ 𝜕𝜇𝜙

2
−𝑚2𝜉2 𝜙 2 − 𝑈 𝜉

𝜉 = 𝑋 𝑟 ; 𝜙 = 𝑌 𝑟 𝑒𝑖𝜔𝑡

𝑑2𝑋

𝑑
𝑟2 +

2

𝑟

𝑑𝑋

𝑑𝑟
+ 2𝜇2𝑋 1 − 𝑋2 −𝑚2𝑋𝑌2 = 0

𝑑2𝑌

𝑑𝑟2
+
2

𝑟

𝑑𝑌

𝑑𝑟
+ 𝜔2𝑌 −𝑚2𝑋2𝑌 = 0
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𝜇 → 0

𝑉 𝑋 = 𝜇 𝑋2 − 1 2 𝜇 → 0

8

A. Levin, V. Rubakov arXiv:1010.0030v1 (2010)

𝑋(𝑟)~1 −
𝐶

𝑟
+⋯
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Spherically-symmetric case in FLS model
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Spinning FLS Q-balls

𝜒 𝑟, 𝜃 = A 𝑟, 𝜃
𝜙 𝑟, 𝜃, 𝜑, 𝑡 = B 𝑟, 𝜃 𝑒−𝑖𝜔𝑡+𝑖𝑁𝜑

𝜕2𝐴

𝜕𝑟2
+
2

𝑟

𝜕𝐴

𝜕𝑟
+

cos 𝜃

𝑟2 sin 𝜃

𝜕𝐴

𝜕𝜃
+
1

𝑟2
𝜕2𝐴

𝜕𝜃2
− 𝑘2𝐵2𝐴 − 2𝜆 𝐴2 − 1 𝐴 = 0

𝜕2𝐵

𝜕𝑟2
+
2

𝑟

𝜕𝐵

𝜕𝑟
+

cos 𝜃

𝑟2 sin 𝜃

𝜕𝐵

𝜕𝜃
+
1

𝑟2
𝜕2𝐵

𝜕𝜃2
−

𝑛2

𝑟2 sin2 𝜃
𝐵 − 𝑘2𝐴2𝐵 + 𝜐2𝐵 = 0

𝜕𝐴

𝜕𝑟
0, 𝜃 = 0;

𝜕𝐴

𝜕𝜃
𝑟, 0 = 0

𝐴 ∞, 𝜃 = 1;    
𝜕𝐴

𝜕𝜃
𝑟, 𝜋/2 = 0

𝐵 0, 𝜃 = 0; 𝐵 𝑟, 0 = 0

𝐵 ∞, 𝜃 = 0;
𝜕𝐴

𝜕𝜃
𝑟, 𝜋/2 = 0
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Profile functions of parity even solutions



FLSM 𝑔 ≠ 0

𝑄 = න𝑑3𝑥 𝑔 𝐴0 + 𝜔 𝑌2

𝐽 = න𝑑3𝑥𝑇𝜑
0 = 4𝜋න

0

𝜋

න

0

∞

𝑟2 sin 𝜃 𝑑𝑟𝑑𝜃 𝑔𝐴0 + 𝜔 𝑛 + 𝑔𝐴𝜑 sin 𝜃 𝑌2 + 𝐽𝑒𝑚

𝜓 = 𝑋 𝑟, 𝜃

𝜙 = 𝑌 𝑟, 𝜃 𝑒𝑖 𝜔𝑡+𝑛𝜑

𝐴𝜇𝑑𝑥
𝜇 = 𝐴0 𝑟, 𝜃 𝑑𝑡 + 𝐴𝜑 𝑟, 𝜃 sin 𝜃 𝑑𝜑

𝐽𝑒𝑚 =
1

𝑟2
𝜕𝜃𝐴0 𝐴𝜑 cos 𝜃 + sin 𝜃 𝜕𝜃𝐴𝜑 + sin𝜃 𝜕𝑟𝐴𝜑𝜕𝑟𝐴0 Contribution of EM field

Angular momentum

Charge
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Energy and field equations

𝐸 = 2𝜋න

0

𝜋

න

0

∞

𝑟2 sin 𝜃 𝑑𝑟𝑑𝜃 𝑋𝑟
2 + 𝑌𝑟

2 +
𝑋𝜃
2

𝑟2
+
𝑌𝜃
2

𝑟2
+
1

𝑟2
𝑔𝐴𝜑 +

𝑛

sin 𝜃

2

𝑌2 + 𝑔 𝐴0 + 𝜔 2𝑌2 + 𝜇 1 − 𝑋2 2 +𝑚2𝑋2𝑌2 + 𝐸𝑒𝑚

𝐸𝑒𝑚 =
1

2
𝜕𝑟𝐴0

2 +
1

𝑟2
𝜕𝜃𝐴0

2 +
1

𝑟2
𝜕𝑟𝐴𝜑

2
+

1

𝑟4 sin2 𝜃
𝜕𝜃 𝐴𝜑 sin 𝜃

2

𝜕2

𝜕𝑟2
+
2

𝑟

𝜕

𝜕𝑟
+
1

𝑟2
𝜕2

𝜕𝜃2
+

cos𝜃

𝑟2 sin 𝜃

𝜕

𝜕𝜃
+ 2𝜇2 1 − 𝑋2 −𝑚2𝑌2 𝑋 = 0

𝜕2

𝜕𝑟2
+
2

𝑟

𝜕

𝜕𝑟
+
1

𝑟2
𝜕2

𝜕𝜃2
+

cos 𝜃

𝑟2 sin 𝜃

𝜕

𝜕𝜃
−
1

𝑟2
𝑔𝐴𝜑 +

𝑛

sin 𝜃

2

+ 𝑔𝐴0 + 𝜔2 2 −𝑚2𝑋2 𝑌 = 0

𝜕2

𝜕𝑟2
+
2

𝑟

𝜕

𝜕𝑟
+
1

𝑟2
𝜕2

𝜕𝜃2
+

cos𝜃

𝑟2 sin 𝜃

𝜕

𝜕𝜃
−

1

𝑟2 sin 𝜃
− 2𝑔2𝑌2 𝐴𝜑 =

2𝑛𝑔

sin 𝜃
𝑌2

𝜕2

𝜕𝑟2
+
2

𝑟

𝜕

𝜕𝑟
+
1

𝑟2
𝜕2

𝜕𝜃2
+

cos 𝜃

𝑟2 sin 𝜃

𝜕

𝜕𝜃
− 2𝑔2𝑌2 𝐴0 = 2𝑔𝜔𝑌2
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Parity even and odd solutions

𝑌𝑙
𝑛 𝜃, 𝜑 =

2𝑙 + 1

4𝜋

𝑙 − 𝑛 !

𝑙 + 𝑛 !
𝑃𝑙
𝑛 cos 𝜃 𝑒𝑖𝑛𝜑 .

𝑌1
1, 𝑌2

1

𝜕2

𝜕𝑟2
+
2

𝑟

𝜕

𝜕𝑟
+
1

𝑟2
𝜕2

𝜕𝜃2
+

cos 𝜃

𝑟2 sin 𝜃

𝜕

𝜕𝜃
−
1

𝑟2
𝑔𝐴𝜑 +

𝑛

sin 𝜃

2

+ 𝑔𝐴0 + 𝜔2 2 −𝑚2𝑋2 𝑌 = 0

𝑛 = 1
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Boundary conditions

𝜕𝑟𝑋 ቚ
𝑟=0,𝜃

= 0 𝜕𝑟𝑌 ቚ
𝑟=0,𝜃

= 0

𝜕𝑟𝐴0 ቚ
𝑟=0,𝜃

= 0 𝜕𝑟𝐴𝜑 ቚ
𝑟=0,𝜃

= 0

𝑋 ቚ
𝑟=∞,𝜃

= 1 𝑌 ቚ
𝑟=∞,𝜃

= 0

𝐴0 ቚ
𝑟=∞,𝜃

= 0 𝐴𝜑 ቚ
𝑟=∞,𝜃

= 0

𝜕𝜃𝑋 ቚ
𝑟,𝜃=0

= 0 𝑌 ቚ
𝑟,𝜃=0

= 0

𝜕𝜃𝐴0 ቚ
𝑟,𝜃=0

= 0 𝐴𝜑 ቚ
𝑟,𝜃=0

= 0

𝑥 =
𝑟/𝑟0

1 + 𝑟/𝑟0
∈ 0,1
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Energy on frequency

The total energy of the parity-even n=1 gauged Q-balls is shown as function of the angular frequency ω for some 

set of values of mass  parameter μ at g = 0.1 (left plot) and for some set of values of the gauge coupling g at 

μ=0.25 (right plot).
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Function profiles

The profiles of the field components of the gauged Friedberg–Lee–Sirlin Q-balls X (left plot) and Y (right plot) at 

θ = π/2 are plotted on four different branches, at ω=0.60, μ=0.01 and g=0.1.
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Magnetic field at I 𝐸𝑘 = 𝐹𝑘0 𝐵𝑘 = 𝜀𝑘𝑚𝑛𝐹
𝑚𝑛

Magnetic field orientation of the gauged n=1 Q-ball at g=0.1, μ=0.01 and ω=0.60 (electric 

branch); the magnetic flux in the y−z plane (left plot) and in the x−y plane (right plot).
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Magnetic field at III 𝐸𝑘 = 𝐹𝑘0 𝐵𝑘 = 𝜀𝑘𝑚𝑛𝐹
𝑚𝑛

Magnetic field orientation of the gauged n=1 Q-ball at g=0.1, μ=0.01 and ω=0.60 (magnetic 

branch); the magnetic flux in the y−z plane (left plot) and in the x−y plane (right plot).
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Energy curves

The total energy of the parity-even n=1 gauged Q-balls vs the charge Q for some set of values of mass 

parameter μ at g=0.1 (left plot) and for some set of values of the gauge coupling g at μ=0.25 (right plot)
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Vortons in Witten model

𝐿𝑊 = −
1

4


𝑎=1,2

𝐹μ𝜈
𝑎 𝐹𝑎μν + 𝐷μ𝜙

∗𝐷𝜇𝜙 + 𝐷μ𝜎
∗𝐷μ𝜎 − 𝑈

𝐹μν
(𝑎)

= 𝜕μ𝐴ν
(𝑎)

− 𝜕ν𝐴𝜇
(𝑎)

𝐷μ𝜙 = 𝜕μ − 𝑖𝑔1𝐴μ
(1)

𝜙 𝐷μ𝜎 = 𝜕μ − 𝑖𝑔2𝐴μ
(2)

𝜎

E. Radu, M.S. Volkov, Phys. Rep. 468 (2008) 101 p.65.

𝐿 = 𝜕μ𝜙
∗𝜕μ𝜙 + 𝜕μ𝜎

∗𝜕μ𝜎 − 𝑈

𝑈 =
1

4
𝜆𝜙 𝜙 2 − 𝜂𝜙

2 2
+
1

4
𝜆𝜎 𝜎 2( 𝜎 2 − 2𝜂𝜎

2) + 𝛾 𝜙 2 𝜎 2

𝑋 = 𝑓1 cos𝜓1 , 𝑌 = 𝑓1 sin𝜓1 , 𝑍 = 𝑓2

𝜙 = 𝑓1 𝜌, 𝑧 𝑒𝑖𝜓1 𝜌,𝑧 , 𝜎 = 𝑓2 𝜌, 𝑧 𝑒 𝑖𝑚𝜑+𝑖𝜔𝑡
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Conclusions

• Existence of new type of axially-symmetric solutions of the U(1) gauged 
FLS model was confirmed.

• They exhibit examples of the configurations with both the electric
charge and toroidal magnetic field. 

• Gauged Q-balls exist for  relatively  small  values  of  the  gauge  
coupling,  increase  of  the coupling  yields  stronger  electromagnetic  
repulsion  which  makes the configuration unstable.

• Minimal allowed value of frequency depends on strength of gauge 
coupling.

• Presence of toroidal magnetic field may lead to new interesting 
phenomena in astrophysics and cosmology while investigation of 
rotating boson stars and corresponding hairy black holes.
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Solutions of axially-symmetric FLS
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Energy and charge in AS FLS

𝐸 = 4𝜋 න

0

𝜋/2

𝑑𝜃න

0

∞

𝜔2𝑓2 + 𝜕𝑟𝐴
2 + 𝜕𝑟𝐵

2 +
1

𝑟2
𝜕𝜃𝐴

2 +
1

𝑟2
𝜕𝜃𝐵

2 + 𝑘𝐴2𝐵2 +
𝑛2𝐵2

𝑟2sin2(𝜃)
+ 𝑉 𝑟2 sin 𝜃 𝑑𝑟

𝑄 = 8𝜋𝜔 න

0

𝜋/2

𝑑𝜃න

0

∞

𝐵2𝑟2 sin 𝜃 𝑑𝑟
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Scalar hair and energy curves



Energy density
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Electromagnetic energy density
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Vortons in Witten model

𝐿𝑊 = −
1

4


𝑎=1,2

𝐹μ𝜈
𝑎 𝐹𝑎μν + 𝐷μ𝜙

∗𝐷𝜇𝜙 + 𝐷μ𝜎
∗𝐷μ𝜎 − 𝑈
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