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Outline: 
  

n  High energy asymptotics of pQCD 

n  BFKLP: NLL BFKL within generalized BLM 
 
n  γ*γ*- collisions at LEP2  
 
n   Dijets from pQCD dynamics: GLAPD vs. BFKL 
!
" Summary 
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HS’11, Tatranska Strba, June 30, 2011  

Lev N. Lipatov:  
n  High-energy asymptotics in QED 
   V. Gribov, V. Gorshkov, L. Lipatov, G. Frolov (1969-70)  

n  High-energy Bjorken asymptotics in QCD: GLAPD 
   V. Gribov, L. Lipatov (1971-72) L. Lipatov (1974)  
   G. Altarelli, G. Parisi (1977) Yu. Dokshitzer (1977) 
 
n  High-energy asymptotics in QCD: LL BFKL 
   V. Fadin, E. Kuraev, L. Lipatov (1975-77)  
   I. Balitsky, L. Lipatov (1978) L. Lipatov (1986) 
 
n   High-energy asymptotics in QCD: NLL BFKL                     1940 - 2017 
   V.Fadin, L.Lipatov (1989-98)  
   S. Brodsky, V. Fadin, V. K., L. Lipatov, G. Pivovarov (1999-02) 
 
n   High-energy asymptotics in quantum gravity 
     L. Lipatov (1989)  
n   High-energy QCD as an integrable theory 
     L. Lipatov (1993) L. Faddeev, G. Korchemsky (1994) 
n  AdS/CFT (N=4 SUSY)  
    A. Kotikov, L. Lipatov, A. Onischenko, V. Velizhanin 
 
" High-order estimate in QFT (1976) 
     L. Lipatov (1976)  
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HS’11, Tatranska Strba, June 30, 2011  

Lev N. Lipatov: 3 BFKLs  

 
n  BFKL 
   High-energy asymptotics in QCD: LL BFKL 
   V. Fadin, E. Kuraev, L. Lipatov (1975-77)  
   I. Balitsky, L. Lipatov (1978) L. Lipatov (1986) 
 
 
n  BFKL 
   High-energy asymptotics in QCD: spin-dependent evolution, GPDF  
   A. Bukhvostov, G. Frolov, E. Kuraev, L .Lipatov (1982-86) 
 
 
n  BFKLP  
    High-energy asymptotics in QCD: NLL BFKL   
    S. Brodsky, V. Fadin, V. K., L. Lipatov, G. Pivovarov (1999-02) 
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High-energy asymptotics of pQCD:  
GLAPD and BFKL 

s=(p1+p2)2              
t=(p1-p3)2                 Q2=-t
Scattering in the Standard Model (QCD) at high energies:
Large logarithms: aS log(s), aS log(Q2)

Bjorken limit (large-angle scattering): 
s ~ Q2 >> m2

Q2/s = x ~ 1
Gribov-Lipatov-Altarelli-Parisi-Dokshitzer (GLAPD) <–> 1-scale RG: 
 (aS log(Q2))n resummation
Inclusive cross section ~ 1/Q4

 
Gribov-Regge limit (small-angle scattering): 
s>>Q2 >> m2

Q2/s = x a 0
Balitsky-Fadin-Kuraev-Lipatov (BFKL): 
(aS log(s))n resummation
Total cross section ~ s(aР-1)

aР – Pomeron intercept              soft scattering data: aР = 1.1
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High energy asymptotics 
          

  
- Large-angle scattering: 
   
     QED and QCD in Bjorken limit 
n   GLAPD: V. Gribov & L. Lipatov (71-72); L. Lipatov (74);  
                   G. Altarelli & G. Parisi (77); Yu. Dokshitzer (77) 
      
 
 
- Small-angle scattering: 
 
      QED in Gribov-Regge limit 
n               V. Gribov, V. Gorshkov, L. Lipatov & G. Frolov (67-70) 
                  H. Cheng & T. Wu (66-70) 
 
      QCD in Gribov-Regge limit 
n    BFKL:  V. Fadin, E. Kuraev & L. Lipatov (75-78) 
                   I. Balitsky & L. Lipatov (78) 
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Asymptotics of pQCD: x-section 

Bjorken limit (GLAPD): 
s ~ Q2 >> m2

Q2/s = x ~ 1
Large-angle (large-x) scattering

  
 

Gribov-Regge limit (BFKL): 
s>>Q2 >> m2

Q2/s = x -> 0
Small-angle (small-x) scattering

7
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Asymptotics of QED cross sections 

All orders: V.N. Gribov, L.N. Lipatov, G.V. Frolov & V.G. Gorshkov (69-71) 
H. Cheng & T.T. Wu (69-70)

   Cross section at s -> ∞:  ~ (aQED) 4 (S/S0) (aP-1)    

    aP =1+ C (aQED)2  ≈	1.002   

σ ~ (aQED)2 log(s)/s  σ ~ (aQED)4 const(s) 

8
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Asymptotics of QCD cross sections: γγ  

All orders: LL BFKL 

Cross section at s -> ∞:  ~ (aQED) 2 (aS) 2 (S/S0) (aP-1)    
 

aP =1+ C (aS)  ≈	1.5   LL BFKL S. Brodsky & F. Hautmann (96) 
aP =1+ C (aS)  ≈	1.2   NLL BFKL S.Brodsky, V Fadin, VK,
                                                    L. Lipatov, G. Pivovarov (2001-02)

Ultrahigh energies: all particles behave as hadrons! 

σ ~ (aQED)2 log(s)/s  σ ~ (aQED)2 (aS)2 const(s) 

9
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 Leading Log (LL) BFKL: problems 

LL BFKL: designed for infinite collision energies
 

LL BFKL problems (at finite energies):
- fixed (non-running) coupling aS

 - energy-momentum  conservation
- transverse momentum conservation

Cross section in LL BFKL: 
σ =σ0 (S/S0) (aP-1)                        aP = 1 + C aS ≈ 1.5-1.6

Data: aP ≈ 1.2-1.3  

1
0
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BFKL: next-to-leading logs (NLL) 

V.S. Fadin & L.N. Lipatov (89-98) 
C.Camici & M. Ciafaloni (96-98) 

next-to-leading log approximation  (NLL) BFKL 
MSbar-renormalization scheme: large corrections

 S.Brodsky, P.Lepage & P.Mackenzie - BLM (1983)  
Resummation of running coupling within 

the standard BLM is not possible for NLL BFKL:
BLM approach valid only for Abelian case 

1
1

9

28 

Another way: a unified effective scale Q* is used for all orders 

No compelling reason why we should set it in such a naïve way 
depression of the initial scale-dependence can not be expected 

Q*  

Q** 

especially 

2
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subtle points 

two different 
PMC scales 

New Scales Appear at Higher Order
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NLL BFKL in BFKLP: generalized BLM 

            S.Brodsky, P.Lepage & P.Mackenzie (83) BLM approach for NLO
            - QCD – asymptotically conformal
            - non-conformal corrections (running coupling corrections)
               are resummed into optimal scale

             Standard BLM approach for does not work (!) for: 
                   -  NLL BFKL in MSbar scheme
                    - Upsilon ->ggg  decay in NLO in Msbar scheme

BLM resummation depends on non-Abelian structure in LO   

        BLM generalized on non-Abelian case:
 S.J. Brodsky, V.S. Fadin, VK, L.N. Lipatov, G.B. Pivovarov(98-99) BFKLP

   

1
2
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FIG. 1. Classes of diagrams whose imaginary parts
contribute to the O(o.', /Ir) correction to the gluonic width
of the &. The ultraviolet factor P is equal to & +ln4rr
—'Y@+Inp /~y, where & = 2 —n/2, n being the number2 2

of space-time dimensions and gz = 0.577. . . . In the MS
scheme with the renormalization scale p set equal to
i~&~, P is absorbed into the effective coupling constant
&~ {&&~). The numerical uncertainties quoted are two-
standard-deviation errors as estimated by vEGAs. The
coefficient for class n is for nf = 4 light-quark flavors.

hree-gluon cuts as de-
mion propagators cancel
s. The only infrared reg-
e regulated by giving the

(4)

the corrected leptonic

perturbative effects in the short-distance annihi-
lation amplitude, although they must contribute at
some level; for example, a linear potential gen-
erates relativistic corrections in region (b) of
O(v'/c') or less. If more singular nonperturba-
tive interactions existed, they would cause troub- b)

le not only here, but also in all other short-dis-
tance QCD calculations. c)

Potential models of quarkonia give (v'/c') T-0.08.' We therefore first ignore corrections d)

from region (a) and concentrate on the O(o. ,) rel-
ativistic corrections. Clearly, these involve only
short distances, as did the leading order, and so
we expect the corrected rate to again factorize f)

into i gNR(0)i' multiplying the perturbative on-
shell amplitude describing bb -3g, 4g, ggqq. g)

The necessary classes of Feynman diagrams
and our results for each class are summarized
in Fig. 1. As explained above, the contribution

24
due to Coulomb exchange must be dropped from
the result of class f, to avoid double counting.

j)We performed the y-matrix algebra using the
computer program REDUCE. ' We evaluated the
integrals numerically using the adaptive multidi-
mensional integration program VEGAS; the un- ~
certainties listed in Fig. 1 are two-standard-de-
viation errors as estimated by VEGAS. Since the
calculation involves on-shell amplitudes, the re-
sult is explicitly gauge invariant; the Feynman
gauge was used. Dimensional regularization was
employed to regulate the ultraviolet divergences. Totals

The loop integrals were done by closing the P'
contour at infinity, taking the residues of the en-
closed poles, and performing the remaining three-
momentum integrals directly. The total decay
rate of a pair of massive quarks is known to be
infrared finite by the Kinoshita-Lee-Nauenberg
theorem. However, the graphs with three gluon
vertices have infrared and collinear singularities
in the separate three- and four-gluon cuts. These
singularities cancel point by point in momentum
space when the various cuts of a given forward
scattering amplitude are summed, after performing the P' integration for the t
scribed above. In most classes of graphs, the infrared divergences in the fer
by adding together permutations of the gluons attached to one of the quark line
ularization required in the entire calculation is for classes a and f, which wer
gluons a small fictitious mass A..
Adopting the MS renormalization scheme, ' the gluonic decay rate of the Y is

r, = r,'I 1+ ' -19.4(5)+ —p, 1.161(2)+ln + 0n, (M)
S p ' ~ 0

T j MS
where P, = 11—& n& and n& is the number of light quarks. Combining this with
width,

r„„=r„„'(1—+'n, (M, )/n+ ~ ~ ~ ),
1245
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Another way: a unified effective scale Q* is used for all orders 

No compelling reason why we should set it in such a naïve way 
depression of the initial scale-dependence can not be expected 
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BFKLP: NLL BFKL within generalized BLM - 1  
       
             Direct BLM application does not work in non-Abelian case(!): 
                   -  NLL BFKL in Msbar scheme
                    - Upsilon ->ggg  decay in NLO in MSbar scheme 

  MSbar-scheme: nonphysical RG scheme (!)
  numerically close to V-scheme (heavy quark potential) – Abelian in LO 

   physical RG scheme: MOM scheme (guage dependent)

   -  NLL BFKL in non-Abelian in LO
   - Upsilon ->ggg  decay in non-Abelian in LO
   
   one can use MOM-scheme based on ggg-vertex non-Abelian in LO

        BLM generazlized on non-Abelian case:
 S.J. Brodsky, V.S. Fadin, VK, L.N. Lipatov, G.B. Pivovarov(98-99) BFKLP
  BFKLP: NLL BFKL + resummation of running coupling aS 

BLM resummation depends on non-Abelian structure in LO   

1
3
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BFKLP: NLL BFKL within generalized BLM - 2 

1
4

any finite-order perturbative results, contain both renormalization scheme and renormal-
ization scale ambiguities. The NLO BFKL calculations2,3 were performed by employing
the modified minimal subtraction scheme (MS) to regulate the ultraviolet divergences
with arbitrary scale setting.

In this work we consider the NLO BFKL resummation of energy logarithms2,3 in
physical renormalization schemes in order to study the renormalization scheme depen-
dence. To resolve the renormalization scale ambiguity we utilize Brodsky–Lepage–
Mackenzie !BLM" optimal scale setting.4 We show that the reliability of QCD predic-
tions for the intercept of the BFKL Pomeron at NLO when evaluated using BLM scale
setting within non-Abelian physical schemes, such as the momentum space subtraction
!MOM" scheme5 or the # scheme based on #→ggg decay, is significantly improved
compared to the MS scheme result.2,3

We begin with the representation of the MS-result of NLO BFKL2,3 in physical
renormalization schemes. The eigenvalue of the NLO BFKL equation at transferred
momentum squared t!0 in the MS scheme2,3 can be represented as the action of the
NLO BFKL kernel !averaged over azimuthal angle" on the leading order eigenfunctions
(Q2
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is the function related with the leading order eigenvalue, ) !* !/* denotes the Euler )
function, the $ variable is conformal weight parameter,6 NC is the number of colors, and
Q1,2 are the virtualities of the reggeized gluons.
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It is shown that the next-to-leading order !NLO" corrections to the
QCD Pomeron intercept obtained from the Balitsky–Fadin–Kuraev–
Lipatov !BFKL" equation, when evaluated in non-Abelian physical
renormalization schemes with Brodsky–Lepage–Mackenzie !BLM"
optimal scale setting, do not exhibit the serious problems encountered
in the MS scheme. A striking feature of the NLO BFKL Pomeron
intercept in the BLM approach is that it yields an important approxi-
mate conformal invariance. © 1999 American Institute of Physics.
#S0021-3640!99"00115-2$

PACS numbers: 12.38.Cy, 11.10.Gh

The discovery of rapidly increasing structure functions in deep inelastic scattering at
HERA at small-x is in agreement with the expectations of the QCD high-energy limit.
The Balitsky–Fadin–Kuraev–Lipatov !BFKL"1 resummation of energy logarithms is an-
ticipated to be an important tool for exploring this limit. The highest eigenvalue, %max, of
the leading order BFKL equation1 is related to the intercept of the Pomeron which in turn
governs the high-energy asymptotics of the cross sections: &'s(IP!1"s%max. The BFKL
Pomeron intercept in LO turns out to be rather large: (IP!1"%L

max"12 ln 2 ((S /))
!0.55 for (S"0.2; hence, it is very important to know the next-to-leading order !NLO"
corrections.

Recently the NLO corrections to the BFKL resummation of energy logarithms were
calculated; see Refs. 2 and 3 and references therein. The NLO corrections2,3 to the
highest eigenvalue of the BFKL equation turn out to be negative and even larger than the
LO contribution for (S#0.157. However, one should stress that the NLO calculations, as
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BFKLP: NLL BFKL within generalized BLM - 3 
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Figures 1 and 2 and Table II give the results for the eigenvalue of the NLO BFKL
kernel. We have used the QCD parameter )!0.1 GeV which corresponds to *S
!4+/'$ 0ln(Q2/)2)(%0.2 at Q2!15GeV2.

One of the striking features of this analysis is that the NLO value for the intercept of
the BFKL Pomeron, improved by the BLM procedure, has a very weak dependence on
the gluon virtuality Q2. The minor Q2 dependence obtained leads to approximate scale
and conformal invariance. Thus one may use conformal symmetry6,10 for the continuation
of the present results to the case t,0.

Note that the application of fast apparent convergence11 and the principle of minimal
sensitivity12 to the NLO BFKL eigenvalue problem lead to difficulties with the conformal
weight dependence, an essential ingredient of BFKL calculations.13

It is worth noting also that since the BFKL equation can be interpreted as the
‘‘quantization’’ of a renormalization group equation10 the effective scale should depend

FIG. 2. Q2 dependence of the BFKL Pomeron intercept in the NLO. The notation is as in Fig. 1.

TABLE II. The NLO BFKL Pomeron intercept in the BLM scale setting within non-Abelian physical
schemes.

Scheme rBLM(0) *IP
BLM"1!-BLM(Q2,0)

(NF!4) Q2!1 GeV2 Q2!15 GeV2 Q2!100 GeV2

MOM .!0 "13.05 0.134 0.155 0.157

.!1 "12.28 0.152 0.167 0.166

.!3 "11.74 0.165 0.175 0.173

/ "14.01 0.133 0.146 0.146
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Pis’ma Zh. Éksp. Teor. Fiz. 70, No. 3, 161–166 !10 August 1999"

It is shown that the next-to-leading order !NLO" corrections to the
QCD Pomeron intercept obtained from the Balitsky–Fadin–Kuraev–
Lipatov !BFKL" equation, when evaluated in non-Abelian physical
renormalization schemes with Brodsky–Lepage–Mackenzie !BLM"
optimal scale setting, do not exhibit the serious problems encountered
in the MS scheme. A striking feature of the NLO BFKL Pomeron
intercept in the BLM approach is that it yields an important approxi-
mate conformal invariance. © 1999 American Institute of Physics.
#S0021-3640!99"00115-2$

PACS numbers: 12.38.Cy, 11.10.Gh

The discovery of rapidly increasing structure functions in deep inelastic scattering at
HERA at small-x is in agreement with the expectations of the QCD high-energy limit.
The Balitsky–Fadin–Kuraev–Lipatov !BFKL"1 resummation of energy logarithms is an-
ticipated to be an important tool for exploring this limit. The highest eigenvalue, %max, of
the leading order BFKL equation1 is related to the intercept of the Pomeron which in turn
governs the high-energy asymptotics of the cross sections: &'s(IP!1"s%max. The BFKL
Pomeron intercept in LO turns out to be rather large: (IP!1"%L

max"12 ln 2 ((S /))
!0.55 for (S"0.2; hence, it is very important to know the next-to-leading order !NLO"
corrections.

Recently the NLO corrections to the BFKL resummation of energy logarithms were
calculated; see Refs. 2 and 3 and references therein. The NLO corrections2,3 to the
highest eigenvalue of the BFKL equation turn out to be negative and even larger than the
LO contribution for (S#0.157. However, one should stress that the NLO calculations, as

JETP LETTERS VOLUME 70, NUMBER 3 10 AUGUST 1999

1550021-3640/99/70(3)/6/$15.00 © 1999 American Institute of Physics



13th APCTP-BLTP Workshop,  15-20 July 2019         Victor Kim       NRC KI - PNPI, Gatchina & SPbPU 

!

16

BFKLP: NLL BFKL within generalized BLM - 4 

V.S. Fadin & L.N. Lipatov (89-98) 
C.Camici & M. Ciafaloni (96-98) 

next-to-leading log approximation  (NLL) BFKL 
MSbar-renormalization scheme: large corrections

 S.J. Brodsky, V.S. Fadin, VK, L.N. Lipatov, G.B. Pivovarov(98-99) BFKLP
D. Colferai, M. Ciafaloni & G. Salam (99) …

BFKLP: NLL BFKL + resummation of running coupling aS

                                    in physical renormalization scheme

BFKLP: Conformal BFKL kernel in NLL -> SUSY N=4 
Pomeron intercept: aР=1.2 - 1.3

Cross section: σ0 (S/S0) (aP-1)     aP = 1 + C aS 

L.N. Lipatov, А.V. Кotikov et al. (2000-06)
SUSY N=4  BFKL-Pomeron

Anomalous dimensions: test of AdS/CFT

1
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Asymptotics of QED cross sections 

V.N. Gribov, L.N. Lipatov, G.V. Frolov & V.G. Gorshkov (69-71) 
Cheng & T.T. Wu (69-71)

Asymptotics of QCD cross sections 

 

LL BFKL 
J. Bartels et al (96),  S.J. Brodsky & Hautmann (97)

NLL BFKL (with LO impact factors)
 S.J. Brodsky, V.S. Fadin, VK, L.N. Lipatov & G.B. Pivovarov (2001-02) 

 
NLO impact factors and full NLL BFKL (in progess):

I. Balitsky, J.Chirilli, J. Bartels et al., A. Papa, D. Ivanov et al.

1
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Highly virtual photon scattering at LEP-2  

S.J Brodsky, VK, L.N. Lipatov, V.S. Fadin & G.B. Pivovarov (2002) 
BFKLP: NLL BFKL + generalized BLM (LO impact factors)

LL BFKL:  ruled out

1
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BFKL: dijet processes  

A. Mueller & H. Navelet, Nucl. Phys.  (87) 
Most forward/backward (Mueller-Navelet) dijets: x-section ~ exp(|Δ|y)   

V.T. Kim & G.B. Pivovarov, Phys. Rev.  (96) 
Inclusive dijets

J.C. Collins, R.K. Ellis (91), S. Catani et al (91)
Е.М.Levin, M.G.Ryskin, Yu.М.Shabelsky, А.G.Shuvaev (91)

kT-factorization
 

Jet production

GLAPD: ordering on кТ
               у – no ordering

BFKL: ordering on y 
            кТ – no ordering

1
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HS’11, Tatranska Strba, June 30, 2011  

Dijet K-factor: 2-parton scattering    
 
 

  K-factor = x-section / Born x-section  
   

GLAPD:  x-section → C1 αS
2

 + C2 αS
3 + … 

Born x-section → C1 αS
2

  
 

K-factor = (1+C2 /C1 αS + C3 /C1 αS
2 + …)  

 
Mueller-Navelet (87):  

 
BFKL →  enhanced (αS Δy)-terms 

x-section → B1 αS
2

 Δy+ B2 αS
3 Δy2 + … 

Born x-section → B1 αS
2

 Δy 
 

K-factor_MN →  exp(αSΔy ) 
 

Δy = |y1 – y2| ~ log(1/x) 
 
 

20
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HS’11, Tatranska Strba, June 30, 2011  

Dijet K-factor: not measurable 
 
 

K-factor = x-section / Born x-section  
Born x-section: no real and no virtual corrections 

 
only a theoretical quantity - > not measurable (!)  
Experiment: one cannot forbid virtual corrections   

by kinematical conditions 
 

Exclusive dijet x-section: always contains virtual 
corrections 

 
 

VK & G. Pivovarov:  
Using dijets with extra jet veto 
instead of Born dijets  

  
 21
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HS’11, Tatranska Strba, June 30, 2011  

Forward dijets at Tevatron and LHC 
 
 

  Tevatron : D0 ->  |Δy| < 6  pTmin = 20 GeV 
                             - azimuthal decorr.  (1997) 
                             - 1800/630 GeV x-section ratio (2001) 
                             
 
  LHC: ATLAS ->  |Δy| < 6   70 GeV < pT < 90 GeV  
                             - (inverse) “K-factor”  (2011) 
                                       
                   
   LHC: CMS ->  |Δy| < 9.4  pTmin = 35 GeV 
                        - “K-factor”  (2012) 
                         - azimuthal angle decorr.    EJP C (2016) 
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CMS: dijet “K-factor” 

GLAPD (no AO and CC) 

Page 4 of 18 Eur. Phys. J. C (2012) 72:2216

Fig. 1 Ratios of the inclusive to exclusive dijet cross sections as a
function of the rapidity separation |!y| between the two jets, Rincl

(top panel) and RMN (bottom panel), compared to the predictions of the
DGLAP-based MC generators PYTHIA6, PYTHIA8 and HERWIG++, as
well as of CASCADE and HEJ+ARIADNE, which incorporate elements
of the BFKL approach. The shaded band indicates the size of the total
systematic uncertainty of the data. Statistical uncertainties are smaller
than the symbol sizes. Because of limitations in the CASCADE genera-
tor, it was not possible to obtain a reliable prediction for |!y| > 8

The Monte Carlo generators CASCADE (version 2.2.03)
[41] and HEJ (version 1.3.2) [42] are motivated by the
leading-logarithmic BFKL approach and incorporate parts
of a next-to-leading logarithmic approximation. The HEJ

generator produces parton-level jets; the corresponding
showers were produced with the ARIADNE program [43].
The HEJ+ARIADNE package [44] version 0.99b, consisting
of HEJ 1.3.2 and ARIADNE 4.12, was used.

The ratio Rincl of inclusive to exclusive dijet production
as a function of |!y| is presented in Fig. 1 (top panel). On
average the inclusive cross section is 1.2–1.5 times larger
than the exclusive cross section. The ratio Rincl grows with
increasing |!y|, as expected because of the larger phase
space for hard parton radiation. At the highest |!y|, Rincl

is expected to decrease because energy-momentum conser-
vation suppresses the emission of extra jets. The |!y| value

Fig. 2 Predictions for Rincl (top) and RMN (bottom) from DGLAP-
based MC generators presented as ratio to data corrected for
detector effects. Both BFKL-motivated generators CASCADE and
HEJ+ARIADNE (not shown) lead to a MC/data ratio well above unity.
The shaded band indicates the size of the total systematic uncertainty
of the data while statistical uncertainties are shown as bars

where Rincl starts to decrease varies from one MC generator
to another, as can be seen in Fig. 1.

The predictions from PYTHIA6 and PYTHIA8 agree with
the measurement. HERWIG++ overestimates the ratio Rincl

at medium and large rapidity intervals. A detailed compar-
ison between the data and the predictions of the DGLAP-
based MC generators is presented as a ratio in Fig. 2 (top
panel). It was checked explicitly that the results obtained
from PYTHIA6 and HERWIG++ at parton level are close to
the corresponding ones at stable-particle level. The different
behaviour of PYTHIA6 and HERWIG++ is also observed at
parton level.

The ratio RMN and the corresponding MC to data ratio
are presented in the bottom panels of Figs. 1–2. At large
|!y|, RMN approaches Rincl as extra jet radiation contribut-
ing to Rincl tends to concentrate at moderate rapidities. The
quality of the predictions of the DGLAP-based MC gener-
ators for RMN is similar to those for Rincl. The MC gener-
ators CASCADE and HEJ+ARIADNE considerably overesti-
mate the measurements of both Rincl and RMN.

 Third-order or better elevation, with tablet

 Third-order or better elevation, 
 recoverable mark, no tablet
 Bench mark coincident with found   
 section corner

 Spot elevation

528

BM
            5280

BM

 5280

7523

CONTROL DATA AND MONUMENTS – continued
Vertical control

 Contours and limits

 Glacial advance

 Formlines

 Glacial retreat

GLACIERS AND PERMANENT SNOWFIELDS

LAND SURVEYS

 Range or Township line

  Protracted

R1E T2N R3W T4S  Range or Township labels
 Section line

  Protracted (AK 1:63,360-scale)

  Location doubtful
  Location approximate

  Location doubtful
  Protracted
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2012 LHC Days (Split, Croatia 1-6 October 2012)Bryan Dahmes (University of Minnesota) 7

Dijets

Search for resonances
in dijet mass distribution

Recover jets from
final state radiation: merge

nearby (ΔR < 1.1) jets
with highest pT jets

Highest mass candidate (4 TeV)

EXO-11-094, 7 TeV

EPJ C 72 (2012) 2216  
7 TeV, pT_min = 35 GeV 
Δy = |  | < 9.4 
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HS’11, Tatranska Strba, June 30, 2011  

Forward dijets at LHC:  

Color coherence and AO effects 

 
GLAPD: strong kT-ordering & no rapidity ordering 
BFKL: strong rapidity ordering & no kT-ordering 

 
Color coherence effects  => rapidity ordering 

 
Polar angle ordering (AO): 

jet cone veto for larger cone angles => rapidity ordering 
  

Pythia 6 and 8:  GLAPD + AO (AO cannot be fully switched off!) 
 Herwig++: GLAPD + color coherence (CC cannot be swiched off) 

 
No pure GLAPD MC generators (!) available 

at present: Pythia and Herwig generators contain |Δy|-effects 
 

small CC and AO |Δy|-effects in GLAPD-regime 
can be large in BFKL-regime at large |Δy|   

 
 
 
 

24

2
4



13th APCTP-BLTP Workshop,  15-20 July 2019         Victor Kim       NRC KI - PNPI, Gatchina & SPbPU 

!

HS’11, Tatranska Strba, June 30, 2011  

Forward dijets at LHC 

GLAPD generators Pythia 6 and 8 (with AO) are consistent with 
CMS dijet “K-factor” data rather well: 

 
1)   no sizeable BFKL effects at present energies? 

2) BFKL effects partially cancels out in dijet ratio? 
 
 

in the latter case:  “K-factor” with extra jet veto 
can be more sensitive BFKL effects 

2-jet “exclusive” events: impose an extra jet veto pTveto < pTmin 
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HS’11, Tatranska Strba, June 30, 2011  

Forward dijets:  

azimuthal angle decorrelations 

Cosines 
V. Del Duca & C. Schmidt (94) 

J. Stirling (94) 
V. K. & G. Pivovarov (96) 

 
 

Conformal properties of BFKL:  
Cosine ratios –> GLAPD cancellation  

                                 –> more sensitive to BFKL (!) 
A. Sabio Vera  et al (2011) 

 
  

26

2
6



13th APCTP-BLTP Workshop,  15-20 July 2019         Victor Kim       NRC KI - PNPI, Gatchina & SPbPU 

!
Forward dijets: azimuthal decorrelations 

1

1 Introduction1

QCD is well tested in hard processes (
p

s � pT � LQCD), and the data are successfully de-2

scribed by perturbative QCD (pQCD) calculations within the framework of collinear factor-3

ization and the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution equations [1–4

5]. The study of the dynamics of hadron jets in proton-proton collisions yields important in-5

formation about underlying partonic processes. At leading order in the strong coupling as,6

parton-parton scattering produces two outgoing partons which are back-to-back in the az-7

imuthal plane. The partons manifest themselves as a collimated stream of hadrons, which8

are the observable jets. A deviation from the back-to-back configuration occurs if higher order9

parton contributions are considered, which can be described by the parton showers initiated10

by the initial and final partons in the scattering process.11

At high centre-of-mass energies a kinematical domain can be reached where semi-hard par-12

ton interactions (
p

s � pT � LQCD) play a substantial role. The asymptotic region, where13 p
s ! •, is described by Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation [6–8]. Such a sce-14

nario might be approximated experimentally in pp collisions by requiring jets of similar pT but15

highly separated in rapidity [9]. The requirement of two jets with similar pT suppresses con-16

tributions in the DGLAP scheme, which is based on pT ordering. The azimuthal decorrelation17

of jets with large rapidity separation might therefore show effects beyond the DGLAP descrip-18

tion. In a kinematic region, where semi-hard parton interactions are important, the azimuthal19

angle decorrelations will increase [10, 11] with increasing rapidity separation Dy = |y1 � y2|20

between the jets, where y1, y2 are rapidities of the most forward and the most backward jets21

(Mueller-Navelet dijets, MN) [9].22

Earlier searches for BFKL effects in hadron-hadron collisions and events with jets widely sep-23

arated in rapidity were made at the Tevatron by the D0 experiment [12, 13]. The D0 measure-24

ments of azimuthal angle decorrelations were restricted to a rapidity separation Dy < 6, and25

no significant indications of BFKL effects were found [12]. Studies of the collision energy de-26

pendence of dijet production at large rapidity intervals have found a strong dependence on27

centre-of-mass energy [13]. With the advent of the LHC such measurements can be repeated28

with increased collision energies and with an increased rapidity interval between jets.29

Both the ATLAS [14] and CMS [15] experiments have released measurements of dijet produc-30

tion in pp collisions at 7 TeV as a function of rapidity separation between jets. These mea-31

surements indicate that BFKL effects are not dominant for jets with pT > 35 GeV at a collision32

energy of 7 TeV. However, there are theoretical arguments that azimuthal angle decorrela-33

tion observables may have greater sensitivity to BFKL effects [16]. In this paper observables34

connected to the azimuthal angle decorrelation of MN dijets are presented.35

2 Physics Motivation and Monte Carlo event generators36

The normalised cross section as a function of the azimuthal angle difference (Df) between MN
jets with pT > pTmin can be written as a Fourier series

1
s

ds

d(Df)
(Dy, pTmin) =

1
2p


1 + 2

•

Â
n=1

Cn(Dy, pTmin) · cos(n(p � Df))

�
, (1)

The Fourier coefficients Cn(Dy, pTmin) are equal to the average cosines of the decorrelation an-37

gle: Cn(Dy, pTmin) = hcos(n(p � Df))i, where Df = f1 � f2 is the difference between the38

azimuthal angles f1 and f2 of the jets most forward and most backward in rapidity.39
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no significant indications of BFKL effects were found [12]. Studies of the collision energy de-26

pendence of dijet production at large rapidity intervals have found a strong dependence on27

centre-of-mass energy [13]. With the advent of the LHC such measurements can be repeated28

with increased collision energies and with an increased rapidity interval between jets.29

Both the ATLAS [14] and CMS [15] experiments have released measurements of dijet produc-30

tion in pp collisions at 7 TeV as a function of rapidity separation between jets. These mea-31

surements indicate that BFKL effects are not dominant for jets with pT > 35 GeV at a collision32

energy of 7 TeV. However, there are theoretical arguments that azimuthal angle decorrela-33

tion observables may have greater sensitivity to BFKL effects [16]. In this paper observables34

connected to the azimuthal angle decorrelation of MN dijets are presented.35

2 Physics Motivation and Monte Carlo event generators36

The normalised cross section as a function of the azimuthal angle difference (Df) between MN
jets with pT > pTmin can be written as a Fourier series

1
s

ds

d(Df)
(Dy, pTmin) =

1
2p


1 + 2

•

Â
n=1

Cn(Dy, pTmin) · cos(n(p � Df))

�
, (1)

The Fourier coefficients Cn(Dy, pTmin) are equal to the average cosines of the decorrelation an-37

gle: Cn(Dy, pTmin) = hcos(n(p � Df))i, where Df = f1 � f2 is the difference between the38

azimuthal angles f1 and f2 of the jets most forward and most backward in rapidity.39

V. del Duca & C. Schmidt (94-95)  
Striling (94) 

V. K. & G. Pivovarov (96-98) 
A. Sabio Vera et al (2007-11) 
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Dijets: <cos> vs NLL BFKL @BFKLP 

CMS: <cos> and <cos2> 
JHEP 08 (2016) 139 
7 TeV, pT_min = 35 GeV 
Δy = |  | < 9.4 
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Dijets: <cos2/>/<cos>) vs NLL BFKL @ BFKLP 

CMS:      <cos> ratio  ->  indication on BFKL? 
JHEP 08 (2016) 139  
7 TeV, pT_min = 35 GeV 
Δy < 9.4 
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Figure 7: On the left measured ratio C2/C1 as a function of rapidity difference Dy is compared
to LL DGLAP parton shower generators. In addition comparison with predictions of NLO gen-
erator POWHEG interfaced with LL DGLAP generators PYTHIA 6 and PYTHIA 8 is shown. On
the right the ratio is compared to MC generator SHERPA with parton matrix element matched to
LL DGLAP parton shower, LL BFKL - inspired generator HEJ with hadronisation by ARIADNE
and analytic NLL BFKL calculations at the parton level.
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Figure 8: On the left measured ratio C3/C2 as a function of rapidity difference Dy is compared
to LL DGLAP parton shower generators. In addition comparison with predictions of NLO gen-
erator POWHEG interfaced with LL DGLAP generators PYTHIA 6 and PYTHIA 8 is shown. On
the right the ratio is compared to MC generator SHERPA with parton matrix element matched to
LL DGLAP parton shower, LL BFKL - inspired generator HEJ with hadronisation by ARIADNE
and analytic NLL BFKL calculations at the parton level.
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BFKL search:  

other observables with jets 

  
-  dijet “K-factor” with veto on extra jets 

VK, G. Pivovarov et al. (2008) 
 
 

-  number of produced jets 
H. Jung et al. (2012) 

 
 

-  dijets with rapidity gaps 
A.  Mueller & W.-K. Tang (1992) 

B.  Peschanski, C. Royon et al. (2007-09) 
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Summary – 1 
 
 

 γ*γ*- collisions at LEP2 
 
 

NLL BFKL  improved by BFKLP (generalized BLM)  
with LO impact factors (2001-02): 

 
Indication on BFKL evolution 

 
 

Outlooks:  
- Full NLL BFKL γ*γ*- collisions calculations 

 - γ*γ*- collisions at LHC(?) 
- Future linear colliders 
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! Summary - 2:     
  n  Forward dijet “K-factor” by CMS at 7 TeV :  
     moderate rise with  increasing |Δy|  
  - however: pure GLAPD -> const?  
    Indication on BFKL evolution at LHC 
 
  n  Azimuthal angle decorrelations (AAD) of CMS dijets:  
 - agreement with NLL BFKL improved by BFKLP (generalized BLM) 
  - partial agreement with GLAPD generators (Pythia, Herwig)  
   Indication on BFKL evolution at LHC 
 
 
Other observables: 
     - dijet “K-factor” with extra jet veto, number of extra jets, …  
     - dijets with rapidity gaps, … ? 
                     Upcoming LHC Run 2 data at 13 TeV ?! 
 
                 


