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neutron-rich nuclei and neutron matter: a strong correlation
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FIG. 3. The derivative of the neutron EOS at rn !
0.10 neutron!fm3 (in units of MeV fm3!neutron) vs the S value
in 208Pb for 18 Skyrme parameter sets. The cross is SkX.

provided by Wiringa, Fiks, and Fabrocini [17] and Akmal
and Pandharipande [18]. Generally the agreement with FP
is good up to about rn ! 0.10 neutron!fm3. At higher
density the differences in the various NN potentials [17]
and the very uncertain NNN potential become important.
Thus, although the FP neutron EOS serves as a reasonable
starting point, we do not have a truly fundamental theory
for neutron EOS. Any constraints coming from the prop-
erties of nuclei such as the neutron radii are extremely
important.

Given the difficulty of the JLAB measurement, it is
important to know to what extent a measurement of S
in one nucleus such as 208Pb will be applicable to other
nuclei. There are two points to investigate: the dependence
of S on mass and the dependence of S on the asymmetry
in the Fermi energy for protons and neutrons. For the first
case, I compare in Fig. 4 the S values for two nuclei near
the valley of stability (where the Fermi energies for protons
and neutrons are about equal to each other), those for 208Pb
and 138Ba. One observes a nearly linear relationship which
starts at S ! 0. For the second case, I compare in the
same figure the S value in 208Pb to the S value for 132Sn
where the neutrons at the Fermi surface are bound about
8 MeV less than the protons (see Figs. 4 and 5 in Ref. [6]).
Again there is a tight correlation, but the asymmetry in
the Fermi energy produces a systematic increase in the
neutron skin for all of the 18 SHF parameter sets. Thus
there are two clear mechanisms for producing a neutron
skin. One which is related to the asymmetry in the Fermi
energy is well determined within SHF, and another which
depends on the neutron EOS is undetermined unless one
adds a constraint to the neutron EOS. It is the Fermi-
energy asymmetry effect which dominates the increase in
the matter radii of neutron-rich light nuclei such as in the
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FIG. 4. The S value for 208Pb vs the S values for 132Sn (filled
circles) and 138Ba (plusses) for 18 Skyrme parameter sets. The
horizontal line is the SkX value for 208Pb.

Na isotopes [11]. Thus it is most important to accurately
determine the neutron rms radius in a stable nucleus such
as 208Pb. The neutron rms radius of 208Pb will provide
an important new constraint on the neutron EOS models
which are used to calculate the properties of neutron stars
[17]. The results discussed here are based upon a wide
variety of parametrizations for the Skyrme Hartree-Fock
model for finite nuclei and nucleon matter. It will be
important to explore the generality of these conclusions
within the Skyrme model as well as in other mean-field
models.

This work was stimulated by discussions with Chuck
Horowitz and Dick Furnstahl during the ECT workshop
on “Parity Violation in Atomic, Nuclear and Hadronic Sys-
tems” which was held in Trento, Italy, June 5–16 (2000).
Support for this work was provided by the U.S. National
Science Foundation Grant No. PHY-0070911.
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How do we proceed in this endeavour?
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We start from defining 
the HamiltonianChiral EFT degrees of freedom and interactions

Then we solve the 
Schrödinger equation

many-body approach

+=

T

T

= +Σ⋆

T

= + Σ⋆ Self-consistent 
Green’s function 

method
Dickhoff & Barbieri, 

PPNP 52, 377 (2004)
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Green’s function: a tool to solve the nuclear many-body problem
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Breakthrough: full formal extension to consistently include 3BFs
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Symmetric Matter

Improved prediction of saturation density
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FIG. 3. The energy per particle of neutron matter at N3LO for the three different NN potentials (this work: blue bands) in comparison to
Ref. [29] [Krüger et al. (2013): black lines]. The second row combines the results of the first row. In each panel, we give the energy range at
saturation density obtained within the improved calculations presented in this work. See text for details.

C. Comparison to previous calculations at N3LO

The authors of Refs. [28,29] performed the first consistent
calculations at N3LO including NN , 3N , and 4N forces
in MBPT. In the cited works N3LO NN and N2LO 3N
forces have been considered up to third order in MBPT in
terms of effective NN potentials [36], whereas subleading
3N interactions could only be included in the Hartree-
Fock approximation since no 3N -force partial-wave matrix
elements were available at that time. Thanks to the advances
discussed in this paper we are now in the position to revisit
and systematically improve these calculations.

In Fig. 3 we show our improved results for the energy
of neutron matter (blue bands) for the three Hamiltonians
EM 500 MeV, EGM 450/500 MeV, and EGM 450/700 MeV
(first row) and the total band merged from the previous panels
(second row). The uncertainty bands cover again variations of
the 3N parameters (as given in the figure), the single-particle
spectrum, and the additional many-body uncertainty (see
also discussion of Fig. 1). We furthermore include the 4N
Hartree-Fock results, as given in Ref. [29], and vary the 4N
cutoff analogously to the 3N forces. In addition, we show
the results of Ref. [29]1 depicted by the black solid lines.

1For completeness, we have corrected a small error in the routines
of Ref. [29] for the computation of the second- and third-order

For a better view we do not fill this region. We give in each
panel the energy range at saturation density obtained within
the improved calculations presented in this work.

We observe that the effect of adding the N3LO 3N con-
tributions beyond Hartree-Fock varies significantly between
the EM 500 MeV and the two EGM potentials. For EM
500 MeV these contributions leave the uncertainty band almost
unaffected. For the two EGM potentials the upper uncertainty
limits remains the same while the lower increase by ∼ 1 MeV
(∼0.2 MeV) for EGM 450/500 MeV (EGM 450/700 MeV),
hence decreasing the width of the uncertainty band. These
findings are consistent with the observations in Ref. [29],
which stated that the N3LO 3N Hartree-Fock energy is smaller
for EM 500 MeV while it is much larger for the two EGM
potentials (see Fig. 6 of Ref. [29]). We emphasize, however,
that NN and effective NN forces get mixed at second order
and beyond, and therefore the net effect of these subleading 3N
contributions cannot be easily disentangled in the many-body
calculation. Combining all bands we find a total uncertainty
of E

N
(n0) = (14.7–21.1) MeV in neutron matter at saturation

density. Compared to the corrected total band of Ref. [29]

contribution of the N3LO NN plus N2LO 3N forces as well as the
N3LO 3N Hartree-Fock energy corresponding to the ring topology.
Moreover, we are using the typo-corrected values for β̄8,9 (see
Ref. [48] for details).
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stellar radius. Third, we carry out the first systematic study of
the statistical properties of the tidal deformability high-
lighting that the lower limit for Λ̃ is very tightly constrained.
Finally, we explore a more recent, but also more restricted,
prescription for the outer core as infinite neutron matter [31]
and compare to the results obtained using the setup employed
by Ref. [11]. Hereafter, masses will be in units of solar
masses and radii in kilometers.
Methods and setup.—We compute models of cold non-

rotating neutron stars by numerically solving the Tolman-
Oppenheimer-Volkoff (TOV) equations together with an
EOS. As the complete EOS is unknown, we construct a
parameterized set of EOSs by taking into account calcu-
lations that describe nuclear matter in the outer crust [32,33]
and state-of-the-art descriptions of nuclear matter close to
nuclear-saturation density [30,31], together with a perturba-
tive QCD calculation for matter at densities exceeding that in
the core of neutron stars [34,35]. Because the EOS at
intermediate densities is not well known, we construct it
using piecewise polytropes, overall following Ref. [36].
Additionally, we account for the existence of phase tran-
sitions by considering EOSs that admit a jump in the energy
density between randomly chosen segments of the poly-
tropes [29,37–39], thus allowing for “twin-star” solutions
[40–42] (see Supplemental Material for details [43]).
Radius and tidal deformability constraints.—Figure 1

offers a complete view of the probability distribution
functions (PDFs) built using our ∼2 × 109 stellar models.

The top-left panel, in particular, shows the color-coded PDF
when only the observational constraints are imposed on the
maximum mass [22] and on the tidal deformability [1], i.e.,
2.01 < MTOV and Λ̃1.4 < 800 (see Fig. 3 of Supplemental
Material [43] for the PDF with only the maximum-mass
constraint). Indicated with red solid and dashed lines are the
values atwhich the corresponding cumulative distributions at
a fixed mass reach a value of 2σ and 3σ, respectively, thus
setting both a minimum and a maximum value for the radius
at that masswith a probability of∼95% and 99.7%.Note that
the PDF extends beyond the red lines but attains very small
values in these regions. The top-right panel shows instead the
PDF when, in addition to the lower limit, also an upper limit
is set on themaximummass, i.e., 2.01 < MTOV < 2.16 [15],
while keeping the observational constraint on the tidal
deformability. Note that the addition of this constraint
changes the PDF, decreasing the average value of the
maximum radius at a given mass. The bottom-left panel in
Fig. 1 shows the impact of the combined observational and
maximum mass constraints with that of a lower limit on the
tidal deformability as suggested by Ref. [14], i.e., after
considering 2.01 < MTOV < 2.16 and 400 < Λ̃1.4 < 800.
We note that, although the constraint Λ̃1.4 > 400 set by
Ref. [14] does not come with a systematic quantification of
the uncertainties, it is reasonable that such a lower limit exists
on the basis of the considerations made by Ref. [14].
The effect of these combined constraints is to significantly

reduce the variance in the small-radii region and to refine the

FIG. 1. PDFs of stellar radii. Top-left panel: PDF with only the observational constraints on the observed maximum mass and tidal
deformability for pure hadronic EOSs; top right: PDF when also an upper limit is set on the maximum mass; bottom left: PDF with the
combined constraints on maximum mass and tidal deformability; bottom right: the same as in the bottom left but for EOSs with a phase
transition; the thick black line at 12 km distinguishes the PDFs of hadronic twin stars, which represent only 5% of the total sample with
phase transitions. In all panels, the solid and dashed lines indicate the 2σ and 3σ confidence levels, respectively.
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the statistical properties of the tidal deformability high-
lighting that the lower limit for Λ̃ is very tightly constrained.
Finally, we explore a more recent, but also more restricted,
prescription for the outer core as infinite neutron matter [31]
and compare to the results obtained using the setup employed
by Ref. [11]. Hereafter, masses will be in units of solar
masses and radii in kilometers.
Methods and setup.—We compute models of cold non-

rotating neutron stars by numerically solving the Tolman-
Oppenheimer-Volkoff (TOV) equations together with an
EOS. As the complete EOS is unknown, we construct a
parameterized set of EOSs by taking into account calcu-
lations that describe nuclear matter in the outer crust [32,33]
and state-of-the-art descriptions of nuclear matter close to
nuclear-saturation density [30,31], together with a perturba-
tive QCD calculation for matter at densities exceeding that in
the core of neutron stars [34,35]. Because the EOS at
intermediate densities is not well known, we construct it
using piecewise polytropes, overall following Ref. [36].
Additionally, we account for the existence of phase tran-
sitions by considering EOSs that admit a jump in the energy
density between randomly chosen segments of the poly-
tropes [29,37–39], thus allowing for “twin-star” solutions
[40–42] (see Supplemental Material for details [43]).
Radius and tidal deformability constraints.—Figure 1

offers a complete view of the probability distribution
functions (PDFs) built using our ∼2 × 109 stellar models.

The top-left panel, in particular, shows the color-coded PDF
when only the observational constraints are imposed on the
maximum mass [22] and on the tidal deformability [1], i.e.,
2.01 < MTOV and Λ̃1.4 < 800 (see Fig. 3 of Supplemental
Material [43] for the PDF with only the maximum-mass
constraint). Indicated with red solid and dashed lines are the
values atwhich the corresponding cumulative distributions at
a fixed mass reach a value of 2σ and 3σ, respectively, thus
setting both a minimum and a maximum value for the radius
at that masswith a probability of∼95% and 99.7%.Note that
the PDF extends beyond the red lines but attains very small
values in these regions. The top-right panel shows instead the
PDF when, in addition to the lower limit, also an upper limit
is set on themaximummass, i.e., 2.01 < MTOV < 2.16 [15],
while keeping the observational constraint on the tidal
deformability. Note that the addition of this constraint
changes the PDF, decreasing the average value of the
maximum radius at a given mass. The bottom-left panel in
Fig. 1 shows the impact of the combined observational and
maximum mass constraints with that of a lower limit on the
tidal deformability as suggested by Ref. [14], i.e., after
considering 2.01 < MTOV < 2.16 and 400 < Λ̃1.4 < 800.
We note that, although the constraint Λ̃1.4 > 400 set by
Ref. [14] does not come with a systematic quantification of
the uncertainties, it is reasonable that such a lower limit exists
on the basis of the considerations made by Ref. [14].
The effect of these combined constraints is to significantly

reduce the variance in the small-radii region and to refine the

FIG. 1. PDFs of stellar radii. Top-left panel: PDF with only the observational constraints on the observed maximum mass and tidal
deformability for pure hadronic EOSs; top right: PDF when also an upper limit is set on the maximum mass; bottom left: PDF with the
combined constraints on maximum mass and tidal deformability; bottom right: the same as in the bottom left but for EOSs with a phase
transition; the thick black line at 12 km distinguishes the PDFs of hadronic twin stars, which represent only 5% of the total sample with
phase transitions. In all panels, the solid and dashed lines indicate the 2σ and 3σ confidence levels, respectively.
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FIG. 3. The energy per particle of neutron matter at N3LO for the three different NN potentials (this work: blue bands) in comparison to
Ref. [29] [Krüger et al. (2013): black lines]. The second row combines the results of the first row. In each panel, we give the energy range at
saturation density obtained within the improved calculations presented in this work. See text for details.

C. Comparison to previous calculations at N3LO

The authors of Refs. [28,29] performed the first consistent
calculations at N3LO including NN , 3N , and 4N forces
in MBPT. In the cited works N3LO NN and N2LO 3N
forces have been considered up to third order in MBPT in
terms of effective NN potentials [36], whereas subleading
3N interactions could only be included in the Hartree-
Fock approximation since no 3N -force partial-wave matrix
elements were available at that time. Thanks to the advances
discussed in this paper we are now in the position to revisit
and systematically improve these calculations.

In Fig. 3 we show our improved results for the energy
of neutron matter (blue bands) for the three Hamiltonians
EM 500 MeV, EGM 450/500 MeV, and EGM 450/700 MeV
(first row) and the total band merged from the previous panels
(second row). The uncertainty bands cover again variations of
the 3N parameters (as given in the figure), the single-particle
spectrum, and the additional many-body uncertainty (see
also discussion of Fig. 1). We furthermore include the 4N
Hartree-Fock results, as given in Ref. [29], and vary the 4N
cutoff analogously to the 3N forces. In addition, we show
the results of Ref. [29]1 depicted by the black solid lines.

1For completeness, we have corrected a small error in the routines
of Ref. [29] for the computation of the second- and third-order

For a better view we do not fill this region. We give in each
panel the energy range at saturation density obtained within
the improved calculations presented in this work.

We observe that the effect of adding the N3LO 3N con-
tributions beyond Hartree-Fock varies significantly between
the EM 500 MeV and the two EGM potentials. For EM
500 MeV these contributions leave the uncertainty band almost
unaffected. For the two EGM potentials the upper uncertainty
limits remains the same while the lower increase by ∼ 1 MeV
(∼0.2 MeV) for EGM 450/500 MeV (EGM 450/700 MeV),
hence decreasing the width of the uncertainty band. These
findings are consistent with the observations in Ref. [29],
which stated that the N3LO 3N Hartree-Fock energy is smaller
for EM 500 MeV while it is much larger for the two EGM
potentials (see Fig. 6 of Ref. [29]). We emphasize, however,
that NN and effective NN forces get mixed at second order
and beyond, and therefore the net effect of these subleading 3N
contributions cannot be easily disentangled in the many-body
calculation. Combining all bands we find a total uncertainty
of E

N
(n0) = (14.7–21.1) MeV in neutron matter at saturation

density. Compared to the corrected total band of Ref. [29]

contribution of the N3LO NN plus N2LO 3N forces as well as the
N3LO 3N Hartree-Fock energy corresponding to the ring topology.
Moreover, we are using the typo-corrected values for β̄8,9 (see
Ref. [48] for details).
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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FIG. 3. Left: Free energy as a function of density for temperatures T = 8, 12, 16, and 20 MeV (from top to bottom) employing the five
Hamiltonians of Table I within the SCGF method. Symbols represent SCGF calculated data, while lines are the fits using Eq. (11). Right:
Pressure in the same conditions. The pressure is obtained as a derivative of the free energy based on Eq. (9).
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.

-30
-25
-20
-15
-10

N3LOSRG18N3LOSRG20
N3LOSRG28

-0.5
0
0.5
1
1.5
2N3LOSRG18N3LOSRG20

N3LOSRG28

-30
-25
-20
-15

Fr
ee

 E
ne

rg
y/

N
uc

le
on

, F
/A

 [M
eV

]

N3LOfullN2LOsat

-0.5
0
0.5
1
1.5

Pr
es

su
re

, P
 [M

ev
 fm

-3
]N3LOfullN2LOsat

-40

-30

-20

-0.5
0
0.5
1
1.5

0 0.04 0.08 0.12 0.16

Density, ρ [fm-3]

-60

-45

-30

-15

0 0.04 0.08 0.12 0.16 0.2

Density, ρ [fm-3]

-0.5
0
0.5
1
1.5

T=12 MeV

T=8 MeV

T=16 MeV

T=20 MeV

T=8 MeV

T=12 MeV

T=16 MeV

T=20 MeV

FIG. 3. Left: Free energy as a function of density for temperatures T = 8, 12, 16, and 20 MeV (from top to bottom) employing the five
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Pressure in the same conditions. The pressure is obtained as a derivative of the free energy based on Eq. (9).
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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Pressure in the same conditions. The pressure is obtained as a derivative of the free energy based on Eq. (9).
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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Hamiltonians of Table I within the SCGF method. Symbols represent SCGF calculated data, while lines are the fits using Eq. (11). Right:
Pressure in the same conditions. The pressure is obtained as a derivative of the free energy based on Eq. (9).
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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Pressure in the same conditions. The pressure is obtained as a derivative of the free energy based on Eq. (9).

025804-6

ARIANNA CARBONE, ARTUR POLLS, AND ARNAU RIOS PHYSICAL REVIEW C 98, 025804 (2018)

TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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Hamiltonians of Table I within the SCGF method. Symbols represent SCGF calculated data, while lines are the fits using Eq. (11). Right:
Pressure in the same conditions. The pressure is obtained as a derivative of the free energy based on Eq. (9).
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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Pressure in the same conditions. The pressure is obtained as a derivative of the free energy based on Eq. (9).
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.

-30
-25
-20
-15
-10

N3LOSRG18N3LOSRG20
N3LOSRG28

-0.5
0
0.5
1
1.5
2N3LOSRG18N3LOSRG20

N3LOSRG28

-30
-25
-20
-15

Fr
ee

 E
ne

rg
y/

N
uc

le
on

, F
/A

 [M
eV

]

N3LOfullN2LOsat

-0.5
0
0.5
1
1.5

Pr
es

su
re

, P
 [M

ev
 fm

-3
]N3LOfullN2LOsat

-40

-30

-20

-0.5
0
0.5
1
1.5

0 0.04 0.08 0.12 0.16

Density, ρ [fm-3]

-60

-45

-30

-15

0 0.04 0.08 0.12 0.16 0.2

Density, ρ [fm-3]

-0.5
0
0.5
1
1.5

T=12 MeV

T=8 MeV

T=16 MeV

T=20 MeV

T=8 MeV

T=12 MeV

T=16 MeV

T=20 MeV
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Hamiltonians of Table I within the SCGF method. Symbols represent SCGF calculated data, while lines are the fits using Eq. (11). Right:
Pressure in the same conditions. The pressure is obtained as a derivative of the free energy based on Eq. (9).
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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Pressure in the same conditions. The pressure is obtained as a derivative of the free energy based on Eq. (9).
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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Pressure in the same conditions. The pressure is obtained as a derivative of the free energy based on Eq. (9).
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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Pressure in the same conditions. The pressure is obtained as a derivative of the free energy based on Eq. (9).
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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Pressure in the same conditions. The pressure is obtained as a derivative of the free energy based on Eq. (9).
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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Hamiltonians of Table I within the SCGF method. Symbols represent SCGF calculated data, while lines are the fits using Eq. (11). Right:
Pressure in the same conditions. The pressure is obtained as a derivative of the free energy based on Eq. (9).
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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Pressure in the same conditions. The pressure is obtained as a derivative of the free energy based on Eq. (9).
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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Pressure in the same conditions. The pressure is obtained as a derivative of the free energy based on Eq. (9).
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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TABLE I. Summary of the parameters in the different chiral 2N and 3N forces used in this work. These include: the cutoff of the SRG
evolution on the 2N force, λSRG (column 2, where applicable); the cutoff !3N (column 3) and exponent n (column 4) in the regulator function
of the 3N force (see text); and the associated low-energy constants, ci (from column 5–9). Parameters are taken from Refs. [32,60,61].

λSRG (fm−1) !3N n c1 (GeV−1) c3 (GeV−1) c4 (GeV−1) cD cE

N3LOSRG18 [60] 1.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.264 −0.120
N3LOSRG20 [60] 2.0 2.0 fm−1 4 −0.81 −3.2 5.4 1.271 −0.131
N3LOSRG28 [60] 2.8 2.0 fm−1 4 −0.81 −3.2 5.4 1.278 −0.078
N2LOsat [32] / 450 MeV 3 −1.12152120 −3.92500586 3.76568716 0.81680589 −0.03957471
N3LOfull [61] / 500 MeV 3 −0.81 −3.2 5.4 0.339 −0.610

The latter is also about an MeV more repulsive than the
N3LOSRG20 results. There is, however, a relatively large gap
between N3LOSRG28 and the N3LOfull results, of the order of
∼3 MeV. To some extent this is unexpected, since the SRG
cutoff is relatively large, λSRG = 2.8 fm−1, and one would
have expected small differences between the two. We note,
however, that high-momentum correlations are well described
in our approach and our results should quantitatively account
for their presence. We note that the relative differences in free
energies can increase with density, due to the different strength
of 3N forces for each chiral Hamiltonian. However, the relative
differences remain constant with increasing temperature. This
indicates that the trends imposed by the Hamiltonian are rather
independent of temperature.

The behavior that we have just described for the free
energy has clear parallels in the pressure, shown in the right
panels of Fig. 3. We find that the more evolved Hamiltonians

predict generally lower pressures across the whole density
and temperature regime. There is a clear separation between
N3LOSRG18 and N3LOSRG20 as in the free-energy case, whereas
N3LOSRG28 and N2LOsat are close to each other. In fact,
the density dependence is such that the predictions for these
two forces cross at a given point at all temperatures. The
repulsion of N3LOfull translates into a distinctly larger pressure
compared to all other forces.

We note that qualitatively similar results would be obtained
in the BHF approximation. To discuss the dependence of
these results on the many-body method, we focus on a single
temperature and provide results as a function of density. The
left column of Fig. 4 shows results for chemical potential and
free energy at T = 8 MeV. The pressure is displayed in the
right panels. Each panel within the left and right columns
corresponds to one of the five Hamiltonians described in
Table I.
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FIG. 4. Left: Free energy (solid lines) and chemical potential (dashed lines) as a function of density at T = 8 MeV. Thick lines correspond
to SCGF results, while thinner lines show BHF data (see text for details). The panels from top to bottom display results for the five different
Hamiltonians of Table I. Right: Pressure in the same conditions.

The uncertainty associated to the many-body approximation
can be estimated by comparing the SCGF results (thick lines)
to the BHF calculations (thin lines). We identify three clear
trends. First, the many-body method dependence of the results
is stronger as the density increases. This is expected, because
the effect of hole-hole scattering states, considered in SCGF but
not in BHF, is stronger as the available phase space becomes
larger with density [42]. Second, the inclusion of hole-hole
scattering induces mainly a repulsive effect. Where the effect
is significant at large densities, SCGF predictions for the
free energy and the chemical potential are significantly less
attractive than their BHF counterparts. In turn, this results in an
overall larger pressure for SCGF predictions. Third, the size of
the many-body uncertainty depends on the chiral force under
consideration. For the two most evolved forces N3LOSRG18
and N3LOSRG20, the differences between the approximations
are within half an MeV for both F/A and µ across the whole
density range. For the evolved N3LOSRG18, the differences
are similarly small but rise as density increases, reaching a
maximum of ∼2.5 MeV for the chemical potential at the
highest density shown, ρ = 0.20 fm−3. In contrast, even at
lower densities, there is a significant difference between the
SCGF and BHF results for both N2LOsat and, especially,
N3LOfull. Evolved potentials are soft, and one expects them
to be perturbative and converge at a relatively low order in
the many-body expansion [66]. In that case, the differences
between two nonperturbative approaches that treat low orders

similarly should be small, just as we find here. Having said that,
we note that the many-body results are not entirely independent
of the SRG scale, which is an indication that higher-order
induced many-body forces may play a role in infinite mat-
ter. By providing predictions for several Hamiltonians, we
expect to account for the missing physics of these induced
forces.

The uncertainty associated to the many-body truncation in
Fig. 4 is smaller than the one arising from the use of different
chiral Hamiltonians. For instance, at saturation density ρsat =
0.16 fm−3, the maximum difference between SCGF and BHF
free energies at T = 8 MeV is encountered for the N3LOfull
interaction and amounts to ∼1.8 MeV. In contrast, at this same
temperature and density, the different Hamiltonians provide
results within a window of ∼6.5 MeV. The phase transition
explores the subsaturation region so uncertainties there are
expected to be smaller in absolute scale. However, the Hamil-
tonian uncertainties are likely to dominate in relative terms
the error budget too. This is a consequence of the uncertainty
in constraining reliably the LECs, which characterize the
three-body chiral contributions [61].

B. Liquid-gas phase transition for N2LOsat

We now analyze the liquid-gas phase transition for the
specific case of the N2LOsat potential. A qualitatively similar
discussion would apply to the other Hamiltonians of Table I.
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The uncertainty associated to the many-body approximation
can be estimated by comparing the SCGF results (thick lines)
to the BHF calculations (thin lines). We identify three clear
trends. First, the many-body method dependence of the results
is stronger as the density increases. This is expected, because
the effect of hole-hole scattering states, considered in SCGF but
not in BHF, is stronger as the available phase space becomes
larger with density [42]. Second, the inclusion of hole-hole
scattering induces mainly a repulsive effect. Where the effect
is significant at large densities, SCGF predictions for the
free energy and the chemical potential are significantly less
attractive than their BHF counterparts. In turn, this results in an
overall larger pressure for SCGF predictions. Third, the size of
the many-body uncertainty depends on the chiral force under
consideration. For the two most evolved forces N3LOSRG18
and N3LOSRG20, the differences between the approximations
are within half an MeV for both F/A and µ across the whole
density range. For the evolved N3LOSRG18, the differences
are similarly small but rise as density increases, reaching a
maximum of ∼2.5 MeV for the chemical potential at the
highest density shown, ρ = 0.20 fm−3. In contrast, even at
lower densities, there is a significant difference between the
SCGF and BHF results for both N2LOsat and, especially,
N3LOfull. Evolved potentials are soft, and one expects them
to be perturbative and converge at a relatively low order in
the many-body expansion [66]. In that case, the differences
between two nonperturbative approaches that treat low orders

similarly should be small, just as we find here. Having said that,
we note that the many-body results are not entirely independent
of the SRG scale, which is an indication that higher-order
induced many-body forces may play a role in infinite mat-
ter. By providing predictions for several Hamiltonians, we
expect to account for the missing physics of these induced
forces.

The uncertainty associated to the many-body truncation in
Fig. 4 is smaller than the one arising from the use of different
chiral Hamiltonians. For instance, at saturation density ρsat =
0.16 fm−3, the maximum difference between SCGF and BHF
free energies at T = 8 MeV is encountered for the N3LOfull
interaction and amounts to ∼1.8 MeV. In contrast, at this same
temperature and density, the different Hamiltonians provide
results within a window of ∼6.5 MeV. The phase transition
explores the subsaturation region so uncertainties there are
expected to be smaller in absolute scale. However, the Hamil-
tonian uncertainties are likely to dominate in relative terms
the error budget too. This is a consequence of the uncertainty
in constraining reliably the LECs, which characterize the
three-body chiral contributions [61].

B. Liquid-gas phase transition for N2LOsat

We now analyze the liquid-gas phase transition for the
specific case of the N2LOsat potential. A qualitatively similar
discussion would apply to the other Hamiltonians of Table I.
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The uncertainty associated to the many-body approximation
can be estimated by comparing the SCGF results (thick lines)
to the BHF calculations (thin lines). We identify three clear
trends. First, the many-body method dependence of the results
is stronger as the density increases. This is expected, because
the effect of hole-hole scattering states, considered in SCGF but
not in BHF, is stronger as the available phase space becomes
larger with density [42]. Second, the inclusion of hole-hole
scattering induces mainly a repulsive effect. Where the effect
is significant at large densities, SCGF predictions for the
free energy and the chemical potential are significantly less
attractive than their BHF counterparts. In turn, this results in an
overall larger pressure for SCGF predictions. Third, the size of
the many-body uncertainty depends on the chiral force under
consideration. For the two most evolved forces N3LOSRG18
and N3LOSRG20, the differences between the approximations
are within half an MeV for both F/A and µ across the whole
density range. For the evolved N3LOSRG18, the differences
are similarly small but rise as density increases, reaching a
maximum of ∼2.5 MeV for the chemical potential at the
highest density shown, ρ = 0.20 fm−3. In contrast, even at
lower densities, there is a significant difference between the
SCGF and BHF results for both N2LOsat and, especially,
N3LOfull. Evolved potentials are soft, and one expects them
to be perturbative and converge at a relatively low order in
the many-body expansion [66]. In that case, the differences
between two nonperturbative approaches that treat low orders

similarly should be small, just as we find here. Having said that,
we note that the many-body results are not entirely independent
of the SRG scale, which is an indication that higher-order
induced many-body forces may play a role in infinite mat-
ter. By providing predictions for several Hamiltonians, we
expect to account for the missing physics of these induced
forces.

The uncertainty associated to the many-body truncation in
Fig. 4 is smaller than the one arising from the use of different
chiral Hamiltonians. For instance, at saturation density ρsat =
0.16 fm−3, the maximum difference between SCGF and BHF
free energies at T = 8 MeV is encountered for the N3LOfull
interaction and amounts to ∼1.8 MeV. In contrast, at this same
temperature and density, the different Hamiltonians provide
results within a window of ∼6.5 MeV. The phase transition
explores the subsaturation region so uncertainties there are
expected to be smaller in absolute scale. However, the Hamil-
tonian uncertainties are likely to dominate in relative terms
the error budget too. This is a consequence of the uncertainty
in constraining reliably the LECs, which characterize the
three-body chiral contributions [61].

B. Liquid-gas phase transition for N2LOsat

We now analyze the liquid-gas phase transition for the
specific case of the N2LOsat potential. A qualitatively similar
discussion would apply to the other Hamiltonians of Table I.
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to SCGF results, while thinner lines show BHF data (see text for details). The panels from top to bottom display results for the five different
Hamiltonians of Table I. Right: Pressure in the same conditions.

The uncertainty associated to the many-body approximation
can be estimated by comparing the SCGF results (thick lines)
to the BHF calculations (thin lines). We identify three clear
trends. First, the many-body method dependence of the results
is stronger as the density increases. This is expected, because
the effect of hole-hole scattering states, considered in SCGF but
not in BHF, is stronger as the available phase space becomes
larger with density [42]. Second, the inclusion of hole-hole
scattering induces mainly a repulsive effect. Where the effect
is significant at large densities, SCGF predictions for the
free energy and the chemical potential are significantly less
attractive than their BHF counterparts. In turn, this results in an
overall larger pressure for SCGF predictions. Third, the size of
the many-body uncertainty depends on the chiral force under
consideration. For the two most evolved forces N3LOSRG18
and N3LOSRG20, the differences between the approximations
are within half an MeV for both F/A and µ across the whole
density range. For the evolved N3LOSRG18, the differences
are similarly small but rise as density increases, reaching a
maximum of ∼2.5 MeV for the chemical potential at the
highest density shown, ρ = 0.20 fm−3. In contrast, even at
lower densities, there is a significant difference between the
SCGF and BHF results for both N2LOsat and, especially,
N3LOfull. Evolved potentials are soft, and one expects them
to be perturbative and converge at a relatively low order in
the many-body expansion [66]. In that case, the differences
between two nonperturbative approaches that treat low orders

similarly should be small, just as we find here. Having said that,
we note that the many-body results are not entirely independent
of the SRG scale, which is an indication that higher-order
induced many-body forces may play a role in infinite mat-
ter. By providing predictions for several Hamiltonians, we
expect to account for the missing physics of these induced
forces.

The uncertainty associated to the many-body truncation in
Fig. 4 is smaller than the one arising from the use of different
chiral Hamiltonians. For instance, at saturation density ρsat =
0.16 fm−3, the maximum difference between SCGF and BHF
free energies at T = 8 MeV is encountered for the N3LOfull
interaction and amounts to ∼1.8 MeV. In contrast, at this same
temperature and density, the different Hamiltonians provide
results within a window of ∼6.5 MeV. The phase transition
explores the subsaturation region so uncertainties there are
expected to be smaller in absolute scale. However, the Hamil-
tonian uncertainties are likely to dominate in relative terms
the error budget too. This is a consequence of the uncertainty
in constraining reliably the LECs, which characterize the
three-body chiral contributions [61].

B. Liquid-gas phase transition for N2LOsat

We now analyze the liquid-gas phase transition for the
specific case of the N2LOsat potential. A qualitatively similar
discussion would apply to the other Hamiltonians of Table I.
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µ(⇢g) = µ(⇢l)

P (⇢g) = P (⇢l)

N2LOsat (2N+3N) Carbone, Polls, Rios PRC 98 025804 (2018)ARIANNA CARBONE, ARTUR POLLS, AND ARNAU RIOS PHYSICAL REVIEW C 98, 025804 (2018)

In Figs. 5(a) and 5(b) we show the chemical potential and
pressure as functions of density for a selection of temperatures
in the range T = 8 to 20 MeV for both SCGF (solid lines) and
BHF (dashed lines). In Fig. 5(a) we see that, at low densities,
the chemical potential becomes more and more attractive as
the temperature increases and the density decreases. This is
in agreement with the logarithmic density dependence of this
quantity in the classical limit. As the density increases, how-
ever, the system becomes more degenerate and temperature
effects become less relevant. As a consequence, the chemical
potentials at different temperatures tend to have closer values.
In addition, the chemical potential presents a local minimum at
low temperatures. This minimum disappears above the critical
temperature, Tc, which this data suggest is around 16 MeV.

In a similar fashion, Fig. 5(b) illustrates that at low temper-
atures the pressure has regions of negative slopes, associated
to a mechanical instability, up to a given local minimum.
This instability region shrinks as temperature increases and
eventually disappears when Tc is reached. The presence of
these minima in both the chemical potential and the pressure is
the reason why one can find two points with different density
but the same value of µ and P . The critical temperature Tc

signals the point in temperature where the coexistence of
the liquid and gas phases is no longer possible. Above this
temperature, the chemical potential and the pressure are always
a monotonically increasing function of density.

The uncertainty in the many-body truncation follows the
trends discussed in Sec. III A. BHF results are more attrac-
tive than their SCGF counterparts. The differences between
the two approaches depend on density (as already men-
tioned) and temperature. For instance, at ρ = 0.16 fm−3, the
SCGF pressure at T = 8 MeV differs from the BHF one by
0.3 MeV fm−3. At T = 20 MeV, this difference becomes
0.6 MeV fm−3, e.g., the discrepancy has doubled. The dif-
ferences rise with density, and we find at ρ = 0.20 fm−3 a
discrepancy of 0.7 MeV fm−3 for T = 8 MeV, which becomes
1.2 MeV fm−3 at T = 20 MeV. We note that these trends are
different from those associated to the different Hamiltonians,
which, in relative terms, stay qualitatively constant as a
function of temperature.

The phase diagram of the liquid-gas phase transition is
described in Fig. 5(c). Results are provided for both SCGF
and BHF predictions. The coexistence line (diamonds) defines
at each temperature the two points in density, which fulfill the
condition µ(ρg ) = µ(ρl ) and P (ρg ) = P (ρl ). Here, ρg is the
density of the gas phase and ρl is the density of the liquid phase.
In between these points, the system coexists in a liquid and gas
phase. To solve the coexistence equations, we calculate the
chemical potential and pressure as derivatives of the free energy
at a fixed set of densities and temperatures spaced by 0.01 fm−3

and 1 MeV, respectively. We then perform two-dimensional
density and temperature fits using polynomial interpolations
to access a denser grid in both quantities. The polynomials can
also be used to solve the conditions for the phases coexistence,
i.e., µ(ρg ) = µ(ρl ) and P (ρg ) = P (ρl ). Numerical errors
associated with these interpolations are negligible.

The spinodal line corresponds to an area of mechanical
or chemical instability. This is in fact the region in the
phase diagram where the derivatives of both the chemical
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FIG. 5. (a) Chemical potential and (b) pressure as a function
of density for the N2LOsat potential (2N+3N) at four different
temperatures (see legend). Solid lines correspond to SCGF results and
dashed lines refer to BHF calculations. (c) Coexistence (diamonds)
and spinodal (circles and squares) lines as a function of density for
the same force. Spinodal lines for both chemical potential (circles)
and pressure (squares) are plotted.
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In Figs. 5(a) and 5(b) we show the chemical potential and
pressure as functions of density for a selection of temperatures
in the range T = 8 to 20 MeV for both SCGF (solid lines) and
BHF (dashed lines). In Fig. 5(a) we see that, at low densities,
the chemical potential becomes more and more attractive as
the temperature increases and the density decreases. This is
in agreement with the logarithmic density dependence of this
quantity in the classical limit. As the density increases, how-
ever, the system becomes more degenerate and temperature
effects become less relevant. As a consequence, the chemical
potentials at different temperatures tend to have closer values.
In addition, the chemical potential presents a local minimum at
low temperatures. This minimum disappears above the critical
temperature, Tc, which this data suggest is around 16 MeV.

In a similar fashion, Fig. 5(b) illustrates that at low temper-
atures the pressure has regions of negative slopes, associated
to a mechanical instability, up to a given local minimum.
This instability region shrinks as temperature increases and
eventually disappears when Tc is reached. The presence of
these minima in both the chemical potential and the pressure is
the reason why one can find two points with different density
but the same value of µ and P . The critical temperature Tc

signals the point in temperature where the coexistence of
the liquid and gas phases is no longer possible. Above this
temperature, the chemical potential and the pressure are always
a monotonically increasing function of density.

The uncertainty in the many-body truncation follows the
trends discussed in Sec. III A. BHF results are more attrac-
tive than their SCGF counterparts. The differences between
the two approaches depend on density (as already men-
tioned) and temperature. For instance, at ρ = 0.16 fm−3, the
SCGF pressure at T = 8 MeV differs from the BHF one by
0.3 MeV fm−3. At T = 20 MeV, this difference becomes
0.6 MeV fm−3, e.g., the discrepancy has doubled. The dif-
ferences rise with density, and we find at ρ = 0.20 fm−3 a
discrepancy of 0.7 MeV fm−3 for T = 8 MeV, which becomes
1.2 MeV fm−3 at T = 20 MeV. We note that these trends are
different from those associated to the different Hamiltonians,
which, in relative terms, stay qualitatively constant as a
function of temperature.

The phase diagram of the liquid-gas phase transition is
described in Fig. 5(c). Results are provided for both SCGF
and BHF predictions. The coexistence line (diamonds) defines
at each temperature the two points in density, which fulfill the
condition µ(ρg ) = µ(ρl ) and P (ρg ) = P (ρl ). Here, ρg is the
density of the gas phase and ρl is the density of the liquid phase.
In between these points, the system coexists in a liquid and gas
phase. To solve the coexistence equations, we calculate the
chemical potential and pressure as derivatives of the free energy
at a fixed set of densities and temperatures spaced by 0.01 fm−3

and 1 MeV, respectively. We then perform two-dimensional
density and temperature fits using polynomial interpolations
to access a denser grid in both quantities. The polynomials can
also be used to solve the conditions for the phases coexistence,
i.e., µ(ρg ) = µ(ρl ) and P (ρg ) = P (ρl ). Numerical errors
associated with these interpolations are negligible.

The spinodal line corresponds to an area of mechanical
or chemical instability. This is in fact the region in the
phase diagram where the derivatives of both the chemical
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FIG. 5. (a) Chemical potential and (b) pressure as a function
of density for the N2LOsat potential (2N+3N) at four different
temperatures (see legend). Solid lines correspond to SCGF results and
dashed lines refer to BHF calculations. (c) Coexistence (diamonds)
and spinodal (circles and squares) lines as a function of density for
the same force. Spinodal lines for both chemical potential (circles)
and pressure (squares) are plotted.
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In Figs. 5(a) and 5(b) we show the chemical potential and
pressure as functions of density for a selection of temperatures
in the range T = 8 to 20 MeV for both SCGF (solid lines) and
BHF (dashed lines). In Fig. 5(a) we see that, at low densities,
the chemical potential becomes more and more attractive as
the temperature increases and the density decreases. This is
in agreement with the logarithmic density dependence of this
quantity in the classical limit. As the density increases, how-
ever, the system becomes more degenerate and temperature
effects become less relevant. As a consequence, the chemical
potentials at different temperatures tend to have closer values.
In addition, the chemical potential presents a local minimum at
low temperatures. This minimum disappears above the critical
temperature, Tc, which this data suggest is around 16 MeV.

In a similar fashion, Fig. 5(b) illustrates that at low temper-
atures the pressure has regions of negative slopes, associated
to a mechanical instability, up to a given local minimum.
This instability region shrinks as temperature increases and
eventually disappears when Tc is reached. The presence of
these minima in both the chemical potential and the pressure is
the reason why one can find two points with different density
but the same value of µ and P . The critical temperature Tc

signals the point in temperature where the coexistence of
the liquid and gas phases is no longer possible. Above this
temperature, the chemical potential and the pressure are always
a monotonically increasing function of density.

The uncertainty in the many-body truncation follows the
trends discussed in Sec. III A. BHF results are more attrac-
tive than their SCGF counterparts. The differences between
the two approaches depend on density (as already men-
tioned) and temperature. For instance, at ρ = 0.16 fm−3, the
SCGF pressure at T = 8 MeV differs from the BHF one by
0.3 MeV fm−3. At T = 20 MeV, this difference becomes
0.6 MeV fm−3, e.g., the discrepancy has doubled. The dif-
ferences rise with density, and we find at ρ = 0.20 fm−3 a
discrepancy of 0.7 MeV fm−3 for T = 8 MeV, which becomes
1.2 MeV fm−3 at T = 20 MeV. We note that these trends are
different from those associated to the different Hamiltonians,
which, in relative terms, stay qualitatively constant as a
function of temperature.

The phase diagram of the liquid-gas phase transition is
described in Fig. 5(c). Results are provided for both SCGF
and BHF predictions. The coexistence line (diamonds) defines
at each temperature the two points in density, which fulfill the
condition µ(ρg ) = µ(ρl ) and P (ρg ) = P (ρl ). Here, ρg is the
density of the gas phase and ρl is the density of the liquid phase.
In between these points, the system coexists in a liquid and gas
phase. To solve the coexistence equations, we calculate the
chemical potential and pressure as derivatives of the free energy
at a fixed set of densities and temperatures spaced by 0.01 fm−3

and 1 MeV, respectively. We then perform two-dimensional
density and temperature fits using polynomial interpolations
to access a denser grid in both quantities. The polynomials can
also be used to solve the conditions for the phases coexistence,
i.e., µ(ρg ) = µ(ρl ) and P (ρg ) = P (ρl ). Numerical errors
associated with these interpolations are negligible.

The spinodal line corresponds to an area of mechanical
or chemical instability. This is in fact the region in the
phase diagram where the derivatives of both the chemical
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FIG. 5. (a) Chemical potential and (b) pressure as a function
of density for the N2LOsat potential (2N+3N) at four different
temperatures (see legend). Solid lines correspond to SCGF results and
dashed lines refer to BHF calculations. (c) Coexistence (diamonds)
and spinodal (circles and squares) lines as a function of density for
the same force. Spinodal lines for both chemical potential (circles)
and pressure (squares) are plotted.
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TABLE II. Critical density, ρc, and temperature, Tc; saturation
density, ρ0, and energy, E0/A; and effective mass at saturation density,
m∗

0/m, for each of the five Hamiltonians considered in Table I. We
provide results for both the SCGF and BHF methods.

SCGF ρc (fm−3) Tc (MeV) ρ0 (fm−3) E0
A

(MeV) m∗
0

m

N3LOSRG18 0.048 18.6 0.19 −17.6 0.83
N3LOSRG20 0.047 17.4 0.19 −16.2 0.84
N3LOSRG28 0.043 15.3 0.16 −13.7 0.88
N2LOsat 0.043 16.3 0.15 −14.6 0.90
N3LOfull 0.038 11.5 0.14 −11.0 0.84

BHF ρc (fm−3) Tc (MeV) ρ0 (fm−3) E0
A

(MeV) m∗
0

m

N3LOSRG18 0.058 18.9 0.19 −17.3 0.70
N3LOSRG20 0.056 17.9 0.18 −16.0 0.73
N3LOSRG28 0.051 16.5 0.16 −14.2 0.79
N2LOsat 0.051 17.7 0.16 −15.2 0.82
N3LOfull 0.048 13.7 0.16 −12.6 0.76

potential and the pressure become negative, thus violating
the thermodynamical stability criteria. To define the spinodal
lines, one then searches for the maxima and minima of both
µ and P , ∂µ

∂ρg
= ∂µ

∂ρl
= 0 and ∂P

∂ρg
= ∂P

∂ρl
= 0. We can thus

obtain two spinodal lines: one representing chemical and the
other one mechanical instabilities. These two lines are shown
in Fig. 5(c) with circles (chemical potential) and squares
(pressure), respectively. These two lines should coincide with
one another, and in fact they do as seen in Fig. 5(c). We take this
agreement as a further confirmation of the numerical procedure
that we have set up to study the phase transition.

The critical temperature Tc can be estimated in three differ-
ent ways: as the maximum of the chemical potential spinodal
line, of the pressure spinodal line, or of the corresponding
coexistence line. The small dotted lines that join the points in
Fig. 5(c) represent polynomial interpolations of all these data.
We use the maxima of these polynomials to provide an estimate
of the critical point (Tc , ρc), which should be the same when
extracted from either of the three estimates. We find that indeed
these three predictions agree well with each other. As seen in
Fig. 5(c), the three approaches yield almost undistinguishable
maxima for both the BHF and the SCGF results. A similar
discussion applies for the other four Hamiltonians. The critical
point thus obtained is reported in Table II.

Furthermore, Fig. 5(c) illustrates the general behavior of
the many-body truncation dependence of our results. The phase
diagrams for both the BHF and SCGF are qualitatively similar,
but present also some quantitative differences. The critical
point occurs at a slightly higher temperature for BHF compared
to SCGF, as expected from the overall repulsive nature of
hole-hole correlations. Well below the critical temperature, the
coexistence and spinodal lines on the low-density gas side are
very similar for both SCGF and BHF. These only deviate from
each other about 2 MeV below Tc. This low-density region is
relatively insensitive to many-body differences as expected on
the grounds of the virial expansion [53], which both BHF and
SCGF calculations incorporate by construction.

The liquid boundary of the phase diagram occurs at higher
densities and therefore we expect it to be more sensitive to

many-body correlations. We do find that the liquid coexistence
line occurs at larger densities for BHF compared to SCGF. The
same holds for the spinodal lines at high densities. Compared to
previous results obtained with 2N forces only [27], the critical
temperature is relatively lower for both BHF and SCGF. How-
ever, the differences between the two many-body approaches
are relatively similar here and in Ref. [27], indicating that 3N
forces do not qualitatively change the picture when it comes
to many-body uncertainties.

C. Coexistence line and critical temperature

We now extend the analysis of the many-body truncation
dependence of our results to the five chiral forces of Table I.
Figure 6 shows the coexistence lines obtained for all potentials:
for Fig. 6(a), the SCGF approximation, and Fig. 6(b), the
BHF approximation. We have applied the same procedure
discussed in the previous section to solve for the phase
coexistence. The Hamiltonians, which give a more attractive
free energy and a lower pressure, such as N3LOSRG18 (solid
lines), lead to coexistence lines, which cover a wider area in
the phase diagram. In contrast, the more repulsive forces, such
as N3LOfull (double-dash-dotted line), cover a substantially
smaller region of the density-temperature plane. There is a
clear separation in the phase diagram of all forces, which give
a coexistence line (and thus a phase diagram), which lies in
between the limits established by N3LOSRG18 at the top and
N3LOfull at the bottom.

The critical density and temperature for each Hamiltonian
in the two many-body approximations are reported in columns
2 and 3 of Table II. The Hamiltonian dependence of the critical
point is a direct reflection of the overall attractive or repulsive
nature of the free energy. We note that the ordering in terms of
free energy described in the left panels of Fig. 3 is in one-to-one
correspondence to the phase diagrams presented in Fig. 6 and
the critical properties of Table II.

There is a substantial dependence of the critical temperature
on Hamiltonians, spanning over 7 (5) MeV in the SCGF
(BHF) case. A previous study using 2N phase-shift equivalent
forces Av18 and CD-Bonn found a similar difference in
critical temperatures between the two potentials and for the
two many-body methods [27]. If N3LOfull predictions are
removed, however, our critical temperature results reduce to
a more conservative span of Tc = 16.3 − 18.9 MeV. In fact,
computing a mean and a standard deviation from all the
results of Table II, including N3LOfull, we estimate the critical
temperature to be in the range Tc = 16.4 ± 2.3 MeV.

The trends and figures indicate that N3LOfull is a relative
outlier with a very low critical temperature. Similar low critical
temperatures of order Tc = 11–12 MeV have been reported
in the past in relativistic many-body calculations [67,68] as
well as the 2N+3N force SCGF calculations of Ref. [28].
In the latter case, 3N forces were included without explicitly
differentiating one- and two-body effective interactions, which
provided an overall very large pressure, leading in turn to a low
critical temperature. If N3LOfull is considered an outlier and
removed from the average, we find that the mean is slightly
higher and the standard deviation narrower, Tc = 17.3 ± 1.2.
The perturbative calculations of Ref. [30] using similar chiral
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FIG. 3: Thermal energy (first row), thermal pressure (second row) and thermal index (third row) as functions of
density at four di↵erent temperatures, as shown in the panels, for SNM (left panels) and PNM (right panels),

obtained using the 2.0/2.0 (EM) interaction.

able value to simulate neutron-star mergers events [39].
We remind that a bigger value for the thermal index
refers to sti↵er EoS, hence less compact, which cause a
smaller peak frequency in the graviational-wave signal of
the post-merger remnant and a longer time delay to the
black-hole collapse [39]. All in all our calculations point

towards smaller values for the thermal index, so more
compact EoSs, in line with the analysis obtained for the
tidal deformabilities from the latest gravitational-wave
detection [9]. We do not provide an uncertainty based
on the many-body approach, however we safely consider
this error as encompassed by the chiral Hamiltonian un-
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density at four di↵erent temperatures, as shown in the panels, for SNM (left panels) and PNM (right panels),

obtained using the 2.0/2.0 (EM) interaction.

able value to simulate neutron-star mergers events [39].
We remind that a bigger value for the thermal index
refers to sti↵er EoS, hence less compact, which cause a
smaller peak frequency in the graviational-wave signal of
the post-merger remnant and a longer time delay to the
black-hole collapse [39]. All in all our calculations point

towards smaller values for the thermal index, so more
compact EoSs, in line with the analysis obtained for the
tidal deformabilities from the latest gravitational-wave
detection [9]. We do not provide an uncertainty based
on the many-body approach, however we safely consider
this error as encompassed by the chiral Hamiltonian un-
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FIG. 4: Thermal energy (first row), thermal pressure (second row) and thermal index (third row) as functions of
density for SNM (left panel) and PNM (right panel), at temperature T=30 MeV, using six di↵erent chiral

Hamiltonians (see text for details).

certainty, as shown in previous works [51]. B. Parametrizing thermal e↵ects with the nucleon
e↵ective mass

In this section we show how knowledge of the nucleon
e↵ective mass can help in understanding the character-
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FIG. 4: Thermal energy (first row), thermal pressure (second row) and thermal index (third row) as functions of
density for SNM (left panel) and PNM (right panel), at temperature T=30 MeV, using six di↵erent chiral

Hamiltonians (see text for details).

certainty, as shown in previous works [51]. B. Parametrizing thermal e↵ects with the nucleon
e↵ective mass

In this section we show how knowledge of the nucleon
e↵ective mass can help in understanding the character-
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FIG. 3: Thermal energy (first row), thermal pressure (second row) and thermal index (third row) as functions of
density at four di↵erent temperatures, as shown in the panels, for SNM (left panels) and PNM (right panels),

obtained using the 2.0/2.0 (EM) interaction.

able value to simulate neutron-star mergers events [39].
We remind that a bigger value for the thermal index
refers to sti↵er EoS, hence less compact, which cause a
smaller peak frequency in the graviational-wave signal of
the post-merger remnant and a longer time delay to the
black-hole collapse [39]. All in all our calculations point

towards smaller values for the thermal index, so more
compact EoSs, in line with the analysis obtained for the
tidal deformabilities from the latest gravitational-wave
detection [9]. We do not provide an uncertainty based
on the many-body approach, however we safely consider
this error as encompassed by the chiral Hamiltonian un-

Carbone & Schwenk (in preparation)
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FIG. 3: Thermal energy (first row), thermal pressure (second row) and thermal index (third row) as functions of
density at four di↵erent temperatures, as shown in the panels, for SNM (left panels) and PNM (right panels),

obtained using the 2.0/2.0 (EM) interaction.

able value to simulate neutron-star mergers events [39].
We remind that a bigger value for the thermal index
refers to sti↵er EoS, hence less compact, which cause a
smaller peak frequency in the graviational-wave signal of
the post-merger remnant and a longer time delay to the
black-hole collapse [39]. All in all our calculations point

towards smaller values for the thermal index, so more
compact EoSs, in line with the analysis obtained for the
tidal deformabilities from the latest gravitational-wave
detection [9]. We do not provide an uncertainty based
on the many-body approach, however we safely consider
this error as encompassed by the chiral Hamiltonian un-

• strength of thermal effects 
• stiffness of pressure at T=0
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FIG. 4: Thermal energy (first row), thermal pressure (second row) and thermal index (third row) as functions of
density for SNM (left panel) and PNM (right panel), at temperature T=30 MeV, using six di↵erent chiral

Hamiltonians (see text for details).

certainty, as shown in previous works [51]. B. Parametrizing thermal e↵ects with the nucleon
e↵ective mass

In this section we show how knowledge of the nucleon
e↵ective mass can help in understanding the character-
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FIG. 3: Thermal energy (first row), thermal pressure (second row) and thermal index (third row) as functions of
density at four di↵erent temperatures, as shown in the panels, for SNM (left panels) and PNM (right panels),

obtained using the 2.0/2.0 (EM) interaction.

able value to simulate neutron-star mergers events [39].
We remind that a bigger value for the thermal index
refers to sti↵er EoS, hence less compact, which cause a
smaller peak frequency in the graviational-wave signal of
the post-merger remnant and a longer time delay to the
black-hole collapse [39]. All in all our calculations point

towards smaller values for the thermal index, so more
compact EoSs, in line with the analysis obtained for the
tidal deformabilities from the latest gravitational-wave
detection [9]. We do not provide an uncertainty based
on the many-body approach, however we safely consider
this error as encompassed by the chiral Hamiltonian un-
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FIG. 3: Thermal energy (first row), thermal pressure (second row) and thermal index (third row) as functions of
density at four di↵erent temperatures, as shown in the panels, for SNM (left panels) and PNM (right panels),

obtained using the 2.0/2.0 (EM) interaction.

able value to simulate neutron-star mergers events [39].
We remind that a bigger value for the thermal index
refers to sti↵er EoS, hence less compact, which cause a
smaller peak frequency in the graviational-wave signal of
the post-merger remnant and a longer time delay to the
black-hole collapse [39]. All in all our calculations point

towards smaller values for the thermal index, so more
compact EoSs, in line with the analysis obtained for the
tidal deformabilities from the latest gravitational-wave
detection [9]. We do not provide an uncertainty based
on the many-body approach, however we safely consider
this error as encompassed by the chiral Hamiltonian un-

• strength of thermal effects 
• stiffness of pressure at T=0
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FIG. 5: Thermal index at T=30 MeV obtained using Eq. (10) (black solid lines) and Eq. (11) (green dashed lines),
employing the 2N N3LO (EM) + 3N N2LO and the 2N N3LO (EM) potentials, as shown in the panels, for SNM

(left panel) and PNM (right panel).
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FIG. 6: E↵ective mass as function of density, extracted where the single-particle energy equals the chemical
potential (see Eq. (12)), at temperature T=30 MeV, employing six di↵erent chiral Hamiltonians, for SNM (left

panel) and PNM (right panel).

istics of the thermal index. We propose a functional
form, which depends on the nucleon e↵ective mass and
its density-dependence derivative, to mimic the thermal
index behavior:
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which in the limit of zero density approaches the non-
relativtic ideal gas adiabatic index, i.e. 5/3. A com-
parison between the thermal index as given in Eq. (10)
and the one proposed in Eq. (11) is presented in Fig. 5,
employing the 2N N3LO (EM) + 3N N2LO Hamiltonian
and the 2N-only case, at T=30 MeV, for SNM (left panel)
and PNM (right panel). It is quite remarkable how the
functional form of Eq. (11) can pretty much reproduce
the thermal index behavior, with only some small quan-
titative di↵erences. In other words, thermal e↵ects can

be very well understood in terms of the nucleon e↵ective
mass. The reason why the dashed lines in Fig. 5 do not
reach the low density region is to be traced back to the
fact that we calculate the e↵ective mass at finite-T, so
we solve not for the e↵ective mass at the Fermi momen-
tum, but for its value where the single-particle spectrum
equals the chemical potential. In other words:
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where pµ defines the momentum in which the spec-
trum "(p) equals the chemical potential. In the low-
density regime, especially as the temperature increases,
the chemical potential becomes very negative and no so-
lution is encountered for the equality "(p) = µ, that is
why the green-dashed curves stop at certain low-density
values, for both SNM and PNM.
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FIG. 5: Thermal index at T=30 MeV obtained using Eq. (10) (black solid lines) and Eq. (11) (green dashed lines),
employing the 2N N3LO (EM) + 3N N2LO and the 2N N3LO (EM) potentials, as shown in the panels, for SNM

(left panel) and PNM (right panel).
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FIG. 6: E↵ective mass as function of density, extracted where the single-particle energy equals the chemical
potential (see Eq. (12)), at temperature T=30 MeV, employing six di↵erent chiral Hamiltonians, for SNM (left

panel) and PNM (right panel).

istics of the thermal index. We propose a functional
form, which depends on the nucleon e↵ective mass and
its density-dependence derivative, to mimic the thermal
index behavior:
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which in the limit of zero density approaches the non-
relativtic ideal gas adiabatic index, i.e. 5/3. A com-
parison between the thermal index as given in Eq. (10)
and the one proposed in Eq. (11) is presented in Fig. 5,
employing the 2N N3LO (EM) + 3N N2LO Hamiltonian
and the 2N-only case, at T=30 MeV, for SNM (left panel)
and PNM (right panel). It is quite remarkable how the
functional form of Eq. (11) can pretty much reproduce
the thermal index behavior, with only some small quan-
titative di↵erences. In other words, thermal e↵ects can

be very well understood in terms of the nucleon e↵ective
mass. The reason why the dashed lines in Fig. 5 do not
reach the low density region is to be traced back to the
fact that we calculate the e↵ective mass at finite-T, so
we solve not for the e↵ective mass at the Fermi momen-
tum, but for its value where the single-particle spectrum
equals the chemical potential. In other words:
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where pµ defines the momentum in which the spec-
trum "(p) equals the chemical potential. In the low-
density regime, especially as the temperature increases,
the chemical potential becomes very negative and no so-
lution is encountered for the equality "(p) = µ, that is
why the green-dashed curves stop at certain low-density
values, for both SNM and PNM.
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FIG. 3. The energy per particle of neutron matter at N3LO for the three different NN potentials (this work: blue bands) in comparison to
Ref. [29] [Krüger et al. (2013): black lines]. The second row combines the results of the first row. In each panel, we give the energy range at
saturation density obtained within the improved calculations presented in this work. See text for details.

C. Comparison to previous calculations at N3LO

The authors of Refs. [28,29] performed the first consistent
calculations at N3LO including NN , 3N , and 4N forces
in MBPT. In the cited works N3LO NN and N2LO 3N
forces have been considered up to third order in MBPT in
terms of effective NN potentials [36], whereas subleading
3N interactions could only be included in the Hartree-
Fock approximation since no 3N -force partial-wave matrix
elements were available at that time. Thanks to the advances
discussed in this paper we are now in the position to revisit
and systematically improve these calculations.

In Fig. 3 we show our improved results for the energy
of neutron matter (blue bands) for the three Hamiltonians
EM 500 MeV, EGM 450/500 MeV, and EGM 450/700 MeV
(first row) and the total band merged from the previous panels
(second row). The uncertainty bands cover again variations of
the 3N parameters (as given in the figure), the single-particle
spectrum, and the additional many-body uncertainty (see
also discussion of Fig. 1). We furthermore include the 4N
Hartree-Fock results, as given in Ref. [29], and vary the 4N
cutoff analogously to the 3N forces. In addition, we show
the results of Ref. [29]1 depicted by the black solid lines.

1For completeness, we have corrected a small error in the routines
of Ref. [29] for the computation of the second- and third-order

For a better view we do not fill this region. We give in each
panel the energy range at saturation density obtained within
the improved calculations presented in this work.

We observe that the effect of adding the N3LO 3N con-
tributions beyond Hartree-Fock varies significantly between
the EM 500 MeV and the two EGM potentials. For EM
500 MeV these contributions leave the uncertainty band almost
unaffected. For the two EGM potentials the upper uncertainty
limits remains the same while the lower increase by ∼ 1 MeV
(∼0.2 MeV) for EGM 450/500 MeV (EGM 450/700 MeV),
hence decreasing the width of the uncertainty band. These
findings are consistent with the observations in Ref. [29],
which stated that the N3LO 3N Hartree-Fock energy is smaller
for EM 500 MeV while it is much larger for the two EGM
potentials (see Fig. 6 of Ref. [29]). We emphasize, however,
that NN and effective NN forces get mixed at second order
and beyond, and therefore the net effect of these subleading 3N
contributions cannot be easily disentangled in the many-body
calculation. Combining all bands we find a total uncertainty
of E

N
(n0) = (14.7–21.1) MeV in neutron matter at saturation

density. Compared to the corrected total band of Ref. [29]

contribution of the N3LO NN plus N2LO 3N forces as well as the
N3LO 3N Hartree-Fock energy corresponding to the ring topology.
Moreover, we are using the typo-corrected values for β̄8,9 (see
Ref. [48] for details).
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calculations at N3LO including NN , 3N , and 4N forces
in MBPT. In the cited works N3LO NN and N2LO 3N
forces have been considered up to third order in MBPT in
terms of effective NN potentials [36], whereas subleading
3N interactions could only be included in the Hartree-
Fock approximation since no 3N -force partial-wave matrix
elements were available at that time. Thanks to the advances
discussed in this paper we are now in the position to revisit
and systematically improve these calculations.

In Fig. 3 we show our improved results for the energy
of neutron matter (blue bands) for the three Hamiltonians
EM 500 MeV, EGM 450/500 MeV, and EGM 450/700 MeV
(first row) and the total band merged from the previous panels
(second row). The uncertainty bands cover again variations of
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also discussion of Fig. 1). We furthermore include the 4N
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panel the energy range at saturation density obtained within
the improved calculations presented in this work.

We observe that the effect of adding the N3LO 3N con-
tributions beyond Hartree-Fock varies significantly between
the EM 500 MeV and the two EGM potentials. For EM
500 MeV these contributions leave the uncertainty band almost
unaffected. For the two EGM potentials the upper uncertainty
limits remains the same while the lower increase by ∼ 1 MeV
(∼0.2 MeV) for EGM 450/500 MeV (EGM 450/700 MeV),
hence decreasing the width of the uncertainty band. These
findings are consistent with the observations in Ref. [29],
which stated that the N3LO 3N Hartree-Fock energy is smaller
for EM 500 MeV while it is much larger for the two EGM
potentials (see Fig. 6 of Ref. [29]). We emphasize, however,
that NN and effective NN forces get mixed at second order
and beyond, and therefore the net effect of these subleading 3N
contributions cannot be easily disentangled in the many-body
calculation. Combining all bands we find a total uncertainty
of E
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(n0) = (14.7–21.1) MeV in neutron matter at saturation

density. Compared to the corrected total band of Ref. [29]

contribution of the N3LO NN plus N2LO 3N forces as well as the
N3LO 3N Hartree-Fock energy corresponding to the ring topology.
Moreover, we are using the typo-corrected values for β̄8,9 (see
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forces have been considered up to third order in MBPT in
terms of effective NN potentials [36], whereas subleading
3N interactions could only be included in the Hartree-
Fock approximation since no 3N -force partial-wave matrix
elements were available at that time. Thanks to the advances
discussed in this paper we are now in the position to revisit
and systematically improve these calculations.
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of neutron matter (blue bands) for the three Hamiltonians
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(first row) and the total band merged from the previous panels
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also discussion of Fig. 1). We furthermore include the 4N
Hartree-Fock results, as given in Ref. [29], and vary the 4N
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the improved calculations presented in this work.

We observe that the effect of adding the N3LO 3N con-
tributions beyond Hartree-Fock varies significantly between
the EM 500 MeV and the two EGM potentials. For EM
500 MeV these contributions leave the uncertainty band almost
unaffected. For the two EGM potentials the upper uncertainty
limits remains the same while the lower increase by ∼ 1 MeV
(∼0.2 MeV) for EGM 450/500 MeV (EGM 450/700 MeV),
hence decreasing the width of the uncertainty band. These
findings are consistent with the observations in Ref. [29],
which stated that the N3LO 3N Hartree-Fock energy is smaller
for EM 500 MeV while it is much larger for the two EGM
potentials (see Fig. 6 of Ref. [29]). We emphasize, however,
that NN and effective NN forces get mixed at second order
and beyond, and therefore the net effect of these subleading 3N
contributions cannot be easily disentangled in the many-body
calculation. Combining all bands we find a total uncertainty
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contribution of the N3LO NN plus N2LO 3N forces as well as the
N3LO 3N Hartree-Fock energy corresponding to the ring topology.
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Ref. [29] [Krüger et al. (2013): black lines]. The second row combines the results of the first row. In each panel, we give the energy range at
saturation density obtained within the improved calculations presented in this work. See text for details.
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calculations at N3LO including NN , 3N , and 4N forces
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forces have been considered up to third order in MBPT in
terms of effective NN potentials [36], whereas subleading
3N interactions could only be included in the Hartree-
Fock approximation since no 3N -force partial-wave matrix
elements were available at that time. Thanks to the advances
discussed in this paper we are now in the position to revisit
and systematically improve these calculations.

In Fig. 3 we show our improved results for the energy
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(first row) and the total band merged from the previous panels
(second row). The uncertainty bands cover again variations of
the 3N parameters (as given in the figure), the single-particle
spectrum, and the additional many-body uncertainty (see
also discussion of Fig. 1). We furthermore include the 4N
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tributions beyond Hartree-Fock varies significantly between
the EM 500 MeV and the two EGM potentials. For EM
500 MeV these contributions leave the uncertainty band almost
unaffected. For the two EGM potentials the upper uncertainty
limits remains the same while the lower increase by ∼ 1 MeV
(∼0.2 MeV) for EGM 450/500 MeV (EGM 450/700 MeV),
hence decreasing the width of the uncertainty band. These
findings are consistent with the observations in Ref. [29],
which stated that the N3LO 3N Hartree-Fock energy is smaller
for EM 500 MeV while it is much larger for the two EGM
potentials (see Fig. 6 of Ref. [29]). We emphasize, however,
that NN and effective NN forces get mixed at second order
and beyond, and therefore the net effect of these subleading 3N
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FIG. 3. The energy per particle of neutron matter at N3LO for the three different NN potentials (this work: blue bands) in comparison to
Ref. [29] [Krüger et al. (2013): black lines]. The second row combines the results of the first row. In each panel, we give the energy range at
saturation density obtained within the improved calculations presented in this work. See text for details.

C. Comparison to previous calculations at N3LO

The authors of Refs. [28,29] performed the first consistent
calculations at N3LO including NN , 3N , and 4N forces
in MBPT. In the cited works N3LO NN and N2LO 3N
forces have been considered up to third order in MBPT in
terms of effective NN potentials [36], whereas subleading
3N interactions could only be included in the Hartree-
Fock approximation since no 3N -force partial-wave matrix
elements were available at that time. Thanks to the advances
discussed in this paper we are now in the position to revisit
and systematically improve these calculations.

In Fig. 3 we show our improved results for the energy
of neutron matter (blue bands) for the three Hamiltonians
EM 500 MeV, EGM 450/500 MeV, and EGM 450/700 MeV
(first row) and the total band merged from the previous panels
(second row). The uncertainty bands cover again variations of
the 3N parameters (as given in the figure), the single-particle
spectrum, and the additional many-body uncertainty (see
also discussion of Fig. 1). We furthermore include the 4N
Hartree-Fock results, as given in Ref. [29], and vary the 4N
cutoff analogously to the 3N forces. In addition, we show
the results of Ref. [29]1 depicted by the black solid lines.

1For completeness, we have corrected a small error in the routines
of Ref. [29] for the computation of the second- and third-order

For a better view we do not fill this region. We give in each
panel the energy range at saturation density obtained within
the improved calculations presented in this work.

We observe that the effect of adding the N3LO 3N con-
tributions beyond Hartree-Fock varies significantly between
the EM 500 MeV and the two EGM potentials. For EM
500 MeV these contributions leave the uncertainty band almost
unaffected. For the two EGM potentials the upper uncertainty
limits remains the same while the lower increase by ∼ 1 MeV
(∼0.2 MeV) for EGM 450/500 MeV (EGM 450/700 MeV),
hence decreasing the width of the uncertainty band. These
findings are consistent with the observations in Ref. [29],
which stated that the N3LO 3N Hartree-Fock energy is smaller
for EM 500 MeV while it is much larger for the two EGM
potentials (see Fig. 6 of Ref. [29]). We emphasize, however,
that NN and effective NN forces get mixed at second order
and beyond, and therefore the net effect of these subleading 3N
contributions cannot be easily disentangled in the many-body
calculation. Combining all bands we find a total uncertainty
of E

N
(n0) = (14.7–21.1) MeV in neutron matter at saturation

density. Compared to the corrected total band of Ref. [29]

contribution of the N3LO NN plus N2LO 3N forces as well as the
N3LO 3N Hartree-Fock energy corresponding to the ring topology.
Moreover, we are using the typo-corrected values for β̄8,9 (see
Ref. [48] for details).
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N4LO

Why nuclear matter from chiral EFT?

Epelbaum et al., Rev. Mod. Phys. 81, 1773(2009) 
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Effective theory of QCD  

Nucleons & pions as d.o.f. 

Power counting expansion 

Hierarchy of many-body forces 

Theoretical uncertainties
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★ overcome pairing instability at zero-T

★ exploit the Sommerfeld expansion for 
low temperatures

★ energy:

★ free-energy:

★ semi-sum is an estimate of zero-T results
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m(1)
k =

~2k2
2m

+ ⌃1
k

Hartree-Fock like energy: 
increasing with k

5

energy tails of the spectral functions, particularly at high
positive excitation energies. Because N3LO+SRG+3NF
is a very soft interaction, the high-energy tails die out
well below 750 MeV. In contrast, the high energy tails for
Av18 are large, similar for the three-momenta considered
and extend well into the GeV regime. At zero tempera-
ture, the tails at negative energies would correspond to
the excitations of the A� 1 system, A<. These are also
more pronounced for Av18 than for N3LO+SRG+3NF.
Unsurprisingly, we find that the fragmentation of single-
particle states is very much suppressed for a soft hamil-
tonian as opposed to a hard force. We shall see in the
following that the moments of the spectral function can
provide a direct quantification of this fragmentation.

The spectral functions at all momenta have a well-
defined quasi-particle peak. For k < kF , the peak is well
below the chemical potential, and the thermal function
f(!) ⇡ 1. Therefore, the peak is provided by A<

k (!).
In contrast, well above the Fermi surface, similar argu-
ments lead to the conclusion that the peak is caused by
the A>

k (!) component. A<
k (!) and A>

k (!) can be identi-
fied at zero-temperature as the hole and particle spectral
function, respectively. Whereas at zero temperature the
k = kF spectral function would be a ��peak, the finite
temperature Ak(!) has a finite thermal width. Thermal
e↵ects are also responsible for the fact that, at k 6= kF ,
the spectral functions are not zero at ! = µ. However,
one can observe a well defined minimum for ! = µ, which
is a reminder of the T = 0 situation.

The self-consistency of the spectral functions, and the
use of dispersion relations in the SCGF approach, guar-
antee that the sum rules are respected. In fact, the sum

rule associated to the zeroth moment, m(0)
k = 1, is ful-

filled to better than 0.1% in the complete momentum
range, for all interactions used in the paper. This vali-
dates the accuracy of the numerical calculation and pro-
vides a useful test in terms of consistency.

C. First moment

Results for the m(1)
k sum rule are presented for di↵er-

ent chiral interactions in panels (a)-(d) of Fig. 2. Panels
(e) and (f) show results for CD-Bonn and Av18, respec-

tively. The m(1)
k sum rule is displayed as a function of

momentum with a solid line. The results of the first mo-
ment of the spectral function and the right-hand-side of
Eq. (13) are plotted in the figure, but the curves lie one
on top of each other and are indistinguishable. The sum
rule is satisfied to better than 1% for all momenta and in-
teractions considered in the figure. For all forces, we find
an increasing function of momentum due to the largely
dominant kinetic term in Eq. (13).

The first moment is di↵erent depending on the Hamil-
tonian under consideration. This is to be expected on
the grounds that ⌃1

k is directly related to the nuclear
force as dictated by Eq. (14). We find an overall at-
tractive contribution at k = 0 for all forces, except for
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FIG. 2. Momentum dependence of the m(1)
k moment cal-

culated at ⇢ = 0.2 fm�3 and T = 5 MeV for the (a) EM
N3LO 2NF; (b) N3LO 2NF complemented with a 3NF; (c)
SRG-evolved N3LO down to � = 2 fm�1, (d) the same 2NF
complemented with a 3NF; (e) CD-Bonn and (f) Av18. In

all panels, we show the first moment m(1)
k (solid line) and the

right-hand side of Eq. (13). The two sides of the sum rule
are displayed, but they are indistinguishable. The m<

k (dot-

ted line) and m>
k (dashed line) contributions to m(1)

k are also
shown.

Av18. Calculations based on the hard Reid force [40],
as well as previous calculations with Av18 at di↵erent

densities [41], also yield positive m(1)
k sum rules. ⌃1

k
has a Hartree-Fock-like structure, which will necessar-
ily yield repulsive results for hard-core forces. In accor-
dance to this reasoning, we find that results associated
to softer, SRG-renormalised, forces [panels (c) and (d)]

induce more attractivem(1)
k moments than their unrenor-

malised counterparts [panels (a) and (b)]. Moreover, the

5

energy tails of the spectral functions, particularly at high
positive excitation energies. Because N3LO+SRG+3NF
is a very soft interaction, the high-energy tails die out
well below 750 MeV. In contrast, the high energy tails for
Av18 are large, similar for the three-momenta considered
and extend well into the GeV regime. At zero tempera-
ture, the tails at negative energies would correspond to
the excitations of the A� 1 system, A<. These are also
more pronounced for Av18 than for N3LO+SRG+3NF.
Unsurprisingly, we find that the fragmentation of single-
particle states is very much suppressed for a soft hamil-
tonian as opposed to a hard force. We shall see in the
following that the moments of the spectral function can
provide a direct quantification of this fragmentation.

The spectral functions at all momenta have a well-
defined quasi-particle peak. For k < kF , the peak is well
below the chemical potential, and the thermal function
f(!) ⇡ 1. Therefore, the peak is provided by A<

k (!).
In contrast, well above the Fermi surface, similar argu-
ments lead to the conclusion that the peak is caused by
the A>

k (!) component. A<
k (!) and A>

k (!) can be identi-
fied at zero-temperature as the hole and particle spectral
function, respectively. Whereas at zero temperature the
k = kF spectral function would be a ��peak, the finite
temperature Ak(!) has a finite thermal width. Thermal
e↵ects are also responsible for the fact that, at k 6= kF ,
the spectral functions are not zero at ! = µ. However,
one can observe a well defined minimum for ! = µ, which
is a reminder of the T = 0 situation.

The self-consistency of the spectral functions, and the
use of dispersion relations in the SCGF approach, guar-
antee that the sum rules are respected. In fact, the sum

rule associated to the zeroth moment, m(0)
k = 1, is ful-

filled to better than 0.1% in the complete momentum
range, for all interactions used in the paper. This vali-
dates the accuracy of the numerical calculation and pro-
vides a useful test in terms of consistency.

C. First moment

Results for the m(1)
k sum rule are presented for di↵er-

ent chiral interactions in panels (a)-(d) of Fig. 2. Panels
(e) and (f) show results for CD-Bonn and Av18, respec-

tively. The m(1)
k sum rule is displayed as a function of

momentum with a solid line. The results of the first mo-
ment of the spectral function and the right-hand-side of
Eq. (13) are plotted in the figure, but the curves lie one
on top of each other and are indistinguishable. The sum
rule is satisfied to better than 1% for all momenta and in-
teractions considered in the figure. For all forces, we find
an increasing function of momentum due to the largely
dominant kinetic term in Eq. (13).

The first moment is di↵erent depending on the Hamil-
tonian under consideration. This is to be expected on
the grounds that ⌃1

k is directly related to the nuclear
force as dictated by Eq. (14). We find an overall at-
tractive contribution at k = 0 for all forces, except for
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FIG. 2. Momentum dependence of the m(1)
k moment cal-

culated at ⇢ = 0.2 fm�3 and T = 5 MeV for the (a) EM
N3LO 2NF; (b) N3LO 2NF complemented with a 3NF; (c)
SRG-evolved N3LO down to � = 2 fm�1, (d) the same 2NF
complemented with a 3NF; (e) CD-Bonn and (f) Av18. In

all panels, we show the first moment m(1)
k (solid line) and the

right-hand side of Eq. (13). The two sides of the sum rule
are displayed, but they are indistinguishable. The m<

k (dot-

ted line) and m>
k (dashed line) contributions to m(1)

k are also
shown.

Av18. Calculations based on the hard Reid force [40],
as well as previous calculations with Av18 at di↵erent

densities [41], also yield positive m(1)
k sum rules. ⌃1

k
has a Hartree-Fock-like structure, which will necessar-
ily yield repulsive results for hard-core forces. In accor-
dance to this reasoning, we find that results associated
to softer, SRG-renormalised, forces [panels (c) and (d)]

induce more attractivem(1)
k moments than their unrenor-

malised counterparts [panels (a) and (b)]. Moreover, the
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5 MeV. Our formalism is based on a SCGF ladder re-
summation scheme that is formulated at finite temper-
ature to avoid pairing instabilities [48, 49]. The single-
particle spectral functions in this approach are fully self-
consistent, in the sense that they have been used in the
dressing of the two-particle propagator describing the in-
termediate states in the ladder e↵ective interaction equa-
tion. The iterative procedure ensures self-consistency
between the e↵ective nucleon-nucleon interaction in the
medium and the single-particle propagator. In all calcu-
lations of the in-medium T�matrix interaction, we have
used partial wave decompositions up to J = 4 (J = 8) in
the dispersive (Hartree-Fock) contribution.

Our results have been computed at a single density of
⇢ = 0.2 fm�3. This lies slightly above saturation and
has been chosen to increase the e↵ect of 3NFs on single-
particle observables, which is otherwise relatively small
[19, 38, 39]. This density is however low enough so that
chiral forces are still applicable. All calculations with
chiral forces are performed using the Entem-Machleidt
(EM) N3LO 2NF as a starting point [11, 50]. In our ap-
proach, chiral 3NFs are taken into account as a density-
dependent two-body force obtained by means of an aver-
age over the third particle. The average procedure, which
takes care of the exchange e↵ects, has been presented
and discussed in detail in Refs. [19, 38, 39]. The 3NFs
are calculated at N2LO in the chiral expansion. We have
used non-local regulators in 3�body Jacobi coordinates
set by a scale ⇤3NF and an exponent n. Correlated mo-
mentum distributions have been used in the average pro-
cedure to obtain density-dependent one- and two-body
e↵ective forces. We have employed consistent 3NF low-
energy constants cD and cE . For results based on the
bare EM N3LO 2NF and 3NFs, hereafter referred to as
“N3LO+3NF”, the low energy constants cD = �0.201
and cE = �0.614 are extracted from the recent analysis
of Ref. [51]. The 3NF cuto↵ is set at ⇤3NF = 500 MeV
and the regulator exponent is n = 3.

We will also present results obtained with SRG-evolved
2NFs complemented with 3NFs at the N2LO level. For
these results, we choose the low-energy constants cD and
cE ; the 3NF cut-o↵ ⇤3NF and the exponent n from fits to
the 3H binding energy and 4He matter radius of Ref. [18].
In a way, this re-fit partially takes into account the e↵ect
of induced many-body forces by the SRG evolution. In
particular, we will use as an example the calculations
obtained with the EM N3LO 2NF evolved down to � =
2 fm�1, and a N2LO 3NF with ⇤3NF = 2 fm�1 and
n = 4 [18]. Hereafter, we refer to this combination as
“N3LO+SRG+3NF”.

In the present discussion, we want to analyse the e↵ect
that di↵erent nuclear hamiltonians have on the moments
of the spectral function. In this spirit, it is particularly
useful to compare “soft” and “hard” interactions. On the
one hand, we will use “hard” phenomenological interac-
tions, like CD-Bonn and Av18, which have already been
used in previous studies of sum rules [40–42]. On the
other, we will use relatively soft chiral forces and use the
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FIG. 1. Single-particle spectral functions at ⇢ = 0.2 fm�3

and T = 5 MeV for three di↵erent momenta. Left panels
(a)-(c) correspond to the Av18 nucleon-nucleon interaction.
Right panels (d)-(f) show results for an SRG-evolved N3LO
2NF interaction down to � = 2 fm�1 plus an N2LO 3NF. See
text for further details.

SRG method to evolve them further to lower momentum
scales. In a sense, we want to use the SRG as a han-
dle for softness and identify any e↵ects associated to the
evolution towards lower scales in the sum rules. We will
use in all cases the EM N3LO 2NF as a starting point
for the SRG evolution.

B. Spectral functions

We start our discussion by comparing, for three char-
acteristic momenta, the single-particle spectral functions
associated to two very di↵erent interactions. Fig. 1 shows
the single-particle spectral functions for k = 0 (top pan-
els), k = kF (central panels) and k = 2kF (bottom pan-
els) as a function of the energy variable ! � µ. We have
selected two forces that would normally be chosen as ex-
amples of hard and soft interactions. Panels (a)-(c) cor-
respond to the hard Av18 interaction, whereas panels
(d)-(e) are obtained from the SRG-evolved N3LO 2NF,
complemented with a 3NF.
For all momenta, we find significant di↵erences in the

⇢ = 0.20fm�3

kF = 283MeV
SNM

Soft-core

Hard-core 

mean distribution
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energy tails of the spectral functions, particularly at high
positive excitation energies. Because N3LO+SRG+3NF
is a very soft interaction, the high-energy tails die out
well below 750 MeV. In contrast, the high energy tails for
Av18 are large, similar for the three-momenta considered
and extend well into the GeV regime. At zero tempera-
ture, the tails at negative energies would correspond to
the excitations of the A� 1 system, A<. These are also
more pronounced for Av18 than for N3LO+SRG+3NF.
Unsurprisingly, we find that the fragmentation of single-
particle states is very much suppressed for a soft hamil-
tonian as opposed to a hard force. We shall see in the
following that the moments of the spectral function can
provide a direct quantification of this fragmentation.

The spectral functions at all momenta have a well-
defined quasi-particle peak. For k < kF , the peak is well
below the chemical potential, and the thermal function
f(!) ⇡ 1. Therefore, the peak is provided by A<

k (!).
In contrast, well above the Fermi surface, similar argu-
ments lead to the conclusion that the peak is caused by
the A>

k (!) component. A<
k (!) and A>

k (!) can be identi-
fied at zero-temperature as the hole and particle spectral
function, respectively. Whereas at zero temperature the
k = kF spectral function would be a ��peak, the finite
temperature Ak(!) has a finite thermal width. Thermal
e↵ects are also responsible for the fact that, at k 6= kF ,
the spectral functions are not zero at ! = µ. However,
one can observe a well defined minimum for ! = µ, which
is a reminder of the T = 0 situation.

The self-consistency of the spectral functions, and the
use of dispersion relations in the SCGF approach, guar-
antee that the sum rules are respected. In fact, the sum

rule associated to the zeroth moment, m(0)
k = 1, is ful-

filled to better than 0.1% in the complete momentum
range, for all interactions used in the paper. This vali-
dates the accuracy of the numerical calculation and pro-
vides a useful test in terms of consistency.

C. First moment

Results for the m(1)
k sum rule are presented for di↵er-

ent chiral interactions in panels (a)-(d) of Fig. 2. Panels
(e) and (f) show results for CD-Bonn and Av18, respec-

tively. The m(1)
k sum rule is displayed as a function of

momentum with a solid line. The results of the first mo-
ment of the spectral function and the right-hand-side of
Eq. (13) are plotted in the figure, but the curves lie one
on top of each other and are indistinguishable. The sum
rule is satisfied to better than 1% for all momenta and in-
teractions considered in the figure. For all forces, we find
an increasing function of momentum due to the largely
dominant kinetic term in Eq. (13).

The first moment is di↵erent depending on the Hamil-
tonian under consideration. This is to be expected on
the grounds that ⌃1

k is directly related to the nuclear
force as dictated by Eq. (14). We find an overall at-
tractive contribution at k = 0 for all forces, except for
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FIG. 2. Momentum dependence of the m(1)
k moment cal-

culated at ⇢ = 0.2 fm�3 and T = 5 MeV for the (a) EM
N3LO 2NF; (b) N3LO 2NF complemented with a 3NF; (c)
SRG-evolved N3LO down to � = 2 fm�1, (d) the same 2NF
complemented with a 3NF; (e) CD-Bonn and (f) Av18. In

all panels, we show the first moment m(1)
k (solid line) and the

right-hand side of Eq. (13). The two sides of the sum rule
are displayed, but they are indistinguishable. The m<

k (dot-

ted line) and m>
k (dashed line) contributions to m(1)

k are also
shown.

Av18. Calculations based on the hard Reid force [40],
as well as previous calculations with Av18 at di↵erent

densities [41], also yield positive m(1)
k sum rules. ⌃1

k
has a Hartree-Fock-like structure, which will necessar-
ily yield repulsive results for hard-core forces. In accor-
dance to this reasoning, we find that results associated
to softer, SRG-renormalised, forces [panels (c) and (d)]

induce more attractivem(1)
k moments than their unrenor-

malised counterparts [panels (a) and (b)]. Moreover, the

5

energy tails of the spectral functions, particularly at high
positive excitation energies. Because N3LO+SRG+3NF
is a very soft interaction, the high-energy tails die out
well below 750 MeV. In contrast, the high energy tails for
Av18 are large, similar for the three-momenta considered
and extend well into the GeV regime. At zero tempera-
ture, the tails at negative energies would correspond to
the excitations of the A� 1 system, A<. These are also
more pronounced for Av18 than for N3LO+SRG+3NF.
Unsurprisingly, we find that the fragmentation of single-
particle states is very much suppressed for a soft hamil-
tonian as opposed to a hard force. We shall see in the
following that the moments of the spectral function can
provide a direct quantification of this fragmentation.

The spectral functions at all momenta have a well-
defined quasi-particle peak. For k < kF , the peak is well
below the chemical potential, and the thermal function
f(!) ⇡ 1. Therefore, the peak is provided by A<

k (!).
In contrast, well above the Fermi surface, similar argu-
ments lead to the conclusion that the peak is caused by
the A>

k (!) component. A<
k (!) and A>

k (!) can be identi-
fied at zero-temperature as the hole and particle spectral
function, respectively. Whereas at zero temperature the
k = kF spectral function would be a ��peak, the finite
temperature Ak(!) has a finite thermal width. Thermal
e↵ects are also responsible for the fact that, at k 6= kF ,
the spectral functions are not zero at ! = µ. However,
one can observe a well defined minimum for ! = µ, which
is a reminder of the T = 0 situation.

The self-consistency of the spectral functions, and the
use of dispersion relations in the SCGF approach, guar-
antee that the sum rules are respected. In fact, the sum

rule associated to the zeroth moment, m(0)
k = 1, is ful-

filled to better than 0.1% in the complete momentum
range, for all interactions used in the paper. This vali-
dates the accuracy of the numerical calculation and pro-
vides a useful test in terms of consistency.

C. First moment

Results for the m(1)
k sum rule are presented for di↵er-

ent chiral interactions in panels (a)-(d) of Fig. 2. Panels
(e) and (f) show results for CD-Bonn and Av18, respec-

tively. The m(1)
k sum rule is displayed as a function of

momentum with a solid line. The results of the first mo-
ment of the spectral function and the right-hand-side of
Eq. (13) are plotted in the figure, but the curves lie one
on top of each other and are indistinguishable. The sum
rule is satisfied to better than 1% for all momenta and in-
teractions considered in the figure. For all forces, we find
an increasing function of momentum due to the largely
dominant kinetic term in Eq. (13).

The first moment is di↵erent depending on the Hamil-
tonian under consideration. This is to be expected on
the grounds that ⌃1

k is directly related to the nuclear
force as dictated by Eq. (14). We find an overall at-
tractive contribution at k = 0 for all forces, except for
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FIG. 2. Momentum dependence of the m(1)
k moment cal-

culated at ⇢ = 0.2 fm�3 and T = 5 MeV for the (a) EM
N3LO 2NF; (b) N3LO 2NF complemented with a 3NF; (c)
SRG-evolved N3LO down to � = 2 fm�1, (d) the same 2NF
complemented with a 3NF; (e) CD-Bonn and (f) Av18. In

all panels, we show the first moment m(1)
k (solid line) and the

right-hand side of Eq. (13). The two sides of the sum rule
are displayed, but they are indistinguishable. The m<

k (dot-

ted line) and m>
k (dashed line) contributions to m(1)

k are also
shown.

Av18. Calculations based on the hard Reid force [40],
as well as previous calculations with Av18 at di↵erent

densities [41], also yield positive m(1)
k sum rules. ⌃1

k
has a Hartree-Fock-like structure, which will necessar-
ily yield repulsive results for hard-core forces. In accor-
dance to this reasoning, we find that results associated
to softer, SRG-renormalised, forces [panels (c) and (d)]

induce more attractivem(1)
k moments than their unrenor-

malised counterparts [panels (a) and (b)]. Moreover, the
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5 MeV. Our formalism is based on a SCGF ladder re-
summation scheme that is formulated at finite temper-
ature to avoid pairing instabilities [48, 49]. The single-
particle spectral functions in this approach are fully self-
consistent, in the sense that they have been used in the
dressing of the two-particle propagator describing the in-
termediate states in the ladder e↵ective interaction equa-
tion. The iterative procedure ensures self-consistency
between the e↵ective nucleon-nucleon interaction in the
medium and the single-particle propagator. In all calcu-
lations of the in-medium T�matrix interaction, we have
used partial wave decompositions up to J = 4 (J = 8) in
the dispersive (Hartree-Fock) contribution.

Our results have been computed at a single density of
⇢ = 0.2 fm�3. This lies slightly above saturation and
has been chosen to increase the e↵ect of 3NFs on single-
particle observables, which is otherwise relatively small
[19, 38, 39]. This density is however low enough so that
chiral forces are still applicable. All calculations with
chiral forces are performed using the Entem-Machleidt
(EM) N3LO 2NF as a starting point [11, 50]. In our ap-
proach, chiral 3NFs are taken into account as a density-
dependent two-body force obtained by means of an aver-
age over the third particle. The average procedure, which
takes care of the exchange e↵ects, has been presented
and discussed in detail in Refs. [19, 38, 39]. The 3NFs
are calculated at N2LO in the chiral expansion. We have
used non-local regulators in 3�body Jacobi coordinates
set by a scale ⇤3NF and an exponent n. Correlated mo-
mentum distributions have been used in the average pro-
cedure to obtain density-dependent one- and two-body
e↵ective forces. We have employed consistent 3NF low-
energy constants cD and cE . For results based on the
bare EM N3LO 2NF and 3NFs, hereafter referred to as
“N3LO+3NF”, the low energy constants cD = �0.201
and cE = �0.614 are extracted from the recent analysis
of Ref. [51]. The 3NF cuto↵ is set at ⇤3NF = 500 MeV
and the regulator exponent is n = 3.

We will also present results obtained with SRG-evolved
2NFs complemented with 3NFs at the N2LO level. For
these results, we choose the low-energy constants cD and
cE ; the 3NF cut-o↵ ⇤3NF and the exponent n from fits to
the 3H binding energy and 4He matter radius of Ref. [18].
In a way, this re-fit partially takes into account the e↵ect
of induced many-body forces by the SRG evolution. In
particular, we will use as an example the calculations
obtained with the EM N3LO 2NF evolved down to � =
2 fm�1, and a N2LO 3NF with ⇤3NF = 2 fm�1 and
n = 4 [18]. Hereafter, we refer to this combination as
“N3LO+SRG+3NF”.

In the present discussion, we want to analyse the e↵ect
that di↵erent nuclear hamiltonians have on the moments
of the spectral function. In this spirit, it is particularly
useful to compare “soft” and “hard” interactions. On the
one hand, we will use “hard” phenomenological interac-
tions, like CD-Bonn and Av18, which have already been
used in previous studies of sum rules [40–42]. On the
other, we will use relatively soft chiral forces and use the
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FIG. 1. Single-particle spectral functions at ⇢ = 0.2 fm�3

and T = 5 MeV for three di↵erent momenta. Left panels
(a)-(c) correspond to the Av18 nucleon-nucleon interaction.
Right panels (d)-(f) show results for an SRG-evolved N3LO
2NF interaction down to � = 2 fm�1 plus an N2LO 3NF. See
text for further details.

SRG method to evolve them further to lower momentum
scales. In a sense, we want to use the SRG as a han-
dle for softness and identify any e↵ects associated to the
evolution towards lower scales in the sum rules. We will
use in all cases the EM N3LO 2NF as a starting point
for the SRG evolution.

B. Spectral functions

We start our discussion by comparing, for three char-
acteristic momenta, the single-particle spectral functions
associated to two very di↵erent interactions. Fig. 1 shows
the single-particle spectral functions for k = 0 (top pan-
els), k = kF (central panels) and k = 2kF (bottom pan-
els) as a function of the energy variable ! � µ. We have
selected two forces that would normally be chosen as ex-
amples of hard and soft interactions. Panels (a)-(c) cor-
respond to the hard Av18 interaction, whereas panels
(d)-(e) are obtained from the SRG-evolved N3LO 2NF,
complemented with a 3NF.
For all momenta, we find significant di↵erences in the
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• strongly suppressed 
above kF
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energy tails of the spectral functions, particularly at high
positive excitation energies. Because N3LO+SRG+3NF
is a very soft interaction, the high-energy tails die out
well below 750 MeV. In contrast, the high energy tails for
Av18 are large, similar for the three-momenta considered
and extend well into the GeV regime. At zero tempera-
ture, the tails at negative energies would correspond to
the excitations of the A� 1 system, A<. These are also
more pronounced for Av18 than for N3LO+SRG+3NF.
Unsurprisingly, we find that the fragmentation of single-
particle states is very much suppressed for a soft hamil-
tonian as opposed to a hard force. We shall see in the
following that the moments of the spectral function can
provide a direct quantification of this fragmentation.

The spectral functions at all momenta have a well-
defined quasi-particle peak. For k < kF , the peak is well
below the chemical potential, and the thermal function
f(!) ⇡ 1. Therefore, the peak is provided by A<

k (!).
In contrast, well above the Fermi surface, similar argu-
ments lead to the conclusion that the peak is caused by
the A>

k (!) component. A<
k (!) and A>

k (!) can be identi-
fied at zero-temperature as the hole and particle spectral
function, respectively. Whereas at zero temperature the
k = kF spectral function would be a ��peak, the finite
temperature Ak(!) has a finite thermal width. Thermal
e↵ects are also responsible for the fact that, at k 6= kF ,
the spectral functions are not zero at ! = µ. However,
one can observe a well defined minimum for ! = µ, which
is a reminder of the T = 0 situation.

The self-consistency of the spectral functions, and the
use of dispersion relations in the SCGF approach, guar-
antee that the sum rules are respected. In fact, the sum

rule associated to the zeroth moment, m(0)
k = 1, is ful-

filled to better than 0.1% in the complete momentum
range, for all interactions used in the paper. This vali-
dates the accuracy of the numerical calculation and pro-
vides a useful test in terms of consistency.

C. First moment

Results for the m(1)
k sum rule are presented for di↵er-

ent chiral interactions in panels (a)-(d) of Fig. 2. Panels
(e) and (f) show results for CD-Bonn and Av18, respec-

tively. The m(1)
k sum rule is displayed as a function of

momentum with a solid line. The results of the first mo-
ment of the spectral function and the right-hand-side of
Eq. (13) are plotted in the figure, but the curves lie one
on top of each other and are indistinguishable. The sum
rule is satisfied to better than 1% for all momenta and in-
teractions considered in the figure. For all forces, we find
an increasing function of momentum due to the largely
dominant kinetic term in Eq. (13).

The first moment is di↵erent depending on the Hamil-
tonian under consideration. This is to be expected on
the grounds that ⌃1

k is directly related to the nuclear
force as dictated by Eq. (14). We find an overall at-
tractive contribution at k = 0 for all forces, except for
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right-hand side of Eq. (13). The two sides of the sum rule
are displayed, but they are indistinguishable. The m<

k (dot-

ted line) and m>
k (dashed line) contributions to m(1)

k are also
shown.

Av18. Calculations based on the hard Reid force [40],
as well as previous calculations with Av18 at di↵erent

densities [41], also yield positive m(1)
k sum rules. ⌃1

k
has a Hartree-Fock-like structure, which will necessar-
ily yield repulsive results for hard-core forces. In accor-
dance to this reasoning, we find that results associated
to softer, SRG-renormalised, forces [panels (c) and (d)]

induce more attractivem(1)
k moments than their unrenor-

malised counterparts [panels (a) and (b)]. Moreover, the

5

energy tails of the spectral functions, particularly at high
positive excitation energies. Because N3LO+SRG+3NF
is a very soft interaction, the high-energy tails die out
well below 750 MeV. In contrast, the high energy tails for
Av18 are large, similar for the three-momenta considered
and extend well into the GeV regime. At zero tempera-
ture, the tails at negative energies would correspond to
the excitations of the A� 1 system, A<. These are also
more pronounced for Av18 than for N3LO+SRG+3NF.
Unsurprisingly, we find that the fragmentation of single-
particle states is very much suppressed for a soft hamil-
tonian as opposed to a hard force. We shall see in the
following that the moments of the spectral function can
provide a direct quantification of this fragmentation.

The spectral functions at all momenta have a well-
defined quasi-particle peak. For k < kF , the peak is well
below the chemical potential, and the thermal function
f(!) ⇡ 1. Therefore, the peak is provided by A<

k (!).
In contrast, well above the Fermi surface, similar argu-
ments lead to the conclusion that the peak is caused by
the A>

k (!) component. A<
k (!) and A>

k (!) can be identi-
fied at zero-temperature as the hole and particle spectral
function, respectively. Whereas at zero temperature the
k = kF spectral function would be a ��peak, the finite
temperature Ak(!) has a finite thermal width. Thermal
e↵ects are also responsible for the fact that, at k 6= kF ,
the spectral functions are not zero at ! = µ. However,
one can observe a well defined minimum for ! = µ, which
is a reminder of the T = 0 situation.

The self-consistency of the spectral functions, and the
use of dispersion relations in the SCGF approach, guar-
antee that the sum rules are respected. In fact, the sum

rule associated to the zeroth moment, m(0)
k = 1, is ful-

filled to better than 0.1% in the complete momentum
range, for all interactions used in the paper. This vali-
dates the accuracy of the numerical calculation and pro-
vides a useful test in terms of consistency.

C. First moment

Results for the m(1)
k sum rule are presented for di↵er-

ent chiral interactions in panels (a)-(d) of Fig. 2. Panels
(e) and (f) show results for CD-Bonn and Av18, respec-

tively. The m(1)
k sum rule is displayed as a function of

momentum with a solid line. The results of the first mo-
ment of the spectral function and the right-hand-side of
Eq. (13) are plotted in the figure, but the curves lie one
on top of each other and are indistinguishable. The sum
rule is satisfied to better than 1% for all momenta and in-
teractions considered in the figure. For all forces, we find
an increasing function of momentum due to the largely
dominant kinetic term in Eq. (13).

The first moment is di↵erent depending on the Hamil-
tonian under consideration. This is to be expected on
the grounds that ⌃1

k is directly related to the nuclear
force as dictated by Eq. (14). We find an overall at-
tractive contribution at k = 0 for all forces, except for
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are displayed, but they are indistinguishable. The m<
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k are also
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Av18. Calculations based on the hard Reid force [40],
as well as previous calculations with Av18 at di↵erent

densities [41], also yield positive m(1)
k sum rules. ⌃1

k
has a Hartree-Fock-like structure, which will necessar-
ily yield repulsive results for hard-core forces. In accor-
dance to this reasoning, we find that results associated
to softer, SRG-renormalised, forces [panels (c) and (d)]

induce more attractivem(1)
k moments than their unrenor-

malised counterparts [panels (a) and (b)]. Moreover, the
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5 MeV. Our formalism is based on a SCGF ladder re-
summation scheme that is formulated at finite temper-
ature to avoid pairing instabilities [48, 49]. The single-
particle spectral functions in this approach are fully self-
consistent, in the sense that they have been used in the
dressing of the two-particle propagator describing the in-
termediate states in the ladder e↵ective interaction equa-
tion. The iterative procedure ensures self-consistency
between the e↵ective nucleon-nucleon interaction in the
medium and the single-particle propagator. In all calcu-
lations of the in-medium T�matrix interaction, we have
used partial wave decompositions up to J = 4 (J = 8) in
the dispersive (Hartree-Fock) contribution.

Our results have been computed at a single density of
⇢ = 0.2 fm�3. This lies slightly above saturation and
has been chosen to increase the e↵ect of 3NFs on single-
particle observables, which is otherwise relatively small
[19, 38, 39]. This density is however low enough so that
chiral forces are still applicable. All calculations with
chiral forces are performed using the Entem-Machleidt
(EM) N3LO 2NF as a starting point [11, 50]. In our ap-
proach, chiral 3NFs are taken into account as a density-
dependent two-body force obtained by means of an aver-
age over the third particle. The average procedure, which
takes care of the exchange e↵ects, has been presented
and discussed in detail in Refs. [19, 38, 39]. The 3NFs
are calculated at N2LO in the chiral expansion. We have
used non-local regulators in 3�body Jacobi coordinates
set by a scale ⇤3NF and an exponent n. Correlated mo-
mentum distributions have been used in the average pro-
cedure to obtain density-dependent one- and two-body
e↵ective forces. We have employed consistent 3NF low-
energy constants cD and cE . For results based on the
bare EM N3LO 2NF and 3NFs, hereafter referred to as
“N3LO+3NF”, the low energy constants cD = �0.201
and cE = �0.614 are extracted from the recent analysis
of Ref. [51]. The 3NF cuto↵ is set at ⇤3NF = 500 MeV
and the regulator exponent is n = 3.

We will also present results obtained with SRG-evolved
2NFs complemented with 3NFs at the N2LO level. For
these results, we choose the low-energy constants cD and
cE ; the 3NF cut-o↵ ⇤3NF and the exponent n from fits to
the 3H binding energy and 4He matter radius of Ref. [18].
In a way, this re-fit partially takes into account the e↵ect
of induced many-body forces by the SRG evolution. In
particular, we will use as an example the calculations
obtained with the EM N3LO 2NF evolved down to � =
2 fm�1, and a N2LO 3NF with ⇤3NF = 2 fm�1 and
n = 4 [18]. Hereafter, we refer to this combination as
“N3LO+SRG+3NF”.

In the present discussion, we want to analyse the e↵ect
that di↵erent nuclear hamiltonians have on the moments
of the spectral function. In this spirit, it is particularly
useful to compare “soft” and “hard” interactions. On the
one hand, we will use “hard” phenomenological interac-
tions, like CD-Bonn and Av18, which have already been
used in previous studies of sum rules [40–42]. On the
other, we will use relatively soft chiral forces and use the
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FIG. 1. Single-particle spectral functions at ⇢ = 0.2 fm�3

and T = 5 MeV for three di↵erent momenta. Left panels
(a)-(c) correspond to the Av18 nucleon-nucleon interaction.
Right panels (d)-(f) show results for an SRG-evolved N3LO
2NF interaction down to � = 2 fm�1 plus an N2LO 3NF. See
text for further details.

SRG method to evolve them further to lower momentum
scales. In a sense, we want to use the SRG as a han-
dle for softness and identify any e↵ects associated to the
evolution towards lower scales in the sum rules. We will
use in all cases the EM N3LO 2NF as a starting point
for the SRG evolution.

B. Spectral functions

We start our discussion by comparing, for three char-
acteristic momenta, the single-particle spectral functions
associated to two very di↵erent interactions. Fig. 1 shows
the single-particle spectral functions for k = 0 (top pan-
els), k = kF (central panels) and k = 2kF (bottom pan-
els) as a function of the energy variable ! � µ. We have
selected two forces that would normally be chosen as ex-
amples of hard and soft interactions. Panels (a)-(c) cor-
respond to the hard Av18 interaction, whereas panels
(d)-(e) are obtained from the SRG-evolved N3LO 2NF,
complemented with a 3NF.
For all momenta, we find significant di↵erences in the

1.

2. • weight of high-energy 
tails below kF 

• steep increase above kF, 
peak integrated

• strength of integrated 
peak below kF 

• strongly suppressed 
above kF

⇢ = 0.20fm�3

kF = 283MeV
SNM
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Rios, Carbone, Polls, PRC 96, 014003 (2017) 
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energy tails of the spectral functions, particularly at high
positive excitation energies. Because N3LO+SRG+3NF
is a very soft interaction, the high-energy tails die out
well below 750 MeV. In contrast, the high energy tails for
Av18 are large, similar for the three-momenta considered
and extend well into the GeV regime. At zero tempera-
ture, the tails at negative energies would correspond to
the excitations of the A� 1 system, A<. These are also
more pronounced for Av18 than for N3LO+SRG+3NF.
Unsurprisingly, we find that the fragmentation of single-
particle states is very much suppressed for a soft hamil-
tonian as opposed to a hard force. We shall see in the
following that the moments of the spectral function can
provide a direct quantification of this fragmentation.

The spectral functions at all momenta have a well-
defined quasi-particle peak. For k < kF , the peak is well
below the chemical potential, and the thermal function
f(!) ⇡ 1. Therefore, the peak is provided by A<

k (!).
In contrast, well above the Fermi surface, similar argu-
ments lead to the conclusion that the peak is caused by
the A>

k (!) component. A<
k (!) and A>

k (!) can be identi-
fied at zero-temperature as the hole and particle spectral
function, respectively. Whereas at zero temperature the
k = kF spectral function would be a ��peak, the finite
temperature Ak(!) has a finite thermal width. Thermal
e↵ects are also responsible for the fact that, at k 6= kF ,
the spectral functions are not zero at ! = µ. However,
one can observe a well defined minimum for ! = µ, which
is a reminder of the T = 0 situation.

The self-consistency of the spectral functions, and the
use of dispersion relations in the SCGF approach, guar-
antee that the sum rules are respected. In fact, the sum

rule associated to the zeroth moment, m(0)
k = 1, is ful-

filled to better than 0.1% in the complete momentum
range, for all interactions used in the paper. This vali-
dates the accuracy of the numerical calculation and pro-
vides a useful test in terms of consistency.

C. First moment

Results for the m(1)
k sum rule are presented for di↵er-

ent chiral interactions in panels (a)-(d) of Fig. 2. Panels
(e) and (f) show results for CD-Bonn and Av18, respec-

tively. The m(1)
k sum rule is displayed as a function of

momentum with a solid line. The results of the first mo-
ment of the spectral function and the right-hand-side of
Eq. (13) are plotted in the figure, but the curves lie one
on top of each other and are indistinguishable. The sum
rule is satisfied to better than 1% for all momenta and in-
teractions considered in the figure. For all forces, we find
an increasing function of momentum due to the largely
dominant kinetic term in Eq. (13).

The first moment is di↵erent depending on the Hamil-
tonian under consideration. This is to be expected on
the grounds that ⌃1

k is directly related to the nuclear
force as dictated by Eq. (14). We find an overall at-
tractive contribution at k = 0 for all forces, except for
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FIG. 2. Momentum dependence of the m(1)
k moment cal-

culated at ⇢ = 0.2 fm�3 and T = 5 MeV for the (a) EM
N3LO 2NF; (b) N3LO 2NF complemented with a 3NF; (c)
SRG-evolved N3LO down to � = 2 fm�1, (d) the same 2NF
complemented with a 3NF; (e) CD-Bonn and (f) Av18. In

all panels, we show the first moment m(1)
k (solid line) and the

right-hand side of Eq. (13). The two sides of the sum rule
are displayed, but they are indistinguishable. The m<

k (dot-

ted line) and m>
k (dashed line) contributions to m(1)

k are also
shown.

Av18. Calculations based on the hard Reid force [40],
as well as previous calculations with Av18 at di↵erent

densities [41], also yield positive m(1)
k sum rules. ⌃1

k
has a Hartree-Fock-like structure, which will necessar-
ily yield repulsive results for hard-core forces. In accor-
dance to this reasoning, we find that results associated
to softer, SRG-renormalised, forces [panels (c) and (d)]

induce more attractivem(1)
k moments than their unrenor-

malised counterparts [panels (a) and (b)]. Moreover, the

5

energy tails of the spectral functions, particularly at high
positive excitation energies. Because N3LO+SRG+3NF
is a very soft interaction, the high-energy tails die out
well below 750 MeV. In contrast, the high energy tails for
Av18 are large, similar for the three-momenta considered
and extend well into the GeV regime. At zero tempera-
ture, the tails at negative energies would correspond to
the excitations of the A� 1 system, A<. These are also
more pronounced for Av18 than for N3LO+SRG+3NF.
Unsurprisingly, we find that the fragmentation of single-
particle states is very much suppressed for a soft hamil-
tonian as opposed to a hard force. We shall see in the
following that the moments of the spectral function can
provide a direct quantification of this fragmentation.

The spectral functions at all momenta have a well-
defined quasi-particle peak. For k < kF , the peak is well
below the chemical potential, and the thermal function
f(!) ⇡ 1. Therefore, the peak is provided by A<

k (!).
In contrast, well above the Fermi surface, similar argu-
ments lead to the conclusion that the peak is caused by
the A>

k (!) component. A<
k (!) and A>

k (!) can be identi-
fied at zero-temperature as the hole and particle spectral
function, respectively. Whereas at zero temperature the
k = kF spectral function would be a ��peak, the finite
temperature Ak(!) has a finite thermal width. Thermal
e↵ects are also responsible for the fact that, at k 6= kF ,
the spectral functions are not zero at ! = µ. However,
one can observe a well defined minimum for ! = µ, which
is a reminder of the T = 0 situation.

The self-consistency of the spectral functions, and the
use of dispersion relations in the SCGF approach, guar-
antee that the sum rules are respected. In fact, the sum

rule associated to the zeroth moment, m(0)
k = 1, is ful-

filled to better than 0.1% in the complete momentum
range, for all interactions used in the paper. This vali-
dates the accuracy of the numerical calculation and pro-
vides a useful test in terms of consistency.

C. First moment

Results for the m(1)
k sum rule are presented for di↵er-

ent chiral interactions in panels (a)-(d) of Fig. 2. Panels
(e) and (f) show results for CD-Bonn and Av18, respec-

tively. The m(1)
k sum rule is displayed as a function of

momentum with a solid line. The results of the first mo-
ment of the spectral function and the right-hand-side of
Eq. (13) are plotted in the figure, but the curves lie one
on top of each other and are indistinguishable. The sum
rule is satisfied to better than 1% for all momenta and in-
teractions considered in the figure. For all forces, we find
an increasing function of momentum due to the largely
dominant kinetic term in Eq. (13).

The first moment is di↵erent depending on the Hamil-
tonian under consideration. This is to be expected on
the grounds that ⌃1

k is directly related to the nuclear
force as dictated by Eq. (14). We find an overall at-
tractive contribution at k = 0 for all forces, except for
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complemented with a 3NF; (e) CD-Bonn and (f) Av18. In

all panels, we show the first moment m(1)
k (solid line) and the
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are displayed, but they are indistinguishable. The m<

k (dot-

ted line) and m>
k (dashed line) contributions to m(1)

k are also
shown.

Av18. Calculations based on the hard Reid force [40],
as well as previous calculations with Av18 at di↵erent

densities [41], also yield positive m(1)
k sum rules. ⌃1

k
has a Hartree-Fock-like structure, which will necessar-
ily yield repulsive results for hard-core forces. In accor-
dance to this reasoning, we find that results associated
to softer, SRG-renormalised, forces [panels (c) and (d)]

induce more attractivem(1)
k moments than their unrenor-

malised counterparts [panels (a) and (b)]. Moreover, the
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5 MeV. Our formalism is based on a SCGF ladder re-
summation scheme that is formulated at finite temper-
ature to avoid pairing instabilities [48, 49]. The single-
particle spectral functions in this approach are fully self-
consistent, in the sense that they have been used in the
dressing of the two-particle propagator describing the in-
termediate states in the ladder e↵ective interaction equa-
tion. The iterative procedure ensures self-consistency
between the e↵ective nucleon-nucleon interaction in the
medium and the single-particle propagator. In all calcu-
lations of the in-medium T�matrix interaction, we have
used partial wave decompositions up to J = 4 (J = 8) in
the dispersive (Hartree-Fock) contribution.

Our results have been computed at a single density of
⇢ = 0.2 fm�3. This lies slightly above saturation and
has been chosen to increase the e↵ect of 3NFs on single-
particle observables, which is otherwise relatively small
[19, 38, 39]. This density is however low enough so that
chiral forces are still applicable. All calculations with
chiral forces are performed using the Entem-Machleidt
(EM) N3LO 2NF as a starting point [11, 50]. In our ap-
proach, chiral 3NFs are taken into account as a density-
dependent two-body force obtained by means of an aver-
age over the third particle. The average procedure, which
takes care of the exchange e↵ects, has been presented
and discussed in detail in Refs. [19, 38, 39]. The 3NFs
are calculated at N2LO in the chiral expansion. We have
used non-local regulators in 3�body Jacobi coordinates
set by a scale ⇤3NF and an exponent n. Correlated mo-
mentum distributions have been used in the average pro-
cedure to obtain density-dependent one- and two-body
e↵ective forces. We have employed consistent 3NF low-
energy constants cD and cE . For results based on the
bare EM N3LO 2NF and 3NFs, hereafter referred to as
“N3LO+3NF”, the low energy constants cD = �0.201
and cE = �0.614 are extracted from the recent analysis
of Ref. [51]. The 3NF cuto↵ is set at ⇤3NF = 500 MeV
and the regulator exponent is n = 3.

We will also present results obtained with SRG-evolved
2NFs complemented with 3NFs at the N2LO level. For
these results, we choose the low-energy constants cD and
cE ; the 3NF cut-o↵ ⇤3NF and the exponent n from fits to
the 3H binding energy and 4He matter radius of Ref. [18].
In a way, this re-fit partially takes into account the e↵ect
of induced many-body forces by the SRG evolution. In
particular, we will use as an example the calculations
obtained with the EM N3LO 2NF evolved down to � =
2 fm�1, and a N2LO 3NF with ⇤3NF = 2 fm�1 and
n = 4 [18]. Hereafter, we refer to this combination as
“N3LO+SRG+3NF”.

In the present discussion, we want to analyse the e↵ect
that di↵erent nuclear hamiltonians have on the moments
of the spectral function. In this spirit, it is particularly
useful to compare “soft” and “hard” interactions. On the
one hand, we will use “hard” phenomenological interac-
tions, like CD-Bonn and Av18, which have already been
used in previous studies of sum rules [40–42]. On the
other, we will use relatively soft chiral forces and use the

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

-750-500-250  0  250  500  750

(c)k=2kF

A
(k

,ω
) 

[M
eV

-1
]

Energy, ω−µ [MeV]
-750-500-250  0  250  500  750

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1(f)k=2kF

Energy, ω−µ [MeV]

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1 (b)k=kF

A
(k

,ω
) 

[M
eV

-1
]

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1(e)k=kF

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1 (a)k=0

Av18

A
(k

,ω
) 

[M
eV

-1
]

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1(d)k=0

N3LO+SRG+3NF

FIG. 1. Single-particle spectral functions at ⇢ = 0.2 fm�3

and T = 5 MeV for three di↵erent momenta. Left panels
(a)-(c) correspond to the Av18 nucleon-nucleon interaction.
Right panels (d)-(f) show results for an SRG-evolved N3LO
2NF interaction down to � = 2 fm�1 plus an N2LO 3NF. See
text for further details.

SRG method to evolve them further to lower momentum
scales. In a sense, we want to use the SRG as a han-
dle for softness and identify any e↵ects associated to the
evolution towards lower scales in the sum rules. We will
use in all cases the EM N3LO 2NF as a starting point
for the SRG evolution.

B. Spectral functions

We start our discussion by comparing, for three char-
acteristic momenta, the single-particle spectral functions
associated to two very di↵erent interactions. Fig. 1 shows
the single-particle spectral functions for k = 0 (top pan-
els), k = kF (central panels) and k = 2kF (bottom pan-
els) as a function of the energy variable ! � µ. We have
selected two forces that would normally be chosen as ex-
amples of hard and soft interactions. Panels (a)-(c) cor-
respond to the hard Av18 interaction, whereas panels
(d)-(e) are obtained from the SRG-evolved N3LO 2NF,
complemented with a 3NF.
For all momenta, we find significant di↵erences in the

1.

2. • weight of high-energy 
tails below kF 

• steep increase above kF, 
peak integrated

• strength of integrated 
peak below kF 

• strongly suppressed 
above kF

First sum rule 
always positive for 

hard-core 
potentials

⇢ = 0.20fm�3

kF = 283MeV
SNM

Soft-core

Hard-core 

mean distribution
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energy tails of the spectral functions, particularly at high
positive excitation energies. Because N3LO+SRG+3NF
is a very soft interaction, the high-energy tails die out
well below 750 MeV. In contrast, the high energy tails for
Av18 are large, similar for the three-momenta considered
and extend well into the GeV regime. At zero tempera-
ture, the tails at negative energies would correspond to
the excitations of the A� 1 system, A<. These are also
more pronounced for Av18 than for N3LO+SRG+3NF.
Unsurprisingly, we find that the fragmentation of single-
particle states is very much suppressed for a soft hamil-
tonian as opposed to a hard force. We shall see in the
following that the moments of the spectral function can
provide a direct quantification of this fragmentation.

The spectral functions at all momenta have a well-
defined quasi-particle peak. For k < kF , the peak is well
below the chemical potential, and the thermal function
f(!) ⇡ 1. Therefore, the peak is provided by A<

k (!).
In contrast, well above the Fermi surface, similar argu-
ments lead to the conclusion that the peak is caused by
the A>

k (!) component. A<
k (!) and A>

k (!) can be identi-
fied at zero-temperature as the hole and particle spectral
function, respectively. Whereas at zero temperature the
k = kF spectral function would be a ��peak, the finite
temperature Ak(!) has a finite thermal width. Thermal
e↵ects are also responsible for the fact that, at k 6= kF ,
the spectral functions are not zero at ! = µ. However,
one can observe a well defined minimum for ! = µ, which
is a reminder of the T = 0 situation.

The self-consistency of the spectral functions, and the
use of dispersion relations in the SCGF approach, guar-
antee that the sum rules are respected. In fact, the sum

rule associated to the zeroth moment, m(0)
k = 1, is ful-

filled to better than 0.1% in the complete momentum
range, for all interactions used in the paper. This vali-
dates the accuracy of the numerical calculation and pro-
vides a useful test in terms of consistency.

C. First moment

Results for the m(1)
k sum rule are presented for di↵er-

ent chiral interactions in panels (a)-(d) of Fig. 2. Panels
(e) and (f) show results for CD-Bonn and Av18, respec-

tively. The m(1)
k sum rule is displayed as a function of

momentum with a solid line. The results of the first mo-
ment of the spectral function and the right-hand-side of
Eq. (13) are plotted in the figure, but the curves lie one
on top of each other and are indistinguishable. The sum
rule is satisfied to better than 1% for all momenta and in-
teractions considered in the figure. For all forces, we find
an increasing function of momentum due to the largely
dominant kinetic term in Eq. (13).

The first moment is di↵erent depending on the Hamil-
tonian under consideration. This is to be expected on
the grounds that ⌃1

k is directly related to the nuclear
force as dictated by Eq. (14). We find an overall at-
tractive contribution at k = 0 for all forces, except for
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FIG. 2. Momentum dependence of the m(1)
k moment cal-

culated at ⇢ = 0.2 fm�3 and T = 5 MeV for the (a) EM
N3LO 2NF; (b) N3LO 2NF complemented with a 3NF; (c)
SRG-evolved N3LO down to � = 2 fm�1, (d) the same 2NF
complemented with a 3NF; (e) CD-Bonn and (f) Av18. In

all panels, we show the first moment m(1)
k (solid line) and the

right-hand side of Eq. (13). The two sides of the sum rule
are displayed, but they are indistinguishable. The m<

k (dot-

ted line) and m>
k (dashed line) contributions to m(1)

k are also
shown.

Av18. Calculations based on the hard Reid force [40],
as well as previous calculations with Av18 at di↵erent

densities [41], also yield positive m(1)
k sum rules. ⌃1

k
has a Hartree-Fock-like structure, which will necessar-
ily yield repulsive results for hard-core forces. In accor-
dance to this reasoning, we find that results associated
to softer, SRG-renormalised, forces [panels (c) and (d)]

induce more attractivem(1)
k moments than their unrenor-

malised counterparts [panels (a) and (b)]. Moreover, the

m(2)
k = [m(1)

k ]2 + �2
k

6

e↵ect of 3NFs is essentially repulsive. At k = 0, we find
that the 2NF-only N3LO [panel (a)] and N3LO+SRG

[panel (c)] results yield m(1)
k=0 ⇡ �70 MeV and ⇡ �118

MeV, respectively. The corresponding 2NF+3NF results
in panels (b) and (d) are shifted by about ⇡ 35�40 MeV

to m(1)
k=0 ⇡ �31 MeV and ⇡ �83 MeV. We expect this

shift to be density-dependent and sensitive to the 3NF
structure.

In analogy to previous studies, and in order to clarify

the structure of the sum rule, we decompose the m(1)
k

moment into two terms [40, 41]. The first one, m<
k , is

the first moment of A<(!). The second, m>
k , is the first

moment due to A>(!). In general, we find that m<
k is

negative for low momentum and goes to zero above the
Fermi momentum, kF = 283 MeV. This bodes well with
the idea that A<

k (!) carries the strength of the quasipar-
ticle peak for momenta below kF , whereas it is strongly
suppressed at large k. On the contrary, m>

k is positive for
all momenta. Below kF , this contribution is positive due
to the tail of A>

k (!) at high positive energies, ! > µ,
associated with short-range correlations. The flatness
of m>

k below the Fermi momentum indicates that this
high-energy tail is rather momentum independent. For
k > kF , m

>
k grows steadily because the sum rule integral

now captures the quasi-particle peak.
While the qualitative momentum dependence of m>

k
is independent of the Hamiltonian, we find that the size
of this contribution changes substantially from force to
force. In particular, there is a substantial dependence
on the renormalization scheme used to tame the 2NF.
We focus first on the unrenormalized results based on
the N3LO 2NF of panel (a). The m>

k contribution for
k < kF is, as mentioned earlier, momentum-independent
and close to m>

k ⇡ 20 MeV. The results of panel (b),
where m>

k ⇡ 25 MeV below the Fermi surface, suggest
that 3NFs do not substantially alter the high-energy tails,
in accordance with the results of Ref. [19, 52].

When the SRG is used to renormalize the N3LO inter-
action (with an SRG cuto↵ of 2 fm�1), the interaction
becomes softer and short-range correlations are tamed.
This is reflected in much shorter high-energy tails in the
spectral function, as discussed in the context of Fig. 1. In
consequence, the m>

k contributions in panel (c) are heav-
ily suppressed, and one finds thatm>

k<kF
⇡ 0. This result

does not change when 3NFs are included [panel (d)]. In
contrast, the hard interactions of panels (e) and (f) have
extended positive energy tails, and m>

k<kF
is relatively

large. For CD-Bonn, for instance, one finds m>
k<kF

⇡ 35
MeV, whereas Av18 yields a much larger contribution,
m>

k<kF
⇡ 82 MeV.

All in all, our results indicate that the first moment of
the spectral function is sensitive to the hard- or soft-

core nature of nuclear forces. Negative m(1)
k at mo-

menta below kF are indicative of attractive, soft inter-
actions. Since the m<

k contribution is always attractive

for k < kF , the main driver for the sign of m(1)
k below

the Fermi surface is the size of the m>
k<kF

term. In other
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FIG. 3. Momentum dependence of the m(2)
k moment calcu-

lated at ⇢ = 0.2 fm�3 and T = 5 MeV for the same interac-
tions as Fig. 2. In all panels, we show the first moment m(2)

k
(solid line) and the right-hand side of Eq. (15). The two sides
of the sum rule are displayed, but they are indistinguishable.
The (m(1)

k )2 and the �2 contributions to m(1)
k are also shown.

words, the strength of the A> component of the spectral
function for k < kF is a good proxy for the softness of the
interaction. For the density that we have chosen, soft chi-
ral interaction have m>

k<kF
. 20 MeV. In contrast, hard

phenomenological interactions have m>
k<kF

& 40 MeV.
Furthermore, the inclusion of 3NFs mostly yields more
repulsive quasi-particle peak energies, and a↵ects only
mildly the high-energy tails in the spectral function.
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e↵ect of 3NFs is essentially repulsive. At k = 0, we find
that the 2NF-only N3LO [panel (a)] and N3LO+SRG

[panel (c)] results yield m(1)
k=0 ⇡ �70 MeV and ⇡ �118

MeV, respectively. The corresponding 2NF+3NF results
in panels (b) and (d) are shifted by about ⇡ 35�40 MeV

to m(1)
k=0 ⇡ �31 MeV and ⇡ �83 MeV. We expect this

shift to be density-dependent and sensitive to the 3NF
structure.

In analogy to previous studies, and in order to clarify

the structure of the sum rule, we decompose the m(1)
k

moment into two terms [40, 41]. The first one, m<
k , is

the first moment of A<(!). The second, m>
k , is the first

moment due to A>(!). In general, we find that m<
k is

negative for low momentum and goes to zero above the
Fermi momentum, kF = 283 MeV. This bodes well with
the idea that A<

k (!) carries the strength of the quasipar-
ticle peak for momenta below kF , whereas it is strongly
suppressed at large k. On the contrary, m>

k is positive for
all momenta. Below kF , this contribution is positive due
to the tail of A>

k (!) at high positive energies, ! > µ,
associated with short-range correlations. The flatness
of m>

k below the Fermi momentum indicates that this
high-energy tail is rather momentum independent. For
k > kF , m

>
k grows steadily because the sum rule integral

now captures the quasi-particle peak.
While the qualitative momentum dependence of m>

k
is independent of the Hamiltonian, we find that the size
of this contribution changes substantially from force to
force. In particular, there is a substantial dependence
on the renormalization scheme used to tame the 2NF.
We focus first on the unrenormalized results based on
the N3LO 2NF of panel (a). The m>

k contribution for
k < kF is, as mentioned earlier, momentum-independent
and close to m>

k ⇡ 20 MeV. The results of panel (b),
where m>

k ⇡ 25 MeV below the Fermi surface, suggest
that 3NFs do not substantially alter the high-energy tails,
in accordance with the results of Ref. [19, 52].

When the SRG is used to renormalize the N3LO inter-
action (with an SRG cuto↵ of 2 fm�1), the interaction
becomes softer and short-range correlations are tamed.
This is reflected in much shorter high-energy tails in the
spectral function, as discussed in the context of Fig. 1. In
consequence, the m>

k contributions in panel (c) are heav-
ily suppressed, and one finds thatm>

k<kF
⇡ 0. This result

does not change when 3NFs are included [panel (d)]. In
contrast, the hard interactions of panels (e) and (f) have
extended positive energy tails, and m>

k<kF
is relatively

large. For CD-Bonn, for instance, one finds m>
k<kF

⇡ 35
MeV, whereas Av18 yields a much larger contribution,
m>

k<kF
⇡ 82 MeV.

All in all, our results indicate that the first moment of
the spectral function is sensitive to the hard- or soft-

core nature of nuclear forces. Negative m(1)
k at mo-

menta below kF are indicative of attractive, soft inter-
actions. Since the m<

k contribution is always attractive

for k < kF , the main driver for the sign of m(1)
k below

the Fermi surface is the size of the m>
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term. In other
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FIG. 3. Momentum dependence of the m(2)
k moment calcu-

lated at ⇢ = 0.2 fm�3 and T = 5 MeV for the same interac-
tions as Fig. 2. In all panels, we show the first moment m(2)

k
(solid line) and the right-hand side of Eq. (15). The two sides
of the sum rule are displayed, but they are indistinguishable.
The (m(1)

k )2 and the �2 contributions to m(1)
k are also shown.

words, the strength of the A> component of the spectral
function for k < kF is a good proxy for the softness of the
interaction. For the density that we have chosen, soft chi-
ral interaction have m>

k<kF
. 20 MeV. In contrast, hard

phenomenological interactions have m>
k<kF

& 40 MeV.
Furthermore, the inclusion of 3NFs mostly yields more
repulsive quasi-particle peak energies, and a↵ects only
mildly the high-energy tails in the spectral function.
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energy tails of the spectral functions, particularly at high
positive excitation energies. Because N3LO+SRG+3NF
is a very soft interaction, the high-energy tails die out
well below 750 MeV. In contrast, the high energy tails for
Av18 are large, similar for the three-momenta considered
and extend well into the GeV regime. At zero tempera-
ture, the tails at negative energies would correspond to
the excitations of the A� 1 system, A<. These are also
more pronounced for Av18 than for N3LO+SRG+3NF.
Unsurprisingly, we find that the fragmentation of single-
particle states is very much suppressed for a soft hamil-
tonian as opposed to a hard force. We shall see in the
following that the moments of the spectral function can
provide a direct quantification of this fragmentation.

The spectral functions at all momenta have a well-
defined quasi-particle peak. For k < kF , the peak is well
below the chemical potential, and the thermal function
f(!) ⇡ 1. Therefore, the peak is provided by A<

k (!).
In contrast, well above the Fermi surface, similar argu-
ments lead to the conclusion that the peak is caused by
the A>

k (!) component. A<
k (!) and A>

k (!) can be identi-
fied at zero-temperature as the hole and particle spectral
function, respectively. Whereas at zero temperature the
k = kF spectral function would be a ��peak, the finite
temperature Ak(!) has a finite thermal width. Thermal
e↵ects are also responsible for the fact that, at k 6= kF ,
the spectral functions are not zero at ! = µ. However,
one can observe a well defined minimum for ! = µ, which
is a reminder of the T = 0 situation.

The self-consistency of the spectral functions, and the
use of dispersion relations in the SCGF approach, guar-
antee that the sum rules are respected. In fact, the sum

rule associated to the zeroth moment, m(0)
k = 1, is ful-

filled to better than 0.1% in the complete momentum
range, for all interactions used in the paper. This vali-
dates the accuracy of the numerical calculation and pro-
vides a useful test in terms of consistency.

C. First moment

Results for the m(1)
k sum rule are presented for di↵er-

ent chiral interactions in panels (a)-(d) of Fig. 2. Panels
(e) and (f) show results for CD-Bonn and Av18, respec-

tively. The m(1)
k sum rule is displayed as a function of

momentum with a solid line. The results of the first mo-
ment of the spectral function and the right-hand-side of
Eq. (13) are plotted in the figure, but the curves lie one
on top of each other and are indistinguishable. The sum
rule is satisfied to better than 1% for all momenta and in-
teractions considered in the figure. For all forces, we find
an increasing function of momentum due to the largely
dominant kinetic term in Eq. (13).

The first moment is di↵erent depending on the Hamil-
tonian under consideration. This is to be expected on
the grounds that ⌃1

k is directly related to the nuclear
force as dictated by Eq. (14). We find an overall at-
tractive contribution at k = 0 for all forces, except for
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FIG. 2. Momentum dependence of the m(1)
k moment cal-

culated at ⇢ = 0.2 fm�3 and T = 5 MeV for the (a) EM
N3LO 2NF; (b) N3LO 2NF complemented with a 3NF; (c)
SRG-evolved N3LO down to � = 2 fm�1, (d) the same 2NF
complemented with a 3NF; (e) CD-Bonn and (f) Av18. In

all panels, we show the first moment m(1)
k (solid line) and the

right-hand side of Eq. (13). The two sides of the sum rule
are displayed, but they are indistinguishable. The m<

k (dot-

ted line) and m>
k (dashed line) contributions to m(1)

k are also
shown.

Av18. Calculations based on the hard Reid force [40],
as well as previous calculations with Av18 at di↵erent

densities [41], also yield positive m(1)
k sum rules. ⌃1

k
has a Hartree-Fock-like structure, which will necessar-
ily yield repulsive results for hard-core forces. In accor-
dance to this reasoning, we find that results associated
to softer, SRG-renormalised, forces [panels (c) and (d)]

induce more attractivem(1)
k moments than their unrenor-

malised counterparts [panels (a) and (b)]. Moreover, the
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energy tails of the spectral functions, particularly at high
positive excitation energies. Because N3LO+SRG+3NF
is a very soft interaction, the high-energy tails die out
well below 750 MeV. In contrast, the high energy tails for
Av18 are large, similar for the three-momenta considered
and extend well into the GeV regime. At zero tempera-
ture, the tails at negative energies would correspond to
the excitations of the A� 1 system, A<. These are also
more pronounced for Av18 than for N3LO+SRG+3NF.
Unsurprisingly, we find that the fragmentation of single-
particle states is very much suppressed for a soft hamil-
tonian as opposed to a hard force. We shall see in the
following that the moments of the spectral function can
provide a direct quantification of this fragmentation.

The spectral functions at all momenta have a well-
defined quasi-particle peak. For k < kF , the peak is well
below the chemical potential, and the thermal function
f(!) ⇡ 1. Therefore, the peak is provided by A<

k (!).
In contrast, well above the Fermi surface, similar argu-
ments lead to the conclusion that the peak is caused by
the A>

k (!) component. A<
k (!) and A>

k (!) can be identi-
fied at zero-temperature as the hole and particle spectral
function, respectively. Whereas at zero temperature the
k = kF spectral function would be a ��peak, the finite
temperature Ak(!) has a finite thermal width. Thermal
e↵ects are also responsible for the fact that, at k 6= kF ,
the spectral functions are not zero at ! = µ. However,
one can observe a well defined minimum for ! = µ, which
is a reminder of the T = 0 situation.

The self-consistency of the spectral functions, and the
use of dispersion relations in the SCGF approach, guar-
antee that the sum rules are respected. In fact, the sum

rule associated to the zeroth moment, m(0)
k = 1, is ful-

filled to better than 0.1% in the complete momentum
range, for all interactions used in the paper. This vali-
dates the accuracy of the numerical calculation and pro-
vides a useful test in terms of consistency.

C. First moment

Results for the m(1)
k sum rule are presented for di↵er-

ent chiral interactions in panels (a)-(d) of Fig. 2. Panels
(e) and (f) show results for CD-Bonn and Av18, respec-

tively. The m(1)
k sum rule is displayed as a function of

momentum with a solid line. The results of the first mo-
ment of the spectral function and the right-hand-side of
Eq. (13) are plotted in the figure, but the curves lie one
on top of each other and are indistinguishable. The sum
rule is satisfied to better than 1% for all momenta and in-
teractions considered in the figure. For all forces, we find
an increasing function of momentum due to the largely
dominant kinetic term in Eq. (13).

The first moment is di↵erent depending on the Hamil-
tonian under consideration. This is to be expected on
the grounds that ⌃1

k is directly related to the nuclear
force as dictated by Eq. (14). We find an overall at-
tractive contribution at k = 0 for all forces, except for
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FIG. 2. Momentum dependence of the m(1)
k moment cal-

culated at ⇢ = 0.2 fm�3 and T = 5 MeV for the (a) EM
N3LO 2NF; (b) N3LO 2NF complemented with a 3NF; (c)
SRG-evolved N3LO down to � = 2 fm�1, (d) the same 2NF
complemented with a 3NF; (e) CD-Bonn and (f) Av18. In

all panels, we show the first moment m(1)
k (solid line) and the

right-hand side of Eq. (13). The two sides of the sum rule
are displayed, but they are indistinguishable. The m<

k (dot-

ted line) and m>
k (dashed line) contributions to m(1)

k are also
shown.

Av18. Calculations based on the hard Reid force [40],
as well as previous calculations with Av18 at di↵erent

densities [41], also yield positive m(1)
k sum rules. ⌃1

k
has a Hartree-Fock-like structure, which will necessar-
ily yield repulsive results for hard-core forces. In accor-
dance to this reasoning, we find that results associated
to softer, SRG-renormalised, forces [panels (c) and (d)]

induce more attractivem(1)
k moments than their unrenor-

malised counterparts [panels (a) and (b)]. Moreover, the

m(2)
k = [m(1)

k ]2 + �2
k

6

e↵ect of 3NFs is essentially repulsive. At k = 0, we find
that the 2NF-only N3LO [panel (a)] and N3LO+SRG

[panel (c)] results yield m(1)
k=0 ⇡ �70 MeV and ⇡ �118

MeV, respectively. The corresponding 2NF+3NF results
in panels (b) and (d) are shifted by about ⇡ 35�40 MeV

to m(1)
k=0 ⇡ �31 MeV and ⇡ �83 MeV. We expect this

shift to be density-dependent and sensitive to the 3NF
structure.

In analogy to previous studies, and in order to clarify

the structure of the sum rule, we decompose the m(1)
k

moment into two terms [40, 41]. The first one, m<
k , is

the first moment of A<(!). The second, m>
k , is the first

moment due to A>(!). In general, we find that m<
k is

negative for low momentum and goes to zero above the
Fermi momentum, kF = 283 MeV. This bodes well with
the idea that A<

k (!) carries the strength of the quasipar-
ticle peak for momenta below kF , whereas it is strongly
suppressed at large k. On the contrary, m>

k is positive for
all momenta. Below kF , this contribution is positive due
to the tail of A>

k (!) at high positive energies, ! > µ,
associated with short-range correlations. The flatness
of m>

k below the Fermi momentum indicates that this
high-energy tail is rather momentum independent. For
k > kF , m

>
k grows steadily because the sum rule integral

now captures the quasi-particle peak.
While the qualitative momentum dependence of m>

k
is independent of the Hamiltonian, we find that the size
of this contribution changes substantially from force to
force. In particular, there is a substantial dependence
on the renormalization scheme used to tame the 2NF.
We focus first on the unrenormalized results based on
the N3LO 2NF of panel (a). The m>

k contribution for
k < kF is, as mentioned earlier, momentum-independent
and close to m>

k ⇡ 20 MeV. The results of panel (b),
where m>

k ⇡ 25 MeV below the Fermi surface, suggest
that 3NFs do not substantially alter the high-energy tails,
in accordance with the results of Ref. [19, 52].

When the SRG is used to renormalize the N3LO inter-
action (with an SRG cuto↵ of 2 fm�1), the interaction
becomes softer and short-range correlations are tamed.
This is reflected in much shorter high-energy tails in the
spectral function, as discussed in the context of Fig. 1. In
consequence, the m>

k contributions in panel (c) are heav-
ily suppressed, and one finds thatm>

k<kF
⇡ 0. This result

does not change when 3NFs are included [panel (d)]. In
contrast, the hard interactions of panels (e) and (f) have
extended positive energy tails, and m>

k<kF
is relatively

large. For CD-Bonn, for instance, one finds m>
k<kF

⇡ 35
MeV, whereas Av18 yields a much larger contribution,
m>

k<kF
⇡ 82 MeV.

All in all, our results indicate that the first moment of
the spectral function is sensitive to the hard- or soft-

core nature of nuclear forces. Negative m(1)
k at mo-

menta below kF are indicative of attractive, soft inter-
actions. Since the m<

k contribution is always attractive

for k < kF , the main driver for the sign of m(1)
k below

the Fermi surface is the size of the m>
k<kF

term. In other
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FIG. 3. Momentum dependence of the m(2)
k moment calcu-

lated at ⇢ = 0.2 fm�3 and T = 5 MeV for the same interac-
tions as Fig. 2. In all panels, we show the first moment m(2)

k
(solid line) and the right-hand side of Eq. (15). The two sides
of the sum rule are displayed, but they are indistinguishable.
The (m(1)

k )2 and the �2 contributions to m(1)
k are also shown.

words, the strength of the A> component of the spectral
function for k < kF is a good proxy for the softness of the
interaction. For the density that we have chosen, soft chi-
ral interaction have m>

k<kF
. 20 MeV. In contrast, hard

phenomenological interactions have m>
k<kF

& 40 MeV.
Furthermore, the inclusion of 3NFs mostly yields more
repulsive quasi-particle peak energies, and a↵ects only
mildly the high-energy tails in the spectral function.
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e↵ect of 3NFs is essentially repulsive. At k = 0, we find
that the 2NF-only N3LO [panel (a)] and N3LO+SRG

[panel (c)] results yield m(1)
k=0 ⇡ �70 MeV and ⇡ �118

MeV, respectively. The corresponding 2NF+3NF results
in panels (b) and (d) are shifted by about ⇡ 35�40 MeV

to m(1)
k=0 ⇡ �31 MeV and ⇡ �83 MeV. We expect this

shift to be density-dependent and sensitive to the 3NF
structure.

In analogy to previous studies, and in order to clarify

the structure of the sum rule, we decompose the m(1)
k

moment into two terms [40, 41]. The first one, m<
k , is

the first moment of A<(!). The second, m>
k , is the first

moment due to A>(!). In general, we find that m<
k is

negative for low momentum and goes to zero above the
Fermi momentum, kF = 283 MeV. This bodes well with
the idea that A<

k (!) carries the strength of the quasipar-
ticle peak for momenta below kF , whereas it is strongly
suppressed at large k. On the contrary, m>

k is positive for
all momenta. Below kF , this contribution is positive due
to the tail of A>

k (!) at high positive energies, ! > µ,
associated with short-range correlations. The flatness
of m>

k below the Fermi momentum indicates that this
high-energy tail is rather momentum independent. For
k > kF , m

>
k grows steadily because the sum rule integral

now captures the quasi-particle peak.
While the qualitative momentum dependence of m>

k
is independent of the Hamiltonian, we find that the size
of this contribution changes substantially from force to
force. In particular, there is a substantial dependence
on the renormalization scheme used to tame the 2NF.
We focus first on the unrenormalized results based on
the N3LO 2NF of panel (a). The m>

k contribution for
k < kF is, as mentioned earlier, momentum-independent
and close to m>

k ⇡ 20 MeV. The results of panel (b),
where m>

k ⇡ 25 MeV below the Fermi surface, suggest
that 3NFs do not substantially alter the high-energy tails,
in accordance with the results of Ref. [19, 52].

When the SRG is used to renormalize the N3LO inter-
action (with an SRG cuto↵ of 2 fm�1), the interaction
becomes softer and short-range correlations are tamed.
This is reflected in much shorter high-energy tails in the
spectral function, as discussed in the context of Fig. 1. In
consequence, the m>

k contributions in panel (c) are heav-
ily suppressed, and one finds thatm>

k<kF
⇡ 0. This result

does not change when 3NFs are included [panel (d)]. In
contrast, the hard interactions of panels (e) and (f) have
extended positive energy tails, and m>

k<kF
is relatively

large. For CD-Bonn, for instance, one finds m>
k<kF

⇡ 35
MeV, whereas Av18 yields a much larger contribution,
m>

k<kF
⇡ 82 MeV.

All in all, our results indicate that the first moment of
the spectral function is sensitive to the hard- or soft-

core nature of nuclear forces. Negative m(1)
k at mo-

menta below kF are indicative of attractive, soft inter-
actions. Since the m<

k contribution is always attractive

for k < kF , the main driver for the sign of m(1)
k below

the Fermi surface is the size of the m>
k<kF

term. In other
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FIG. 3. Momentum dependence of the m(2)
k moment calcu-

lated at ⇢ = 0.2 fm�3 and T = 5 MeV for the same interac-
tions as Fig. 2. In all panels, we show the first moment m(2)

k
(solid line) and the right-hand side of Eq. (15). The two sides
of the sum rule are displayed, but they are indistinguishable.
The (m(1)

k )2 and the �2 contributions to m(1)
k are also shown.

words, the strength of the A> component of the spectral
function for k < kF is a good proxy for the softness of the
interaction. For the density that we have chosen, soft chi-
ral interaction have m>

k<kF
. 20 MeV. In contrast, hard

phenomenological interactions have m>
k<kF

& 40 MeV.
Furthermore, the inclusion of 3NFs mostly yields more
repulsive quasi-particle peak energies, and a↵ects only
mildly the high-energy tails in the spectral function.
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energy tails of the spectral functions, particularly at high
positive excitation energies. Because N3LO+SRG+3NF
is a very soft interaction, the high-energy tails die out
well below 750 MeV. In contrast, the high energy tails for
Av18 are large, similar for the three-momenta considered
and extend well into the GeV regime. At zero tempera-
ture, the tails at negative energies would correspond to
the excitations of the A� 1 system, A<. These are also
more pronounced for Av18 than for N3LO+SRG+3NF.
Unsurprisingly, we find that the fragmentation of single-
particle states is very much suppressed for a soft hamil-
tonian as opposed to a hard force. We shall see in the
following that the moments of the spectral function can
provide a direct quantification of this fragmentation.

The spectral functions at all momenta have a well-
defined quasi-particle peak. For k < kF , the peak is well
below the chemical potential, and the thermal function
f(!) ⇡ 1. Therefore, the peak is provided by A<

k (!).
In contrast, well above the Fermi surface, similar argu-
ments lead to the conclusion that the peak is caused by
the A>

k (!) component. A<
k (!) and A>

k (!) can be identi-
fied at zero-temperature as the hole and particle spectral
function, respectively. Whereas at zero temperature the
k = kF spectral function would be a ��peak, the finite
temperature Ak(!) has a finite thermal width. Thermal
e↵ects are also responsible for the fact that, at k 6= kF ,
the spectral functions are not zero at ! = µ. However,
one can observe a well defined minimum for ! = µ, which
is a reminder of the T = 0 situation.

The self-consistency of the spectral functions, and the
use of dispersion relations in the SCGF approach, guar-
antee that the sum rules are respected. In fact, the sum

rule associated to the zeroth moment, m(0)
k = 1, is ful-

filled to better than 0.1% in the complete momentum
range, for all interactions used in the paper. This vali-
dates the accuracy of the numerical calculation and pro-
vides a useful test in terms of consistency.

C. First moment

Results for the m(1)
k sum rule are presented for di↵er-

ent chiral interactions in panels (a)-(d) of Fig. 2. Panels
(e) and (f) show results for CD-Bonn and Av18, respec-

tively. The m(1)
k sum rule is displayed as a function of

momentum with a solid line. The results of the first mo-
ment of the spectral function and the right-hand-side of
Eq. (13) are plotted in the figure, but the curves lie one
on top of each other and are indistinguishable. The sum
rule is satisfied to better than 1% for all momenta and in-
teractions considered in the figure. For all forces, we find
an increasing function of momentum due to the largely
dominant kinetic term in Eq. (13).

The first moment is di↵erent depending on the Hamil-
tonian under consideration. This is to be expected on
the grounds that ⌃1

k is directly related to the nuclear
force as dictated by Eq. (14). We find an overall at-
tractive contribution at k = 0 for all forces, except for
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FIG. 2. Momentum dependence of the m(1)
k moment cal-

culated at ⇢ = 0.2 fm�3 and T = 5 MeV for the (a) EM
N3LO 2NF; (b) N3LO 2NF complemented with a 3NF; (c)
SRG-evolved N3LO down to � = 2 fm�1, (d) the same 2NF
complemented with a 3NF; (e) CD-Bonn and (f) Av18. In

all panels, we show the first moment m(1)
k (solid line) and the

right-hand side of Eq. (13). The two sides of the sum rule
are displayed, but they are indistinguishable. The m<

k (dot-

ted line) and m>
k (dashed line) contributions to m(1)

k are also
shown.

Av18. Calculations based on the hard Reid force [40],
as well as previous calculations with Av18 at di↵erent

densities [41], also yield positive m(1)
k sum rules. ⌃1

k
has a Hartree-Fock-like structure, which will necessar-
ily yield repulsive results for hard-core forces. In accor-
dance to this reasoning, we find that results associated
to softer, SRG-renormalised, forces [panels (c) and (d)]

induce more attractivem(1)
k moments than their unrenor-

malised counterparts [panels (a) and (b)]. Moreover, the
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energy tails of the spectral functions, particularly at high
positive excitation energies. Because N3LO+SRG+3NF
is a very soft interaction, the high-energy tails die out
well below 750 MeV. In contrast, the high energy tails for
Av18 are large, similar for the three-momenta considered
and extend well into the GeV regime. At zero tempera-
ture, the tails at negative energies would correspond to
the excitations of the A� 1 system, A<. These are also
more pronounced for Av18 than for N3LO+SRG+3NF.
Unsurprisingly, we find that the fragmentation of single-
particle states is very much suppressed for a soft hamil-
tonian as opposed to a hard force. We shall see in the
following that the moments of the spectral function can
provide a direct quantification of this fragmentation.

The spectral functions at all momenta have a well-
defined quasi-particle peak. For k < kF , the peak is well
below the chemical potential, and the thermal function
f(!) ⇡ 1. Therefore, the peak is provided by A<

k (!).
In contrast, well above the Fermi surface, similar argu-
ments lead to the conclusion that the peak is caused by
the A>

k (!) component. A<
k (!) and A>

k (!) can be identi-
fied at zero-temperature as the hole and particle spectral
function, respectively. Whereas at zero temperature the
k = kF spectral function would be a ��peak, the finite
temperature Ak(!) has a finite thermal width. Thermal
e↵ects are also responsible for the fact that, at k 6= kF ,
the spectral functions are not zero at ! = µ. However,
one can observe a well defined minimum for ! = µ, which
is a reminder of the T = 0 situation.

The self-consistency of the spectral functions, and the
use of dispersion relations in the SCGF approach, guar-
antee that the sum rules are respected. In fact, the sum

rule associated to the zeroth moment, m(0)
k = 1, is ful-

filled to better than 0.1% in the complete momentum
range, for all interactions used in the paper. This vali-
dates the accuracy of the numerical calculation and pro-
vides a useful test in terms of consistency.

C. First moment

Results for the m(1)
k sum rule are presented for di↵er-

ent chiral interactions in panels (a)-(d) of Fig. 2. Panels
(e) and (f) show results for CD-Bonn and Av18, respec-

tively. The m(1)
k sum rule is displayed as a function of

momentum with a solid line. The results of the first mo-
ment of the spectral function and the right-hand-side of
Eq. (13) are plotted in the figure, but the curves lie one
on top of each other and are indistinguishable. The sum
rule is satisfied to better than 1% for all momenta and in-
teractions considered in the figure. For all forces, we find
an increasing function of momentum due to the largely
dominant kinetic term in Eq. (13).

The first moment is di↵erent depending on the Hamil-
tonian under consideration. This is to be expected on
the grounds that ⌃1

k is directly related to the nuclear
force as dictated by Eq. (14). We find an overall at-
tractive contribution at k = 0 for all forces, except for
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FIG. 2. Momentum dependence of the m(1)
k moment cal-

culated at ⇢ = 0.2 fm�3 and T = 5 MeV for the (a) EM
N3LO 2NF; (b) N3LO 2NF complemented with a 3NF; (c)
SRG-evolved N3LO down to � = 2 fm�1, (d) the same 2NF
complemented with a 3NF; (e) CD-Bonn and (f) Av18. In

all panels, we show the first moment m(1)
k (solid line) and the

right-hand side of Eq. (13). The two sides of the sum rule
are displayed, but they are indistinguishable. The m<

k (dot-

ted line) and m>
k (dashed line) contributions to m(1)

k are also
shown.

Av18. Calculations based on the hard Reid force [40],
as well as previous calculations with Av18 at di↵erent

densities [41], also yield positive m(1)
k sum rules. ⌃1

k
has a Hartree-Fock-like structure, which will necessar-
ily yield repulsive results for hard-core forces. In accor-
dance to this reasoning, we find that results associated
to softer, SRG-renormalised, forces [panels (c) and (d)]

induce more attractivem(1)
k moments than their unrenor-

malised counterparts [panels (a) and (b)]. Moreover, the

m(2)
k = [m(1)

k ]2 + �2
k

6

e↵ect of 3NFs is essentially repulsive. At k = 0, we find
that the 2NF-only N3LO [panel (a)] and N3LO+SRG

[panel (c)] results yield m(1)
k=0 ⇡ �70 MeV and ⇡ �118

MeV, respectively. The corresponding 2NF+3NF results
in panels (b) and (d) are shifted by about ⇡ 35�40 MeV

to m(1)
k=0 ⇡ �31 MeV and ⇡ �83 MeV. We expect this

shift to be density-dependent and sensitive to the 3NF
structure.

In analogy to previous studies, and in order to clarify

the structure of the sum rule, we decompose the m(1)
k

moment into two terms [40, 41]. The first one, m<
k , is

the first moment of A<(!). The second, m>
k , is the first

moment due to A>(!). In general, we find that m<
k is

negative for low momentum and goes to zero above the
Fermi momentum, kF = 283 MeV. This bodes well with
the idea that A<

k (!) carries the strength of the quasipar-
ticle peak for momenta below kF , whereas it is strongly
suppressed at large k. On the contrary, m>

k is positive for
all momenta. Below kF , this contribution is positive due
to the tail of A>

k (!) at high positive energies, ! > µ,
associated with short-range correlations. The flatness
of m>

k below the Fermi momentum indicates that this
high-energy tail is rather momentum independent. For
k > kF , m

>
k grows steadily because the sum rule integral

now captures the quasi-particle peak.
While the qualitative momentum dependence of m>

k
is independent of the Hamiltonian, we find that the size
of this contribution changes substantially from force to
force. In particular, there is a substantial dependence
on the renormalization scheme used to tame the 2NF.
We focus first on the unrenormalized results based on
the N3LO 2NF of panel (a). The m>

k contribution for
k < kF is, as mentioned earlier, momentum-independent
and close to m>

k ⇡ 20 MeV. The results of panel (b),
where m>

k ⇡ 25 MeV below the Fermi surface, suggest
that 3NFs do not substantially alter the high-energy tails,
in accordance with the results of Ref. [19, 52].

When the SRG is used to renormalize the N3LO inter-
action (with an SRG cuto↵ of 2 fm�1), the interaction
becomes softer and short-range correlations are tamed.
This is reflected in much shorter high-energy tails in the
spectral function, as discussed in the context of Fig. 1. In
consequence, the m>

k contributions in panel (c) are heav-
ily suppressed, and one finds thatm>

k<kF
⇡ 0. This result

does not change when 3NFs are included [panel (d)]. In
contrast, the hard interactions of panels (e) and (f) have
extended positive energy tails, and m>

k<kF
is relatively

large. For CD-Bonn, for instance, one finds m>
k<kF

⇡ 35
MeV, whereas Av18 yields a much larger contribution,
m>

k<kF
⇡ 82 MeV.

All in all, our results indicate that the first moment of
the spectral function is sensitive to the hard- or soft-

core nature of nuclear forces. Negative m(1)
k at mo-

menta below kF are indicative of attractive, soft inter-
actions. Since the m<

k contribution is always attractive

for k < kF , the main driver for the sign of m(1)
k below

the Fermi surface is the size of the m>
k<kF

term. In other
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associated with short-range correlations. The flatness
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k below the Fermi momentum indicates that this
high-energy tail is rather momentum independent. For
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k grows steadily because the sum rule integral

now captures the quasi-particle peak.
While the qualitative momentum dependence of m>
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is independent of the Hamiltonian, we find that the size
of this contribution changes substantially from force to
force. In particular, there is a substantial dependence
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We focus first on the unrenormalized results based on
the N3LO 2NF of panel (a). The m>

k contribution for
k < kF is, as mentioned earlier, momentum-independent
and close to m>

k ⇡ 20 MeV. The results of panel (b),
where m>

k ⇡ 25 MeV below the Fermi surface, suggest
that 3NFs do not substantially alter the high-energy tails,
in accordance with the results of Ref. [19, 52].

When the SRG is used to renormalize the N3LO inter-
action (with an SRG cuto↵ of 2 fm�1), the interaction
becomes softer and short-range correlations are tamed.
This is reflected in much shorter high-energy tails in the
spectral function, as discussed in the context of Fig. 1. In
consequence, the m>

k contributions in panel (c) are heav-
ily suppressed, and one finds thatm>
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⇡ 0. This result

does not change when 3NFs are included [panel (d)]. In
contrast, the hard interactions of panels (e) and (f) have
extended positive energy tails, and m>

k<kF
is relatively

large. For CD-Bonn, for instance, one finds m>
k<kF

⇡ 35
MeV, whereas Av18 yields a much larger contribution,
m>

k<kF
⇡ 82 MeV.

All in all, our results indicate that the first moment of
the spectral function is sensitive to the hard- or soft-

core nature of nuclear forces. Negative m(1)
k at mo-

menta below kF are indicative of attractive, soft inter-
actions. Since the m<

k contribution is always attractive

for k < kF , the main driver for the sign of m(1)
k below

the Fermi surface is the size of the m>
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term. In other
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lated at ⇢ = 0.2 fm�3 and T = 5 MeV for the same interac-
tions as Fig. 2. In all panels, we show the first moment m(2)
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(solid line) and the right-hand side of Eq. (15). The two sides
of the sum rule are displayed, but they are indistinguishable.
The (m(1)

k )2 and the �2 contributions to m(1)
k are also shown.

words, the strength of the A> component of the spectral
function for k < kF is a good proxy for the softness of the
interaction. For the density that we have chosen, soft chi-
ral interaction have m>

k<kF
. 20 MeV. In contrast, hard

phenomenological interactions have m>
k<kF

& 40 MeV.
Furthermore, the inclusion of 3NFs mostly yields more
repulsive quasi-particle peak energies, and a↵ects only
mildly the high-energy tails in the spectral function.
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energy tails of the spectral functions, particularly at high
positive excitation energies. Because N3LO+SRG+3NF
is a very soft interaction, the high-energy tails die out
well below 750 MeV. In contrast, the high energy tails for
Av18 are large, similar for the three-momenta considered
and extend well into the GeV regime. At zero tempera-
ture, the tails at negative energies would correspond to
the excitations of the A� 1 system, A<. These are also
more pronounced for Av18 than for N3LO+SRG+3NF.
Unsurprisingly, we find that the fragmentation of single-
particle states is very much suppressed for a soft hamil-
tonian as opposed to a hard force. We shall see in the
following that the moments of the spectral function can
provide a direct quantification of this fragmentation.

The spectral functions at all momenta have a well-
defined quasi-particle peak. For k < kF , the peak is well
below the chemical potential, and the thermal function
f(!) ⇡ 1. Therefore, the peak is provided by A<

k (!).
In contrast, well above the Fermi surface, similar argu-
ments lead to the conclusion that the peak is caused by
the A>

k (!) component. A<
k (!) and A>

k (!) can be identi-
fied at zero-temperature as the hole and particle spectral
function, respectively. Whereas at zero temperature the
k = kF spectral function would be a ��peak, the finite
temperature Ak(!) has a finite thermal width. Thermal
e↵ects are also responsible for the fact that, at k 6= kF ,
the spectral functions are not zero at ! = µ. However,
one can observe a well defined minimum for ! = µ, which
is a reminder of the T = 0 situation.

The self-consistency of the spectral functions, and the
use of dispersion relations in the SCGF approach, guar-
antee that the sum rules are respected. In fact, the sum

rule associated to the zeroth moment, m(0)
k = 1, is ful-

filled to better than 0.1% in the complete momentum
range, for all interactions used in the paper. This vali-
dates the accuracy of the numerical calculation and pro-
vides a useful test in terms of consistency.

C. First moment

Results for the m(1)
k sum rule are presented for di↵er-

ent chiral interactions in panels (a)-(d) of Fig. 2. Panels
(e) and (f) show results for CD-Bonn and Av18, respec-

tively. The m(1)
k sum rule is displayed as a function of

momentum with a solid line. The results of the first mo-
ment of the spectral function and the right-hand-side of
Eq. (13) are plotted in the figure, but the curves lie one
on top of each other and are indistinguishable. The sum
rule is satisfied to better than 1% for all momenta and in-
teractions considered in the figure. For all forces, we find
an increasing function of momentum due to the largely
dominant kinetic term in Eq. (13).

The first moment is di↵erent depending on the Hamil-
tonian under consideration. This is to be expected on
the grounds that ⌃1

k is directly related to the nuclear
force as dictated by Eq. (14). We find an overall at-
tractive contribution at k = 0 for all forces, except for
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FIG. 2. Momentum dependence of the m(1)
k moment cal-

culated at ⇢ = 0.2 fm�3 and T = 5 MeV for the (a) EM
N3LO 2NF; (b) N3LO 2NF complemented with a 3NF; (c)
SRG-evolved N3LO down to � = 2 fm�1, (d) the same 2NF
complemented with a 3NF; (e) CD-Bonn and (f) Av18. In

all panels, we show the first moment m(1)
k (solid line) and the

right-hand side of Eq. (13). The two sides of the sum rule
are displayed, but they are indistinguishable. The m<

k (dot-

ted line) and m>
k (dashed line) contributions to m(1)

k are also
shown.

Av18. Calculations based on the hard Reid force [40],
as well as previous calculations with Av18 at di↵erent

densities [41], also yield positive m(1)
k sum rules. ⌃1

k
has a Hartree-Fock-like structure, which will necessar-
ily yield repulsive results for hard-core forces. In accor-
dance to this reasoning, we find that results associated
to softer, SRG-renormalised, forces [panels (c) and (d)]

induce more attractivem(1)
k moments than their unrenor-

malised counterparts [panels (a) and (b)]. Moreover, the

m1[MeV]

m1[MeV]

m2[MeV2]

m2[MeV2]

Quadratic first sum 
rule always 

increasing for hard-
core potentials

decrease

variance of the 
spectral function

negligible for soft forces 
increasing for hard ones

�2
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⇡
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beyond mean-field effects

Soft-core

Hard-core 

Understanding nuclear forces from sum rules m(2)
k =

Z 1
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!2Ak(!)

Rios, Carbone, Polls, PRC 96, 014003 (2017) 
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energy tails affected by the cutoff on the NN 
force 

high-momentum region also affected by cutoff 
and density dependence 

effects clearly visible in momentum distribution

Momentum distribution according to different Hamiltonians
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Self-consistent Green’s functions

T-matrix+=

T

TGreen’s 
function

Self-consistent nonperturbative method:

Self-energy= +Σ⋆

T

= + Σ⋆

Dyson equation

Carbone, Cipollone, Barbieri, Rios, Polls, PRC 88, 054326 (2013)
Breakthrough: full formal extension to consistently include 3BFs
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From microscopic… to macroscopic
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…start seeing the big 
picture: the self-energy

3NF effects as density 
increases 
N2LOsat more repulsive
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…start seeing the big 
picture: the self-energy

3NF effects as density 
increases 
N2LOsat more repulsive

..the macroscopic picture: 
total energy more repulsive

0 0,5 1 1,5 210
-3

10
-2

10
-1

10
0

M
o
m

en
tu

m
 D

is
tr

ib
u
ti

o
n
, 
n
(p

)

0 0,5 1 1,5 2
Momentum, p/p

F

0 0,5 1 1,5 2

0.16 fm
-3

0.08 fm
-3

0.24 fm
-3

T=4 MeV T=4 MeV T=4 MeV

SNM SNM SNM

0 0,5 1 1,5 2
-80

-60

-40

-20

0

S
P

 p
o
te

n
ti

al
, 
R

eΣ
*
(p

,ε
(p

))

0 0,5 1 1,5 2
Momentum, p/p

F

0 0,5 1 1,5 2

0.16 fm
-3

0.08 fm
-3

0.24 fm
-3

T=4 MeV T=4 MeV T=4 MeV

SNM SNM SNM

�qp(p) =
p2

2m
+Re��(p, �qp(p))

n(p) =

Z
d⇥

2�
A(p,⇥)f(⇥)

The microscopic picture: momentum distribution

N2LOsat high-momentum states
0 0,04 0,08 0,12 0,16 0,2 0,24

Density, ρ [fm
-3

]

0

5

10

15

20

25

30

35

E
n
er

g
y
/N

u
cl

eo
n
, 
E

/A
 [

M
eV

]

2N N2LO
opt

+3N N2LO

2N N2LO
sat

+3N N2LO

2N N3LO
SRG-1

+3N N2LO

2N N3LO
SRG-2

+3N N2LO

2N N3LO
SRG-3

+3N N2LO

Pure Neutron MatterT=0 MeV

Symmetric nuclear matter



0 0.5 1 1.5 210
-4

10
-3

10
-2

10
-1

10
0

M
o
m

en
tu

m
 D

is
tr

ib
u
ti

o
n
, 
n
(p

)

0 0.5 1 1.5 2
Momentum, p/p

F

0 0.5 1 1.5 2

0.16 fm
-3

0.08 fm
-3

0.24 fm
-3

T=4 MeV T=4 MeV T=4 MeV

PNM PNM PNM

From microscopic… to macroscopic

 37

n(p) =

Z
d⇥

2�
A(p,⇥)f(⇥)

The microscopic picture: momentum distribution

N2LOsat high-momentum states

Pure neutron matter



0 0.5 1 1.5 210
-4

10
-3

10
-2

10
-1

10
0

M
o
m

en
tu

m
 D

is
tr

ib
u
ti

o
n
, 
n
(p

)

0 0.5 1 1.5 2
Momentum, p/p

F

0 0.5 1 1.5 2

0.16 fm
-3

0.08 fm
-3

0.24 fm
-3

T=4 MeV T=4 MeV T=4 MeV

PNM PNM PNM

0 0,5 1 1,5 2
-40

-30

-20

-10

0

S
P

 p
o

te
n

ti
al

, 
R

eΣ
*
(p

,ε
(p

))

0 0,5 1 1,5 2
Momentum, p/p

F

0 0,5 1 1,5 2

0.16 fm
-3

0.08 fm
-3

0.24 fm
-3

T=4 MeV T=4 MeV T=4 MeV

PNM PNM PNM

From microscopic… to macroscopic

 37

…start seeing the big 
picture: the self-energy

3NF effects are reversed 
N2LOsat more attractive
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The microscopic picture: momentum distribution

N2LOsat high-momentum states
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…start seeing the big 
picture: the self-energy

3NF effects are reversed 
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..the macroscopic picture: 
total energy more attractive
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The microscopic picture: momentum distribution

N2LOsat high-momentum states
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Triton beta-decay is experimentally precisely known 
Constraints on the cD coupling
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The chiral low-energy constants cD and cE are constrained by means of accurate ab initio calculations

of the A ¼ 3 binding energies and, for the first time, of the triton ! decay. We demonstrate that these low-

energy observables allow a robust determination of the two undetermined constants, a result of the

surprising fact that the determination of cD depends weakly on the short-range correlations in the wave

functions. These two- plus three-nucleon interactions, originating in chiral effective field theory and

constrained by properties of the A ¼ 2 system and the present determination of cD and cE, are successful
in predicting properties of the A ¼ 3 and 4 systems.

DOI: 10.1103/PhysRevLett.103.102502 PACS numbers: 21.30."x, 21.45.Ff, 23.40."s, 27.10.+h

The fundamental connection between nuclear forces and
the underlying theory of quantum chromodynamics (QCD)
remains one of the greatest contemporary theoretical chal-
lenges, due to the nonperturbative character of QCD in the
low-energy regime relevant to nuclear phenomena.
However, the past two decades of theoretical developments
provide us with a bridge to overcome this obstacle, in the
form of chiral perturbation theory ("PT) [1]. The "PT
Lagrangian, constructed by integrating out degrees of free-
dom of the order of!" # 1 GeV and higher (nucleons and

pions are thus the only explicit degrees of freedom), is an
effective Lagrangian of QCD at low energies. As such, it
retains all conjectured symmetry principles, particularly
the approximate chiral symmetry, of the underlying theory.
Furthermore, it can be organized in terms of a perturbative
expansion in positive powers of Q=!" where Q is the

generic momentum in the nuclear process or the pion
mass [1]. Though the subject of an ongoing debate about
its validity [2,3], the naive extension of this expansion to
nonperturbative phenomena provides a practical interface
with existing many-body techniques, and clearly holds a
significant value for the study of the properties of QCD at
low energy and its chiral symmetry.

The chiral symmetry dictates the operator structure of
each term of the effective Lagrangian, whereas the cou-
pling constants (not fixed by the symmetry) carry all the
information on the integrated-out degrees of freedom. A
theoretical evaluation of these coefficients, or low-energy
constants (LECs), is equivalent to solving QCD at low
energy. Recent lattice QCD calculations have allowed a
theoretical estimate of LECs of single- and two-nucleon
diagrams [4], while LECs of diagrams involving more than
two nucleons are out of the reach of current computational
resources. Alternatively, the undetermined constants can
be constrained by low-energy experiments.

The strength of "PT is that the chiral expansion is used
to derive both nuclear potentials and currents from the
same Lagrangian. Therefore, the electroweak currents in
nuclei (which determine reaction rates in processes involv-
ing external probes) and the strong interaction dynamics
(#N scattering, the NN interaction, the NNN interaction,
etc.) are all based on the same theoretical grounds and
rooted in the low-energy limits of QCD. In particular, "PT
predicts, along with theNN interaction at the leading order
(LO), a three-nucleon (NNN) interaction at the next-to-
next-to-leading order or N2LO [5,6], and even a four-
nucleon force at the fourth order (N3LO) [7]. At the
same time, the LO nuclear current consists of (the stan-
dard) single-nucleon terms, while two-body currents, also
known as meson-exchange currents (MEC), make their
first appearance at N2LO [8]. Up to N3LO both the NNN
potential and the current are fully constrained by the
parameters defining the NN interaction, with the exception
of two ‘‘new’’ LECs, cD and cE. The latter, cE, appears
only in the potential as the strength of the NNN contact
term [see Fig. 1(a)]. On the other hand, cD manifests itself
both in the contact term part of the NN-#-N three-nucleon
interaction of Fig. 1(a) and in the two-nucleon contact
vertex with an external probe of the exchange currents
[see Fig. 1(b)].

cD cE cD
(a) (b)

FIG. 1. Contact and one-pion exchange plus contact
interaction (a), and contact MEC (b) terms of "PT.
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The fundamental connection between nuclear forces and
the underlying theory of quantum chromodynamics (QCD)
remains one of the greatest contemporary theoretical chal-
lenges, due to the nonperturbative character of QCD in the
low-energy regime relevant to nuclear phenomena.
However, the past two decades of theoretical developments
provide us with a bridge to overcome this obstacle, in the
form of chiral perturbation theory ("PT) [1]. The "PT
Lagrangian, constructed by integrating out degrees of free-
dom of the order of!" # 1 GeV and higher (nucleons and

pions are thus the only explicit degrees of freedom), is an
effective Lagrangian of QCD at low energies. As such, it
retains all conjectured symmetry principles, particularly
the approximate chiral symmetry, of the underlying theory.
Furthermore, it can be organized in terms of a perturbative
expansion in positive powers of Q=!" where Q is the

generic momentum in the nuclear process or the pion
mass [1]. Though the subject of an ongoing debate about
its validity [2,3], the naive extension of this expansion to
nonperturbative phenomena provides a practical interface
with existing many-body techniques, and clearly holds a
significant value for the study of the properties of QCD at
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each term of the effective Lagrangian, whereas the cou-
pling constants (not fixed by the symmetry) carry all the
information on the integrated-out degrees of freedom. A
theoretical evaluation of these coefficients, or low-energy
constants (LECs), is equivalent to solving QCD at low
energy. Recent lattice QCD calculations have allowed a
theoretical estimate of LECs of single- and two-nucleon
diagrams [4], while LECs of diagrams involving more than
two nucleons are out of the reach of current computational
resources. Alternatively, the undetermined constants can
be constrained by low-energy experiments.

The strength of "PT is that the chiral expansion is used
to derive both nuclear potentials and currents from the
same Lagrangian. Therefore, the electroweak currents in
nuclei (which determine reaction rates in processes involv-
ing external probes) and the strong interaction dynamics
(#N scattering, the NN interaction, the NNN interaction,
etc.) are all based on the same theoretical grounds and
rooted in the low-energy limits of QCD. In particular, "PT
predicts, along with theNN interaction at the leading order
(LO), a three-nucleon (NNN) interaction at the next-to-
next-to-leading order or N2LO [5,6], and even a four-
nucleon force at the fourth order (N3LO) [7]. At the
same time, the LO nuclear current consists of (the stan-
dard) single-nucleon terms, while two-body currents, also
known as meson-exchange currents (MEC), make their
first appearance at N2LO [8]. Up to N3LO both the NNN
potential and the current are fully constrained by the
parameters defining the NN interaction, with the exception
of two ‘‘new’’ LECs, cD and cE. The latter, cE, appears
only in the potential as the strength of the NNN contact
term [see Fig. 1(a)]. On the other hand, cD manifests itself
both in the contact term part of the NN-#-N three-nucleon
interaction of Fig. 1(a) and in the two-nucleon contact
vertex with an external probe of the exchange currents
[see Fig. 1(b)].
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Triton beta-decay is experimentally precisely known 
Constraints on the cD coupling

Cutoff dependence on the current

Visible effect on the prediction of 
the saturation point  
Energy and density range: 
E=~[-11;-14]MeV; r=~[0.13-0.16]fm-3

Three-Nucleon Low-Energy Constants from the Consistency of Interactions and Currents
in Chiral Effective Field Theory

Doron Gazit
Institute for Nuclear Theory, University of Washington, Box 351550, Seattle, Washington 98195, USA

Sofia Quaglioni and Petr Navrátil
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The chiral low-energy constants cD and cE are constrained by means of accurate ab initio calculations

of the A ¼ 3 binding energies and, for the first time, of the triton ! decay. We demonstrate that these low-

energy observables allow a robust determination of the two undetermined constants, a result of the

surprising fact that the determination of cD depends weakly on the short-range correlations in the wave

functions. These two- plus three-nucleon interactions, originating in chiral effective field theory and

constrained by properties of the A ¼ 2 system and the present determination of cD and cE, are successful
in predicting properties of the A ¼ 3 and 4 systems.
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The fundamental connection between nuclear forces and
the underlying theory of quantum chromodynamics (QCD)
remains one of the greatest contemporary theoretical chal-
lenges, due to the nonperturbative character of QCD in the
low-energy regime relevant to nuclear phenomena.
However, the past two decades of theoretical developments
provide us with a bridge to overcome this obstacle, in the
form of chiral perturbation theory ("PT) [1]. The "PT
Lagrangian, constructed by integrating out degrees of free-
dom of the order of!" # 1 GeV and higher (nucleons and

pions are thus the only explicit degrees of freedom), is an
effective Lagrangian of QCD at low energies. As such, it
retains all conjectured symmetry principles, particularly
the approximate chiral symmetry, of the underlying theory.
Furthermore, it can be organized in terms of a perturbative
expansion in positive powers of Q=!" where Q is the

generic momentum in the nuclear process or the pion
mass [1]. Though the subject of an ongoing debate about
its validity [2,3], the naive extension of this expansion to
nonperturbative phenomena provides a practical interface
with existing many-body techniques, and clearly holds a
significant value for the study of the properties of QCD at
low energy and its chiral symmetry.

The chiral symmetry dictates the operator structure of
each term of the effective Lagrangian, whereas the cou-
pling constants (not fixed by the symmetry) carry all the
information on the integrated-out degrees of freedom. A
theoretical evaluation of these coefficients, or low-energy
constants (LECs), is equivalent to solving QCD at low
energy. Recent lattice QCD calculations have allowed a
theoretical estimate of LECs of single- and two-nucleon
diagrams [4], while LECs of diagrams involving more than
two nucleons are out of the reach of current computational
resources. Alternatively, the undetermined constants can
be constrained by low-energy experiments.

The strength of "PT is that the chiral expansion is used
to derive both nuclear potentials and currents from the
same Lagrangian. Therefore, the electroweak currents in
nuclei (which determine reaction rates in processes involv-
ing external probes) and the strong interaction dynamics
(#N scattering, the NN interaction, the NNN interaction,
etc.) are all based on the same theoretical grounds and
rooted in the low-energy limits of QCD. In particular, "PT
predicts, along with theNN interaction at the leading order
(LO), a three-nucleon (NNN) interaction at the next-to-
next-to-leading order or N2LO [5,6], and even a four-
nucleon force at the fourth order (N3LO) [7]. At the
same time, the LO nuclear current consists of (the stan-
dard) single-nucleon terms, while two-body currents, also
known as meson-exchange currents (MEC), make their
first appearance at N2LO [8]. Up to N3LO both the NNN
potential and the current are fully constrained by the
parameters defining the NN interaction, with the exception
of two ‘‘new’’ LECs, cD and cE. The latter, cE, appears
only in the potential as the strength of the NNN contact
term [see Fig. 1(a)]. On the other hand, cD manifests itself
both in the contact term part of the NN-#-N three-nucleon
interaction of Fig. 1(a) and in the two-nucleon contact
vertex with an external probe of the exchange currents
[see Fig. 1(b)].
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FIG. 1. Contact and one-pion exchange plus contact
interaction (a), and contact MEC (b) terms of "PT.
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lenges, due to the nonperturbative character of QCD in the
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form of chiral perturbation theory ("PT) [1]. The "PT
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dom of the order of!" # 1 GeV and higher (nucleons and
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diagrams [4], while LECs of diagrams involving more than
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resources. Alternatively, the undetermined constants can
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ing external probes) and the strong interaction dynamics
(#N scattering, the NN interaction, the NNN interaction,
etc.) are all based on the same theoretical grounds and
rooted in the low-energy limits of QCD. In particular, "PT
predicts, along with theNN interaction at the leading order
(LO), a three-nucleon (NNN) interaction at the next-to-
next-to-leading order or N2LO [5,6], and even a four-
nucleon force at the fourth order (N3LO) [7]. At the
same time, the LO nuclear current consists of (the stan-
dard) single-nucleon terms, while two-body currents, also
known as meson-exchange currents (MEC), make their
first appearance at N2LO [8]. Up to N3LO both the NNN
potential and the current are fully constrained by the
parameters defining the NN interaction, with the exception
of two ‘‘new’’ LECs, cD and cE. The latter, cE, appears
only in the potential as the strength of the NNN contact
term [see Fig. 1(a)]. On the other hand, cD manifests itself
both in the contact term part of the NN-#-N three-nucleon
interaction of Fig. 1(a) and in the two-nucleon contact
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The chiral low-energy constants cD and cE are constrained by means of accurate ab initio calculations

of the A ¼ 3 binding energies and, for the first time, of the triton ! decay. We demonstrate that these low-

energy observables allow a robust determination of the two undetermined constants, a result of the

surprising fact that the determination of cD depends weakly on the short-range correlations in the wave

functions. These two- plus three-nucleon interactions, originating in chiral effective field theory and

constrained by properties of the A ¼ 2 system and the present determination of cD and cE, are successful
in predicting properties of the A ¼ 3 and 4 systems.
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The fundamental connection between nuclear forces and
the underlying theory of quantum chromodynamics (QCD)
remains one of the greatest contemporary theoretical chal-
lenges, due to the nonperturbative character of QCD in the
low-energy regime relevant to nuclear phenomena.
However, the past two decades of theoretical developments
provide us with a bridge to overcome this obstacle, in the
form of chiral perturbation theory ("PT) [1]. The "PT
Lagrangian, constructed by integrating out degrees of free-
dom of the order of!" # 1 GeV and higher (nucleons and

pions are thus the only explicit degrees of freedom), is an
effective Lagrangian of QCD at low energies. As such, it
retains all conjectured symmetry principles, particularly
the approximate chiral symmetry, of the underlying theory.
Furthermore, it can be organized in terms of a perturbative
expansion in positive powers of Q=!" where Q is the

generic momentum in the nuclear process or the pion
mass [1]. Though the subject of an ongoing debate about
its validity [2,3], the naive extension of this expansion to
nonperturbative phenomena provides a practical interface
with existing many-body techniques, and clearly holds a
significant value for the study of the properties of QCD at
low energy and its chiral symmetry.

The chiral symmetry dictates the operator structure of
each term of the effective Lagrangian, whereas the cou-
pling constants (not fixed by the symmetry) carry all the
information on the integrated-out degrees of freedom. A
theoretical evaluation of these coefficients, or low-energy
constants (LECs), is equivalent to solving QCD at low
energy. Recent lattice QCD calculations have allowed a
theoretical estimate of LECs of single- and two-nucleon
diagrams [4], while LECs of diagrams involving more than
two nucleons are out of the reach of current computational
resources. Alternatively, the undetermined constants can
be constrained by low-energy experiments.

The strength of "PT is that the chiral expansion is used
to derive both nuclear potentials and currents from the
same Lagrangian. Therefore, the electroweak currents in
nuclei (which determine reaction rates in processes involv-
ing external probes) and the strong interaction dynamics
(#N scattering, the NN interaction, the NNN interaction,
etc.) are all based on the same theoretical grounds and
rooted in the low-energy limits of QCD. In particular, "PT
predicts, along with theNN interaction at the leading order
(LO), a three-nucleon (NNN) interaction at the next-to-
next-to-leading order or N2LO [5,6], and even a four-
nucleon force at the fourth order (N3LO) [7]. At the
same time, the LO nuclear current consists of (the stan-
dard) single-nucleon terms, while two-body currents, also
known as meson-exchange currents (MEC), make their
first appearance at N2LO [8]. Up to N3LO both the NNN
potential and the current are fully constrained by the
parameters defining the NN interaction, with the exception
of two ‘‘new’’ LECs, cD and cE. The latter, cE, appears
only in the potential as the strength of the NNN contact
term [see Fig. 1(a)]. On the other hand, cD manifests itself
both in the contact term part of the NN-#-N three-nucleon
interaction of Fig. 1(a) and in the two-nucleon contact
vertex with an external probe of the exchange currents
[see Fig. 1(b)].

cD cE cD
(a) (b)

FIG. 1. Contact and one-pion exchange plus contact
interaction (a), and contact MEC (b) terms of "PT.

PRL 103, 102502 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending

4 SEPTEMBER 2009

0031-9007=09=103(10)=102502(4) 102502-1 ! 2009 The American Physical Society

Three-Nucleon Low-Energy Constants from the Consistency of Interactions and Currents
in Chiral Effective Field Theory

Doron Gazit
Institute for Nuclear Theory, University of Washington, Box 351550, Seattle, Washington 98195, USA

Sofia Quaglioni and Petr Navrátil
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FIG. 1. The energy per particle in neutron matter for three different N3LO NN potentials with N2LO (top) and N3LO (bottom) 3N forces,
respectively. The uncertainty bands are due to the given ci and 3N cutoff variation. For the MBPT results, we consider in addition the maximum
range of third-order calculations with a free and a Hartree-Fock spectrum (dark-blue band) plus the change from a second-order calculation
with a Hartree-Fock spectrum, which is indicated by the light-blue extension of the pure third-order uncertainty band. The two bands together
define the total uncertainty estimate of MBPT. The region between the two red-dashed lines denotes the uncertainty band of the SCGF method,
which we do not fill for a better view. In each panel the energy range at saturation density obtained in MBPT is given.

together characterize the total uncertainty estimate of MBPT
in each panel. The actual energy range of MBPT is given in
each panel of Fig. 1 at saturation density n0 (dashed vertical
line), with n0 = 0.16 fm−3.

Let us focus on the results with leading 3N forces, as shown
in the first row of Fig. 1. The qualitative description does not
change for the calculations with subleading 3N forces (second
row in Fig. 1). Whereas the results for the two EGM potentials
are almost independent of the many-body details, the effects
of the variation of spectra and many-body order in MBPT
are much more pronounced for EM 500 MeV: at saturation
density the many-body uncertainties provide contributions of
about ∼ −2.5 MeV for this Hamiltonian (see light-blue band in
Fig. 1). Including subleading 3N forces leads basically only to
an overall shift of the bands as shown by the given energy range
at saturation density. More specifically, the net 3N contribution
leads to more attraction for the EGM potentials while the effect
on EM 500 MeV is slightly repulsive.

To quantify the many-body convergence in more detail
we compare to the results obtained in the SCGF method
which are given by the region between the red-dashed lines
in Fig. 1. The results in SCGF are considered to be converged
in the many-body expansion (at the ladder level) and thus
include only the uncertainty due to the Hamiltonian (including

variations of the low-energy constants c1,c3). We focus again
on the different NN potentials rather than on discussing
the effect of subleading 3N forces. Considering the total
uncertainty estimate of MBPT we find for the potentials EM
500 MeV and EGM 450/700 MeV completely overlapping
bands and similar trends in density. In the case of EM 500
MeV the extended uncertainty (light-blue band) is however
needed to obtain more attraction and consequently fully
overlapping bands, whereas for EGM 450/700 MeV the pure
third-order energy is already in remarkable agreement. In
addition to the above discussion on the size of the light-blue
bands this suggests that contributions beyond third-order are
small for EGM 450/700 MeV and become significant for EM
500 MeV.

For EGM 450/500 MeV we observe a slightly different
density dependence between the MBPT and the SCGF curves,
leading to an almost total overlap at saturation density but
less agreement in the region around n ∼ 0.1 fm−3. Here, the
equation of state in SCGF is slightly more repulsive. We
recall that the SCGF results are extrapolated down to zero
temperature from calculations performed at T = 2 MeV for
n ! 0.05 fm−3 and at T = 5 MeV for densities above. We
have tested whether this discrepancy is related to the extrapo-
lation to zero-temperature lowering the temperature down to

054307-4
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FIG. 1. The energy per particle in neutron matter for three different N3LO NN potentials with N2LO (top) and N3LO (bottom) 3N forces,
respectively. The uncertainty bands are due to the given ci and 3N cutoff variation. For the MBPT results, we consider in addition the maximum
range of third-order calculations with a free and a Hartree-Fock spectrum (dark-blue band) plus the change from a second-order calculation
with a Hartree-Fock spectrum, which is indicated by the light-blue extension of the pure third-order uncertainty band. The two bands together
define the total uncertainty estimate of MBPT. The region between the two red-dashed lines denotes the uncertainty band of the SCGF method,
which we do not fill for a better view. In each panel the energy range at saturation density obtained in MBPT is given.

together characterize the total uncertainty estimate of MBPT
in each panel. The actual energy range of MBPT is given in
each panel of Fig. 1 at saturation density n0 (dashed vertical
line), with n0 = 0.16 fm−3.

Let us focus on the results with leading 3N forces, as shown
in the first row of Fig. 1. The qualitative description does not
change for the calculations with subleading 3N forces (second
row in Fig. 1). Whereas the results for the two EGM potentials
are almost independent of the many-body details, the effects
of the variation of spectra and many-body order in MBPT
are much more pronounced for EM 500 MeV: at saturation
density the many-body uncertainties provide contributions of
about ∼ −2.5 MeV for this Hamiltonian (see light-blue band in
Fig. 1). Including subleading 3N forces leads basically only to
an overall shift of the bands as shown by the given energy range
at saturation density. More specifically, the net 3N contribution
leads to more attraction for the EGM potentials while the effect
on EM 500 MeV is slightly repulsive.

To quantify the many-body convergence in more detail
we compare to the results obtained in the SCGF method
which are given by the region between the red-dashed lines
in Fig. 1. The results in SCGF are considered to be converged
in the many-body expansion (at the ladder level) and thus
include only the uncertainty due to the Hamiltonian (including

variations of the low-energy constants c1,c3). We focus again
on the different NN potentials rather than on discussing
the effect of subleading 3N forces. Considering the total
uncertainty estimate of MBPT we find for the potentials EM
500 MeV and EGM 450/700 MeV completely overlapping
bands and similar trends in density. In the case of EM 500
MeV the extended uncertainty (light-blue band) is however
needed to obtain more attraction and consequently fully
overlapping bands, whereas for EGM 450/700 MeV the pure
third-order energy is already in remarkable agreement. In
addition to the above discussion on the size of the light-blue
bands this suggests that contributions beyond third-order are
small for EGM 450/700 MeV and become significant for EM
500 MeV.

For EGM 450/500 MeV we observe a slightly different
density dependence between the MBPT and the SCGF curves,
leading to an almost total overlap at saturation density but
less agreement in the region around n ∼ 0.1 fm−3. Here, the
equation of state in SCGF is slightly more repulsive. We
recall that the SCGF results are extrapolated down to zero
temperature from calculations performed at T = 2 MeV for
n ! 0.05 fm−3 and at T = 5 MeV for densities above. We
have tested whether this discrepancy is related to the extrapo-
lation to zero-temperature lowering the temperature down to
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FIG. 1. The energy per particle in neutron matter for three different N3LO NN potentials with N2LO (top) and N3LO (bottom) 3N forces,
respectively. The uncertainty bands are due to the given ci and 3N cutoff variation. For the MBPT results, we consider in addition the maximum
range of third-order calculations with a free and a Hartree-Fock spectrum (dark-blue band) plus the change from a second-order calculation
with a Hartree-Fock spectrum, which is indicated by the light-blue extension of the pure third-order uncertainty band. The two bands together
define the total uncertainty estimate of MBPT. The region between the two red-dashed lines denotes the uncertainty band of the SCGF method,
which we do not fill for a better view. In each panel the energy range at saturation density obtained in MBPT is given.

together characterize the total uncertainty estimate of MBPT
in each panel. The actual energy range of MBPT is given in
each panel of Fig. 1 at saturation density n0 (dashed vertical
line), with n0 = 0.16 fm−3.

Let us focus on the results with leading 3N forces, as shown
in the first row of Fig. 1. The qualitative description does not
change for the calculations with subleading 3N forces (second
row in Fig. 1). Whereas the results for the two EGM potentials
are almost independent of the many-body details, the effects
of the variation of spectra and many-body order in MBPT
are much more pronounced for EM 500 MeV: at saturation
density the many-body uncertainties provide contributions of
about ∼ −2.5 MeV for this Hamiltonian (see light-blue band in
Fig. 1). Including subleading 3N forces leads basically only to
an overall shift of the bands as shown by the given energy range
at saturation density. More specifically, the net 3N contribution
leads to more attraction for the EGM potentials while the effect
on EM 500 MeV is slightly repulsive.

To quantify the many-body convergence in more detail
we compare to the results obtained in the SCGF method
which are given by the region between the red-dashed lines
in Fig. 1. The results in SCGF are considered to be converged
in the many-body expansion (at the ladder level) and thus
include only the uncertainty due to the Hamiltonian (including

variations of the low-energy constants c1,c3). We focus again
on the different NN potentials rather than on discussing
the effect of subleading 3N forces. Considering the total
uncertainty estimate of MBPT we find for the potentials EM
500 MeV and EGM 450/700 MeV completely overlapping
bands and similar trends in density. In the case of EM 500
MeV the extended uncertainty (light-blue band) is however
needed to obtain more attraction and consequently fully
overlapping bands, whereas for EGM 450/700 MeV the pure
third-order energy is already in remarkable agreement. In
addition to the above discussion on the size of the light-blue
bands this suggests that contributions beyond third-order are
small for EGM 450/700 MeV and become significant for EM
500 MeV.

For EGM 450/500 MeV we observe a slightly different
density dependence between the MBPT and the SCGF curves,
leading to an almost total overlap at saturation density but
less agreement in the region around n ∼ 0.1 fm−3. Here, the
equation of state in SCGF is slightly more repulsive. We
recall that the SCGF results are extrapolated down to zero
temperature from calculations performed at T = 2 MeV for
n ! 0.05 fm−3 and at T = 5 MeV for densities above. We
have tested whether this discrepancy is related to the extrapo-
lation to zero-temperature lowering the temperature down to
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FIG. 1. The energy per particle in neutron matter for three different N3LO NN potentials with N2LO (top) and N3LO (bottom) 3N forces,
respectively. The uncertainty bands are due to the given ci and 3N cutoff variation. For the MBPT results, we consider in addition the maximum
range of third-order calculations with a free and a Hartree-Fock spectrum (dark-blue band) plus the change from a second-order calculation
with a Hartree-Fock spectrum, which is indicated by the light-blue extension of the pure third-order uncertainty band. The two bands together
define the total uncertainty estimate of MBPT. The region between the two red-dashed lines denotes the uncertainty band of the SCGF method,
which we do not fill for a better view. In each panel the energy range at saturation density obtained in MBPT is given.
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each panel of Fig. 1 at saturation density n0 (dashed vertical
line), with n0 = 0.16 fm−3.

Let us focus on the results with leading 3N forces, as shown
in the first row of Fig. 1. The qualitative description does not
change for the calculations with subleading 3N forces (second
row in Fig. 1). Whereas the results for the two EGM potentials
are almost independent of the many-body details, the effects
of the variation of spectra and many-body order in MBPT
are much more pronounced for EM 500 MeV: at saturation
density the many-body uncertainties provide contributions of
about ∼ −2.5 MeV for this Hamiltonian (see light-blue band in
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an overall shift of the bands as shown by the given energy range
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leads to more attraction for the EGM potentials while the effect
on EM 500 MeV is slightly repulsive.

To quantify the many-body convergence in more detail
we compare to the results obtained in the SCGF method
which are given by the region between the red-dashed lines
in Fig. 1. The results in SCGF are considered to be converged
in the many-body expansion (at the ladder level) and thus
include only the uncertainty due to the Hamiltonian (including

variations of the low-energy constants c1,c3). We focus again
on the different NN potentials rather than on discussing
the effect of subleading 3N forces. Considering the total
uncertainty estimate of MBPT we find for the potentials EM
500 MeV and EGM 450/700 MeV completely overlapping
bands and similar trends in density. In the case of EM 500
MeV the extended uncertainty (light-blue band) is however
needed to obtain more attraction and consequently fully
overlapping bands, whereas for EGM 450/700 MeV the pure
third-order energy is already in remarkable agreement. In
addition to the above discussion on the size of the light-blue
bands this suggests that contributions beyond third-order are
small for EGM 450/700 MeV and become significant for EM
500 MeV.

For EGM 450/500 MeV we observe a slightly different
density dependence between the MBPT and the SCGF curves,
leading to an almost total overlap at saturation density but
less agreement in the region around n ∼ 0.1 fm−3. Here, the
equation of state in SCGF is slightly more repulsive. We
recall that the SCGF results are extrapolated down to zero
temperature from calculations performed at T = 2 MeV for
n ! 0.05 fm−3 and at T = 5 MeV for densities above. We
have tested whether this discrepancy is related to the extrapo-
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FIG. 1. The energy per particle in neutron matter for three different N3LO NN potentials with N2LO (top) and N3LO (bottom) 3N forces,
respectively. The uncertainty bands are due to the given ci and 3N cutoff variation. For the MBPT results, we consider in addition the maximum
range of third-order calculations with a free and a Hartree-Fock spectrum (dark-blue band) plus the change from a second-order calculation
with a Hartree-Fock spectrum, which is indicated by the light-blue extension of the pure third-order uncertainty band. The two bands together
define the total uncertainty estimate of MBPT. The region between the two red-dashed lines denotes the uncertainty band of the SCGF method,
which we do not fill for a better view. In each panel the energy range at saturation density obtained in MBPT is given.
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Let us focus on the results with leading 3N forces, as shown
in the first row of Fig. 1. The qualitative description does not
change for the calculations with subleading 3N forces (second
row in Fig. 1). Whereas the results for the two EGM potentials
are almost independent of the many-body details, the effects
of the variation of spectra and many-body order in MBPT
are much more pronounced for EM 500 MeV: at saturation
density the many-body uncertainties provide contributions of
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Fig. 1). Including subleading 3N forces leads basically only to
an overall shift of the bands as shown by the given energy range
at saturation density. More specifically, the net 3N contribution
leads to more attraction for the EGM potentials while the effect
on EM 500 MeV is slightly repulsive.

To quantify the many-body convergence in more detail
we compare to the results obtained in the SCGF method
which are given by the region between the red-dashed lines
in Fig. 1. The results in SCGF are considered to be converged
in the many-body expansion (at the ladder level) and thus
include only the uncertainty due to the Hamiltonian (including

variations of the low-energy constants c1,c3). We focus again
on the different NN potentials rather than on discussing
the effect of subleading 3N forces. Considering the total
uncertainty estimate of MBPT we find for the potentials EM
500 MeV and EGM 450/700 MeV completely overlapping
bands and similar trends in density. In the case of EM 500
MeV the extended uncertainty (light-blue band) is however
needed to obtain more attraction and consequently fully
overlapping bands, whereas for EGM 450/700 MeV the pure
third-order energy is already in remarkable agreement. In
addition to the above discussion on the size of the light-blue
bands this suggests that contributions beyond third-order are
small for EGM 450/700 MeV and become significant for EM
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For EGM 450/500 MeV we observe a slightly different
density dependence between the MBPT and the SCGF curves,
leading to an almost total overlap at saturation density but
less agreement in the region around n ∼ 0.1 fm−3. Here, the
equation of state in SCGF is slightly more repulsive. We
recall that the SCGF results are extrapolated down to zero
temperature from calculations performed at T = 2 MeV for
n ! 0.05 fm−3 and at T = 5 MeV for densities above. We
have tested whether this discrepancy is related to the extrapo-
lation to zero-temperature lowering the temperature down to
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FIG. 1. The energy per particle in neutron matter for three different N3LO NN potentials with N2LO (top) and N3LO (bottom) 3N forces,
respectively. The uncertainty bands are due to the given ci and 3N cutoff variation. For the MBPT results, we consider in addition the maximum
range of third-order calculations with a free and a Hartree-Fock spectrum (dark-blue band) plus the change from a second-order calculation
with a Hartree-Fock spectrum, which is indicated by the light-blue extension of the pure third-order uncertainty band. The two bands together
define the total uncertainty estimate of MBPT. The region between the two red-dashed lines denotes the uncertainty band of the SCGF method,
which we do not fill for a better view. In each panel the energy range at saturation density obtained in MBPT is given.

together characterize the total uncertainty estimate of MBPT
in each panel. The actual energy range of MBPT is given in
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line), with n0 = 0.16 fm−3.

Let us focus on the results with leading 3N forces, as shown
in the first row of Fig. 1. The qualitative description does not
change for the calculations with subleading 3N forces (second
row in Fig. 1). Whereas the results for the two EGM potentials
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of the variation of spectra and many-body order in MBPT
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about ∼ −2.5 MeV for this Hamiltonian (see light-blue band in
Fig. 1). Including subleading 3N forces leads basically only to
an overall shift of the bands as shown by the given energy range
at saturation density. More specifically, the net 3N contribution
leads to more attraction for the EGM potentials while the effect
on EM 500 MeV is slightly repulsive.

To quantify the many-body convergence in more detail
we compare to the results obtained in the SCGF method
which are given by the region between the red-dashed lines
in Fig. 1. The results in SCGF are considered to be converged
in the many-body expansion (at the ladder level) and thus
include only the uncertainty due to the Hamiltonian (including

variations of the low-energy constants c1,c3). We focus again
on the different NN potentials rather than on discussing
the effect of subleading 3N forces. Considering the total
uncertainty estimate of MBPT we find for the potentials EM
500 MeV and EGM 450/700 MeV completely overlapping
bands and similar trends in density. In the case of EM 500
MeV the extended uncertainty (light-blue band) is however
needed to obtain more attraction and consequently fully
overlapping bands, whereas for EGM 450/700 MeV the pure
third-order energy is already in remarkable agreement. In
addition to the above discussion on the size of the light-blue
bands this suggests that contributions beyond third-order are
small for EGM 450/700 MeV and become significant for EM
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in Fig. 1. The results in SCGF are considered to be converged
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include only the uncertainty due to the Hamiltonian (including
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the effect of subleading 3N forces. Considering the total
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needed to obtain more attraction and consequently fully
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third-order energy is already in remarkable agreement. In
addition to the above discussion on the size of the light-blue
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leading to an almost total overlap at saturation density but
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FIG. 2. The energy per particle at different orders of MBPT is shown, up to Hartree-Fock (EHF
tot /N ), second order (E(2)

tot /N ), and third order
(E(3)

tot /N ), respectively, in comparison to the energies obtained from the SCGF method (ESCGF/N ) at n0 (first row) and n0/2 (second row),
respectively. The N3LO NN potentials are given in each panel. Three-body effects are included at N2LO (blue) and at N3LO (red), respectively.
The dashed lines connecting the data points are in order to guide the eyes. The error bars are due to the ci and !3N variations. In this plot, the
third-order calculation does not include the additional many-body uncertainty (the light-blue band in Fig. 1).

T = 3,4 MeV in densities between 0.05 and 0.10 fm−3, and
have found no dependency on the extrapolation.

Combining the discussions on the size of the additional
many-body uncertainty and the comparison of MBPT vs.
SCGF we conclude from Fig. 1 that the perturbativeness
improves from EM 500 MeV to EGM 450/500 MeV to
EGM 450/700 MeV. It is remarkable that a third-order MBPT
calculation compares so well with the nonperturbative case
for these chiral NN potentials. We study the many-body
convergence as well as the effect of subleading 3N forces
in more details in the next section.

B. Many-body convergence

In Fig. 2 we address again the many-body convergence and
show order-by-order in MBPT the total energy per neutron at
n0 (first row) and n0/2 (second row), analogously to Fig. 1.
More specifically, we show the total energy in Hartree-Fock
approximation E

(HF)
tot /N (“HF”), second order (“2nd”), and

third order (“3rd”), E
(2)
tot /N and E

(3)
tot /N , respectively, in

comparison to the results obtained in the SCGF method,
ESCGF/N (“SCGF”). The uncertainties are obtained as in Fig. 1
through variations of the 3N parameters and the single-particle
energies. However, to study the many-body convergence the
third-order bands do not include here the additional many-body

uncertainty (the light-blue bands of Fig. 1). The blue (red) data
points correspond to N2LO (N3LO) 3N forces.

For all six panels in Fig. 2 we observe similar overall
patterns: comparing order-by-order to the SCGF method we
observe that the second order adds always too much attraction
which then is compensated by the third-order repulsion.
However, the specific behavior is different for EM 500 MeV
and the two EGM potentials. In the case of EM 500 MeV the
large third order overcompensates the second-order repulsion.
In contrast, the third-order contribution is much smaller and
less repulsive for the EGM potentials as can be seen in Fig. 2
(second and third columns). In particular, this is pronounced
in the calculations based on EGM 450/700 MeV, which agree
remarkably well with the SCGF result.

As already discussed in the description of Fig. 1, including
N3LO 3N forces has only a small repulsive effect on the
energies based on EM 500 MeV, whereas the effect on
the EGM potentials is larger but attractive. This behavior
can be traced back to NN -3N mixing terms that enter the
calculation when including 3N forces beyond the HF level.
We also note that the values of the low-energy constants
CS and CT , which enter N3LO 3N contributions, differ for
all three potentials. However, the many-body convergence is
not altered by including contributions from subleading 3N
interactions.
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T = 3,4 MeV in densities between 0.05 and 0.10 fm−3, and
have found no dependency on the extrapolation.

Combining the discussions on the size of the additional
many-body uncertainty and the comparison of MBPT vs.
SCGF we conclude from Fig. 1 that the perturbativeness
improves from EM 500 MeV to EGM 450/500 MeV to
EGM 450/700 MeV. It is remarkable that a third-order MBPT
calculation compares so well with the nonperturbative case
for these chiral NN potentials. We study the many-body
convergence as well as the effect of subleading 3N forces
in more details in the next section.

B. Many-body convergence

In Fig. 2 we address again the many-body convergence and
show order-by-order in MBPT the total energy per neutron at
n0 (first row) and n0/2 (second row), analogously to Fig. 1.
More specifically, we show the total energy in Hartree-Fock
approximation E

(HF)
tot /N (“HF”), second order (“2nd”), and

third order (“3rd”), E
(2)
tot /N and E

(3)
tot /N , respectively, in

comparison to the results obtained in the SCGF method,
ESCGF/N (“SCGF”). The uncertainties are obtained as in Fig. 1
through variations of the 3N parameters and the single-particle
energies. However, to study the many-body convergence the
third-order bands do not include here the additional many-body

uncertainty (the light-blue bands of Fig. 1). The blue (red) data
points correspond to N2LO (N3LO) 3N forces.

For all six panels in Fig. 2 we observe similar overall
patterns: comparing order-by-order to the SCGF method we
observe that the second order adds always too much attraction
which then is compensated by the third-order repulsion.
However, the specific behavior is different for EM 500 MeV
and the two EGM potentials. In the case of EM 500 MeV the
large third order overcompensates the second-order repulsion.
In contrast, the third-order contribution is much smaller and
less repulsive for the EGM potentials as can be seen in Fig. 2
(second and third columns). In particular, this is pronounced
in the calculations based on EGM 450/700 MeV, which agree
remarkably well with the SCGF result.

As already discussed in the description of Fig. 1, including
N3LO 3N forces has only a small repulsive effect on the
energies based on EM 500 MeV, whereas the effect on
the EGM potentials is larger but attractive. This behavior
can be traced back to NN -3N mixing terms that enter the
calculation when including 3N forces beyond the HF level.
We also note that the values of the low-energy constants
CS and CT , which enter N3LO 3N contributions, differ for
all three potentials. However, the many-body convergence is
not altered by including contributions from subleading 3N
interactions.
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FIG. 2. The energy per particle at different orders of MBPT is shown, up to Hartree-Fock (EHF
tot /N ), second order (E(2)

tot /N ), and third order
(E(3)

tot /N ), respectively, in comparison to the energies obtained from the SCGF method (ESCGF/N ) at n0 (first row) and n0/2 (second row),
respectively. The N3LO NN potentials are given in each panel. Three-body effects are included at N2LO (blue) and at N3LO (red), respectively.
The dashed lines connecting the data points are in order to guide the eyes. The error bars are due to the ci and !3N variations. In this plot, the
third-order calculation does not include the additional many-body uncertainty (the light-blue band in Fig. 1).

T = 3,4 MeV in densities between 0.05 and 0.10 fm−3, and
have found no dependency on the extrapolation.

Combining the discussions on the size of the additional
many-body uncertainty and the comparison of MBPT vs.
SCGF we conclude from Fig. 1 that the perturbativeness
improves from EM 500 MeV to EGM 450/500 MeV to
EGM 450/700 MeV. It is remarkable that a third-order MBPT
calculation compares so well with the nonperturbative case
for these chiral NN potentials. We study the many-body
convergence as well as the effect of subleading 3N forces
in more details in the next section.

B. Many-body convergence

In Fig. 2 we address again the many-body convergence and
show order-by-order in MBPT the total energy per neutron at
n0 (first row) and n0/2 (second row), analogously to Fig. 1.
More specifically, we show the total energy in Hartree-Fock
approximation E

(HF)
tot /N (“HF”), second order (“2nd”), and

third order (“3rd”), E
(2)
tot /N and E

(3)
tot /N , respectively, in

comparison to the results obtained in the SCGF method,
ESCGF/N (“SCGF”). The uncertainties are obtained as in Fig. 1
through variations of the 3N parameters and the single-particle
energies. However, to study the many-body convergence the
third-order bands do not include here the additional many-body

uncertainty (the light-blue bands of Fig. 1). The blue (red) data
points correspond to N2LO (N3LO) 3N forces.

For all six panels in Fig. 2 we observe similar overall
patterns: comparing order-by-order to the SCGF method we
observe that the second order adds always too much attraction
which then is compensated by the third-order repulsion.
However, the specific behavior is different for EM 500 MeV
and the two EGM potentials. In the case of EM 500 MeV the
large third order overcompensates the second-order repulsion.
In contrast, the third-order contribution is much smaller and
less repulsive for the EGM potentials as can be seen in Fig. 2
(second and third columns). In particular, this is pronounced
in the calculations based on EGM 450/700 MeV, which agree
remarkably well with the SCGF result.

As already discussed in the description of Fig. 1, including
N3LO 3N forces has only a small repulsive effect on the
energies based on EM 500 MeV, whereas the effect on
the EGM potentials is larger but attractive. This behavior
can be traced back to NN -3N mixing terms that enter the
calculation when including 3N forces beyond the HF level.
We also note that the values of the low-energy constants
CS and CT , which enter N3LO 3N contributions, differ for
all three potentials. However, the many-body convergence is
not altered by including contributions from subleading 3N
interactions.
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T = 3,4 MeV in densities between 0.05 and 0.10 fm−3, and
have found no dependency on the extrapolation.

Combining the discussions on the size of the additional
many-body uncertainty and the comparison of MBPT vs.
SCGF we conclude from Fig. 1 that the perturbativeness
improves from EM 500 MeV to EGM 450/500 MeV to
EGM 450/700 MeV. It is remarkable that a third-order MBPT
calculation compares so well with the nonperturbative case
for these chiral NN potentials. We study the many-body
convergence as well as the effect of subleading 3N forces
in more details in the next section.

B. Many-body convergence

In Fig. 2 we address again the many-body convergence and
show order-by-order in MBPT the total energy per neutron at
n0 (first row) and n0/2 (second row), analogously to Fig. 1.
More specifically, we show the total energy in Hartree-Fock
approximation E

(HF)
tot /N (“HF”), second order (“2nd”), and

third order (“3rd”), E
(2)
tot /N and E

(3)
tot /N , respectively, in

comparison to the results obtained in the SCGF method,
ESCGF/N (“SCGF”). The uncertainties are obtained as in Fig. 1
through variations of the 3N parameters and the single-particle
energies. However, to study the many-body convergence the
third-order bands do not include here the additional many-body

uncertainty (the light-blue bands of Fig. 1). The blue (red) data
points correspond to N2LO (N3LO) 3N forces.

For all six panels in Fig. 2 we observe similar overall
patterns: comparing order-by-order to the SCGF method we
observe that the second order adds always too much attraction
which then is compensated by the third-order repulsion.
However, the specific behavior is different for EM 500 MeV
and the two EGM potentials. In the case of EM 500 MeV the
large third order overcompensates the second-order repulsion.
In contrast, the third-order contribution is much smaller and
less repulsive for the EGM potentials as can be seen in Fig. 2
(second and third columns). In particular, this is pronounced
in the calculations based on EGM 450/700 MeV, which agree
remarkably well with the SCGF result.

As already discussed in the description of Fig. 1, including
N3LO 3N forces has only a small repulsive effect on the
energies based on EM 500 MeV, whereas the effect on
the EGM potentials is larger but attractive. This behavior
can be traced back to NN -3N mixing terms that enter the
calculation when including 3N forces beyond the HF level.
We also note that the values of the low-energy constants
CS and CT , which enter N3LO 3N contributions, differ for
all three potentials. However, the many-body convergence is
not altered by including contributions from subleading 3N
interactions.
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FIG. 2. The energy per particle at different orders of MBPT is shown, up to Hartree-Fock (EHF
tot /N ), second order (E(2)

tot /N ), and third order
(E(3)

tot /N ), respectively, in comparison to the energies obtained from the SCGF method (ESCGF/N ) at n0 (first row) and n0/2 (second row),
respectively. The N3LO NN potentials are given in each panel. Three-body effects are included at N2LO (blue) and at N3LO (red), respectively.
The dashed lines connecting the data points are in order to guide the eyes. The error bars are due to the ci and !3N variations. In this plot, the
third-order calculation does not include the additional many-body uncertainty (the light-blue band in Fig. 1).

T = 3,4 MeV in densities between 0.05 and 0.10 fm−3, and
have found no dependency on the extrapolation.

Combining the discussions on the size of the additional
many-body uncertainty and the comparison of MBPT vs.
SCGF we conclude from Fig. 1 that the perturbativeness
improves from EM 500 MeV to EGM 450/500 MeV to
EGM 450/700 MeV. It is remarkable that a third-order MBPT
calculation compares so well with the nonperturbative case
for these chiral NN potentials. We study the many-body
convergence as well as the effect of subleading 3N forces
in more details in the next section.

B. Many-body convergence

In Fig. 2 we address again the many-body convergence and
show order-by-order in MBPT the total energy per neutron at
n0 (first row) and n0/2 (second row), analogously to Fig. 1.
More specifically, we show the total energy in Hartree-Fock
approximation E

(HF)
tot /N (“HF”), second order (“2nd”), and

third order (“3rd”), E
(2)
tot /N and E

(3)
tot /N , respectively, in

comparison to the results obtained in the SCGF method,
ESCGF/N (“SCGF”). The uncertainties are obtained as in Fig. 1
through variations of the 3N parameters and the single-particle
energies. However, to study the many-body convergence the
third-order bands do not include here the additional many-body

uncertainty (the light-blue bands of Fig. 1). The blue (red) data
points correspond to N2LO (N3LO) 3N forces.

For all six panels in Fig. 2 we observe similar overall
patterns: comparing order-by-order to the SCGF method we
observe that the second order adds always too much attraction
which then is compensated by the third-order repulsion.
However, the specific behavior is different for EM 500 MeV
and the two EGM potentials. In the case of EM 500 MeV the
large third order overcompensates the second-order repulsion.
In contrast, the third-order contribution is much smaller and
less repulsive for the EGM potentials as can be seen in Fig. 2
(second and third columns). In particular, this is pronounced
in the calculations based on EGM 450/700 MeV, which agree
remarkably well with the SCGF result.

As already discussed in the description of Fig. 1, including
N3LO 3N forces has only a small repulsive effect on the
energies based on EM 500 MeV, whereas the effect on
the EGM potentials is larger but attractive. This behavior
can be traced back to NN -3N mixing terms that enter the
calculation when including 3N forces beyond the HF level.
We also note that the values of the low-energy constants
CS and CT , which enter N3LO 3N contributions, differ for
all three potentials. However, the many-body convergence is
not altered by including contributions from subleading 3N
interactions.
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T = 3,4 MeV in densities between 0.05 and 0.10 fm−3, and
have found no dependency on the extrapolation.

Combining the discussions on the size of the additional
many-body uncertainty and the comparison of MBPT vs.
SCGF we conclude from Fig. 1 that the perturbativeness
improves from EM 500 MeV to EGM 450/500 MeV to
EGM 450/700 MeV. It is remarkable that a third-order MBPT
calculation compares so well with the nonperturbative case
for these chiral NN potentials. We study the many-body
convergence as well as the effect of subleading 3N forces
in more details in the next section.

B. Many-body convergence

In Fig. 2 we address again the many-body convergence and
show order-by-order in MBPT the total energy per neutron at
n0 (first row) and n0/2 (second row), analogously to Fig. 1.
More specifically, we show the total energy in Hartree-Fock
approximation E

(HF)
tot /N (“HF”), second order (“2nd”), and

third order (“3rd”), E
(2)
tot /N and E

(3)
tot /N , respectively, in

comparison to the results obtained in the SCGF method,
ESCGF/N (“SCGF”). The uncertainties are obtained as in Fig. 1
through variations of the 3N parameters and the single-particle
energies. However, to study the many-body convergence the
third-order bands do not include here the additional many-body

uncertainty (the light-blue bands of Fig. 1). The blue (red) data
points correspond to N2LO (N3LO) 3N forces.

For all six panels in Fig. 2 we observe similar overall
patterns: comparing order-by-order to the SCGF method we
observe that the second order adds always too much attraction
which then is compensated by the third-order repulsion.
However, the specific behavior is different for EM 500 MeV
and the two EGM potentials. In the case of EM 500 MeV the
large third order overcompensates the second-order repulsion.
In contrast, the third-order contribution is much smaller and
less repulsive for the EGM potentials as can be seen in Fig. 2
(second and third columns). In particular, this is pronounced
in the calculations based on EGM 450/700 MeV, which agree
remarkably well with the SCGF result.

As already discussed in the description of Fig. 1, including
N3LO 3N forces has only a small repulsive effect on the
energies based on EM 500 MeV, whereas the effect on
the EGM potentials is larger but attractive. This behavior
can be traced back to NN -3N mixing terms that enter the
calculation when including 3N forces beyond the HF level.
We also note that the values of the low-energy constants
CS and CT , which enter N3LO 3N contributions, differ for
all three potentials. However, the many-body convergence is
not altered by including contributions from subleading 3N
interactions.
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FIG. 12. The same as Fig. 9 for the pairing gaps in the 3PF 2

channel. Note the logarithmic scale on the z axis.

nonlocal regulator affects the integrated momentum variable
and has a 3NF cutoff !3NF = 500 MeV [64]. Off-diagonal
momentum matrix elements are obtained with the prescription
introduced in Ref. [61].

Three-neutron forces affect our calculations at two different
levels. First, the effective pairing interaction itself is modified.
At the singlet pairing level, one expects a repulsive effect that
will reduce the gap [21,61]. For triplet pairing, chiral N2LO
forces produce attractive components that, in general, enhance
the gap [64]. These aspects become particularly clear at the
BCS level where, in our treatment, the only difference between
NN and NN + 3NF calculations are the effective interaction
themselves.
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FIG. 13. Pairing gaps at the Fermi surface as a function of Fermi
momentum in the 1S0 (a) and 3PF 2 (b) channels. Results for different
approximations are presented for the chiral N3LO Idaho NN force in
the BCS (dotted lined) and BCS + SRC approximation (light circles).
Results including 3NF (2N + 3NF) are given in a solid (bold circles)
line for the BCS (BCS + SRC) approximation. See text for details.

The situation is illustrated in Fig. 13. At the BCS level,
the Fermi-surface gap with NN forces only (dotted line) for
the singlet [panel (a)] and triplet [panel (b)] channels is
the same that has been presented in Figs. 8 and 10, respectively.
The solid lines, in contrast, are obtained including 3NFs within
the BCS approach. For the singlet, one finds a decrease in
the maximum gap of about 0.2 MeV and a narrower gap.
Gap closure occurs around kF ≈ 1.5 fm−1 when 3NFs are
considered, instead of 1.6 fm−1. For the triplet, in contrast, the
gap increases at all densities. The maximum gap, in this case,
goes from 0.77 MeV (NN only) to 1.21 MeV (NN + 3NF),
reflecting the attractive nature of 3NFs in this channel.

In addition to the pairing interaction, 3NFs affect our calcu-
lations via the the double-convolution denominators. Changes
in spectral functions from the self-consistent calculations will
induce variations in gaps within the SRC approximation.
We find that 3NFs modify quasiparticle energy peaks more
than they modify the spectral functions widths [64]. These
considerations are density dependent, as expected. At the low
densities relevant for singlet pairing, 3NFs are less important
and the difference between NN and NN + 3NF calculations
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nonlocal regulator affects the integrated momentum variable
and has a 3NF cutoff !3NF = 500 MeV [64]. Off-diagonal
momentum matrix elements are obtained with the prescription
introduced in Ref. [61].

Three-neutron forces affect our calculations at two different
levels. First, the effective pairing interaction itself is modified.
At the singlet pairing level, one expects a repulsive effect that
will reduce the gap [21,61]. For triplet pairing, chiral N2LO
forces produce attractive components that, in general, enhance
the gap [64]. These aspects become particularly clear at the
BCS level where, in our treatment, the only difference between
NN and NN + 3NF calculations are the effective interaction
themselves.
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momentum in the 1S0 (a) and 3PF 2 (b) channels. Results for different
approximations are presented for the chiral N3LO Idaho NN force in
the BCS (dotted lined) and BCS + SRC approximation (light circles).
Results including 3NF (2N + 3NF) are given in a solid (bold circles)
line for the BCS (BCS + SRC) approximation. See text for details.

The situation is illustrated in Fig. 13. At the BCS level,
the Fermi-surface gap with NN forces only (dotted line) for
the singlet [panel (a)] and triplet [panel (b)] channels is
the same that has been presented in Figs. 8 and 10, respectively.
The solid lines, in contrast, are obtained including 3NFs within
the BCS approach. For the singlet, one finds a decrease in
the maximum gap of about 0.2 MeV and a narrower gap.
Gap closure occurs around kF ≈ 1.5 fm−1 when 3NFs are
considered, instead of 1.6 fm−1. For the triplet, in contrast, the
gap increases at all densities. The maximum gap, in this case,
goes from 0.77 MeV (NN only) to 1.21 MeV (NN + 3NF),
reflecting the attractive nature of 3NFs in this channel.

In addition to the pairing interaction, 3NFs affect our calcu-
lations via the the double-convolution denominators. Changes
in spectral functions from the self-consistent calculations will
induce variations in gaps within the SRC approximation.
We find that 3NFs modify quasiparticle energy peaks more
than they modify the spectral functions widths [64]. These
considerations are density dependent, as expected. At the low
densities relevant for singlet pairing, 3NFs are less important
and the difference between NN and NN + 3NF calculations
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FIG. 12. The same as Fig. 9 for the pairing gaps in the 3PF 2

channel. Note the logarithmic scale on the z axis.

nonlocal regulator affects the integrated momentum variable
and has a 3NF cutoff !3NF = 500 MeV [64]. Off-diagonal
momentum matrix elements are obtained with the prescription
introduced in Ref. [61].

Three-neutron forces affect our calculations at two different
levels. First, the effective pairing interaction itself is modified.
At the singlet pairing level, one expects a repulsive effect that
will reduce the gap [21,61]. For triplet pairing, chiral N2LO
forces produce attractive components that, in general, enhance
the gap [64]. These aspects become particularly clear at the
BCS level where, in our treatment, the only difference between
NN and NN + 3NF calculations are the effective interaction
themselves.
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FIG. 13. Pairing gaps at the Fermi surface as a function of Fermi
momentum in the 1S0 (a) and 3PF 2 (b) channels. Results for different
approximations are presented for the chiral N3LO Idaho NN force in
the BCS (dotted lined) and BCS + SRC approximation (light circles).
Results including 3NF (2N + 3NF) are given in a solid (bold circles)
line for the BCS (BCS + SRC) approximation. See text for details.

The situation is illustrated in Fig. 13. At the BCS level,
the Fermi-surface gap with NN forces only (dotted line) for
the singlet [panel (a)] and triplet [panel (b)] channels is
the same that has been presented in Figs. 8 and 10, respectively.
The solid lines, in contrast, are obtained including 3NFs within
the BCS approach. For the singlet, one finds a decrease in
the maximum gap of about 0.2 MeV and a narrower gap.
Gap closure occurs around kF ≈ 1.5 fm−1 when 3NFs are
considered, instead of 1.6 fm−1. For the triplet, in contrast, the
gap increases at all densities. The maximum gap, in this case,
goes from 0.77 MeV (NN only) to 1.21 MeV (NN + 3NF),
reflecting the attractive nature of 3NFs in this channel.

In addition to the pairing interaction, 3NFs affect our calcu-
lations via the the double-convolution denominators. Changes
in spectral functions from the self-consistent calculations will
induce variations in gaps within the SRC approximation.
We find that 3NFs modify quasiparticle energy peaks more
than they modify the spectral functions widths [64]. These
considerations are density dependent, as expected. At the low
densities relevant for singlet pairing, 3NFs are less important
and the difference between NN and NN + 3NF calculations
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nonlocal regulator affects the integrated momentum variable
and has a 3NF cutoff !3NF = 500 MeV [64]. Off-diagonal
momentum matrix elements are obtained with the prescription
introduced in Ref. [61].

Three-neutron forces affect our calculations at two different
levels. First, the effective pairing interaction itself is modified.
At the singlet pairing level, one expects a repulsive effect that
will reduce the gap [21,61]. For triplet pairing, chiral N2LO
forces produce attractive components that, in general, enhance
the gap [64]. These aspects become particularly clear at the
BCS level where, in our treatment, the only difference between
NN and NN + 3NF calculations are the effective interaction
themselves.

 0

 0.5

 1

 1.5

 2

 2.5

 3
1S0

P
ai

rin
g 

ga
p,

 ∆
 [M

eV
]

BCS NN
SRC NN
BCS NN+3NF
SRC NN+3NF

 0

 0.5

 1

 1.5

 2

 2.5

 3

(a)

 0.01

 0.1

 1

0.0 0.5 1.0 1.5 2.0 2.5

3PF2

P
ai

rin
g 

ga
p,

 ∆
 [M

eV
]

Fermi momentum, kF [fm-1]

 0.01

 0.1

 1

0.0 0.5 1.0 1.5 2.0 2.5

(b)

FIG. 13. Pairing gaps at the Fermi surface as a function of Fermi
momentum in the 1S0 (a) and 3PF 2 (b) channels. Results for different
approximations are presented for the chiral N3LO Idaho NN force in
the BCS (dotted lined) and BCS + SRC approximation (light circles).
Results including 3NF (2N + 3NF) are given in a solid (bold circles)
line for the BCS (BCS + SRC) approximation. See text for details.

The situation is illustrated in Fig. 13. At the BCS level,
the Fermi-surface gap with NN forces only (dotted line) for
the singlet [panel (a)] and triplet [panel (b)] channels is
the same that has been presented in Figs. 8 and 10, respectively.
The solid lines, in contrast, are obtained including 3NFs within
the BCS approach. For the singlet, one finds a decrease in
the maximum gap of about 0.2 MeV and a narrower gap.
Gap closure occurs around kF ≈ 1.5 fm−1 when 3NFs are
considered, instead of 1.6 fm−1. For the triplet, in contrast, the
gap increases at all densities. The maximum gap, in this case,
goes from 0.77 MeV (NN only) to 1.21 MeV (NN + 3NF),
reflecting the attractive nature of 3NFs in this channel.

In addition to the pairing interaction, 3NFs affect our calcu-
lations via the the double-convolution denominators. Changes
in spectral functions from the self-consistent calculations will
induce variations in gaps within the SRC approximation.
We find that 3NFs modify quasiparticle energy peaks more
than they modify the spectral functions widths [64]. These
considerations are density dependent, as expected. At the low
densities relevant for singlet pairing, 3NFs are less important
and the difference between NN and NN + 3NF calculations
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nonlocal regulator affects the integrated momentum variable
and has a 3NF cutoff !3NF = 500 MeV [64]. Off-diagonal
momentum matrix elements are obtained with the prescription
introduced in Ref. [61].

Three-neutron forces affect our calculations at two different
levels. First, the effective pairing interaction itself is modified.
At the singlet pairing level, one expects a repulsive effect that
will reduce the gap [21,61]. For triplet pairing, chiral N2LO
forces produce attractive components that, in general, enhance
the gap [64]. These aspects become particularly clear at the
BCS level where, in our treatment, the only difference between
NN and NN + 3NF calculations are the effective interaction
themselves.
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momentum in the 1S0 (a) and 3PF 2 (b) channels. Results for different
approximations are presented for the chiral N3LO Idaho NN force in
the BCS (dotted lined) and BCS + SRC approximation (light circles).
Results including 3NF (2N + 3NF) are given in a solid (bold circles)
line for the BCS (BCS + SRC) approximation. See text for details.

The situation is illustrated in Fig. 13. At the BCS level,
the Fermi-surface gap with NN forces only (dotted line) for
the singlet [panel (a)] and triplet [panel (b)] channels is
the same that has been presented in Figs. 8 and 10, respectively.
The solid lines, in contrast, are obtained including 3NFs within
the BCS approach. For the singlet, one finds a decrease in
the maximum gap of about 0.2 MeV and a narrower gap.
Gap closure occurs around kF ≈ 1.5 fm−1 when 3NFs are
considered, instead of 1.6 fm−1. For the triplet, in contrast, the
gap increases at all densities. The maximum gap, in this case,
goes from 0.77 MeV (NN only) to 1.21 MeV (NN + 3NF),
reflecting the attractive nature of 3NFs in this channel.

In addition to the pairing interaction, 3NFs affect our calcu-
lations via the the double-convolution denominators. Changes
in spectral functions from the self-consistent calculations will
induce variations in gaps within the SRC approximation.
We find that 3NFs modify quasiparticle energy peaks more
than they modify the spectral functions widths [64]. These
considerations are density dependent, as expected. At the low
densities relevant for singlet pairing, 3NFs are less important
and the difference between NN and NN + 3NF calculations
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