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Confinement

Wao, I will
study QCD
phase by
Lattice QCD !
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But
Sign Problem

Lattice QCD does not work
at finite density !
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For W = 0
(det A(0))* = det A(0O)

det A > Real

For [t 7& 0 (in general)
det A > Complex

7 = DUEHdet A(mf,,uf)ie_BSG

Complex » Sign Problem



Origin of Sign Problem

Wilson Fermions A =1 — k()

KS(Staggered) Fermions A =m — Q
m(1 ——Q)

3
Q=) (Qf +Q7) (e*“% e Q)

1=1

- ] Q_I_ — >k 3k U (37)55,3 T+
%1 |Q Q__**UT( Vour w—p




det A — eTI' logA eTr log(I — kQ)

1
n (A’
_ 6_ E : E’% TI‘Q Hopping Parameter Exp.

n or
Large Mass Expansion.

Closed | d t ish
osed loops do not vanis /{NteuNtTr(Q+ o Q+)

Lowest ILL depsnent terms N /T
—xx g tel/ " TrL

Nt T (Q Q)
= xx gVte T[]

Tr L : Polyakov Loop

L.

Combine both

=

ok gVt (cosh %%Trl} -+ ¢ sinh %%Tr[/)

=z
|
N =
S T S ——
A
—
e ———




<cos 0>

Sign Problem is

sever
Aliton et al,, Phys.Rev.D.66. 074507 when M IS large

(arXiv:hep-1at/0204010)

det D = |det D¢ ~ When T is low

10 | .

| T

— B=3.64, m=0.1
———- B=3.65,m=0.1 |

B=3.66, m=0.1 |
== PB=3.67, m=0.1
—— PB=3.75,m=02 -
e e« $=3.76, m=0.2
= B=3.77,m=02 ]
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No Sign problem cases

1.Pure imaginary chemical potential

(det A(p))” = det A(—p7)
[= T (det A(ur))" = det A(ur)

2.ColorSU(2) U, =o02U,09

det A(U,vy,)" = det A(U™,v,,) = det 02 A(U, v, )02
— detA(Ua ’Y,u)

3.1so vector (finite iso-spin)
Hd — — Huy
det A(u,,) det A(ug) = det A(py,) det A(—puy,)

= det A(p) det A(p,)" = [ det Ad)*

12 Phase Quench)



Phase Structure In
pure Imaginary

(det A(p))* = det A(p)T = det A(—pu*)

L= 1T * det A: Real !
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Temperature

Phase diagram in ul region

M
"""""" r 3
Polyakov loo
L#0 .,Q“TRW Is PyL p.
$=0 ¢=-27/3 = Lp eXp(lq)P)
L=0 . TF . .
(4 1S pure 1maginary
0 o f (1)
there is no sign problem.
Imaginary Chemical M, [ (det A(N))*

Pontential / Temperature
- = det A(—pu™)

14



Imaginary to real chemical potential

Hadronic
phase

\

u’ <0 0 w’ >0 U



Many Approaches
to Sign Problem
¢ Taylor Expansion
¢Canonical Approach
¢Density of State

¢Complex Langevin

16



Content

3. Canonical Approach
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Canonical Approach

proposed by

A.Hasenfratz and Toussaint in 1992

to solve the sign problem.

But it did not work.

We traced the cause and solve It with
multiple precision numerical calculations

18 /67



Canonical Approach

Z(u, T 0 Zn (T

Grand Canonical Canonical

Z(u, T) = Tr e~ H—#N)/T

= > (e /M)
If [H,N|=0 < n

— Z[(n\e_H/T]n} et/ T
"/
=Y Zu1)" (e=eT)

Fugacity

19



Personal History about
fighting against

Sign Problem




We were looking for

A Reduction Formula for Wilson Fermions
det A = det Q)

Matrix A is smaller than ()

veKeitaro Nagata and Atsushi Nakamura
Phys. Rev. D82,094027 (arXiv:1009.2149)
v¢A. Alexandru and U. Wenger

Phys.Rev.D83:034502,2011 (arXiv:1009.2197)
v¢ One more group

21



FOr Ko Hrermions, the reduction rormula
§ was known.
¢ Gibbs Formula(*)

- P.E.Gibbs, Phys.Lett. B172 (1986) 53-61

e = o[ BEV)-E

€ Pis (2x N. x N x N, x N,)?
(Matrix Reduction)

¢ Determinant for any value of M
*) A similar formula was developped by Neuberger (1997)
for a chiral fermion and applied by Kikukawa(1998).




The same matrix transformation like KS case cannot be

employed, due to the fact that

" = Y4 have no inverse, if the Wilson term 1 = 1 .

Gibbs started to multiply V to the fermion matrix 2\ .
Instead, we multiply p _— (car— + CbT_|_VZ_1)

Here,

U4(t — Nt - 2)

0

0

\ —Us(t = Ny)

0

c, and cp are arbitary non-zero numbers.

23




det P = (cqcpzt)N/?

If we take the followmg trick, Borici (2004)
— 1
ryr_ = —e— 0
" 1
T IZ Y4
2

where r =

After very long calculation (See Nagata-Nakamura
arXi1v:1009.2149), we get

det A(p) = (cqep) N2z N2

(H det(q; ) det ( 2Vt 4 Q)

24



det Ap) _ det (+Q) | \

det A0) — det(1+Q) |5 Trgaciy

J
Q IS (4NCN90N?JNZ) X (4NCN:(;NyNz) matrix.

In case of KS matrix, the corresponding matrix is (2N.N,N,N,) x (2N NN, N,,)

Diagonalize Q, (Al \ )
2

Q —
\ )\N'red )
det(£ + Q) = H(€ + An)

An, does not depend on pu.

Once we calculate A,,,
we can evaluate det A(u) for any p. 2




det(§ + Q) =]JE+xM) = Cug

| Fugacﬂy |

v

— /DUdet Ae Po¢

Z=> ( / DUCne—BSG> £n

::EE:%%fn

£ =

26

ot/ T



Fugacity Expansion

Z(,T) =) za(T)(eMT)"

n

Z(,T): Grand Canonical Partition Function
Zm (T) . Canonical Partition Function

Inverse transformation:

do Im
Z,n — 27_‘_ ZH“ZGC(H— T'u T)

A.Hasenfratz and Toussaint (1992)

<n, can be determined in imaginary [, regions.



This is Canonical approach by

A.Hasenfratz and Toussaint (1992)

dd 24
T, = e’ Z(0 =
o ( T T)

In pure Imaginary,u, there Is no sign problem.

It was known that this method does not work.

Why 27?7

28



Check by an analytic method (Winding Number Expansion)

dd 24
Z, = e 7(9 =
27r ( T )

=/DUdet A(p)e "¢

Kentucky: Winding Number Expansion
Meng et al., 2008

A. Hasenfratz and D. Toussaint

S The original method does not work
" s .
w % due to numerical errors.
! : det A = exp(T'rlogA)
g, T g2 -s'\.'.""”.'". | ; K n Q n
50 1(11\9 150 200 n
det A = exp( E (Wo€™ + W_n,&™™))
n

Take W,, for |n| < 6 and do the Fourier Trans. analytically.



Big Cancellation in FFT !

E 100 +ﬁ_ 1.80 (T/TC—0.93(5)) +++-«- S.Oka, arXiv:1511.04711
S 80 % =190 (T/T,=1.08(5)) Talk at LATTICE 2015
S B Fukuda, Nakamura,Oka,
ks 60 arXiv:1511.04711
2E 40| Phys.RevD93, 094508 (2016)
S T
= 200t L
@) o
O ek kXX ) ) !
0 10 20 B 30 40 50
10° - y . . . .
10-! =180 1} p=190 |
) T/T,=0.93(5) 1} T/T,=1.08(5) 1
— 10 ToRFXFIOTER POFOXFORL 7 @x E:CJ—;} T1s FIRLX IR RPREPPRF=> 52_;
S 10 ML T I
5.510 r flhdel | , stk Zc>0 Zc<0 Ath g x 3 i ¥ x % hm-d ‘:
o 1074 1} R o 22 -5
— 107} T ooragn o o :
10_6’ TOXED SET— T “’ b3 t: E TTT m_f
AARRAIE i
0 10 20 30 40 0 10 20 30 40 50
B B

fintegrationmsp Multi-Precision (50 - 100)



I
Zn / anZ C ‘9 I;IuaT)

Using Multiple-precision, we have beaten
Sign Problem.

But to make Canonical Approach workable,

we had to solve 2 problems:

1. Zccis not a direct observable in lattice QCD

2. We should perform simulations
at many imagixyg,ry points.
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Integration Method

Not Z~ but g Iinimaginary ,[L ZTL

1 o,
= —T—1log/
"B T3y ou 084G
Ny

OA
— DUe PeTrA~ 12— A
3N33Nt/ Ue I I det

(For pure imaginary 4, Tl B is also imaginary)

Then, for fixed T ,
Z(0 = ﬂ) = exp(V/ npdf’)
T 0

3 +7/3 0
Zk = —/ df exp ik9+/ npdf’
2m —7/3 0

32



Power of GPU |

Vladimir’ Code has produced
11 papersin 2017 and 2018
on a small GPU machine.

V.G. Bornyakov, D. Bd Goy, A. Molochkov, A. Nakamura, A. Nikolaev and V.I. Zakharov
“Lattice  Study of QC Pﬁase Strlcture by Canonical Approac ch*"
EPJ Web of Conferences 175, 07033 (2018)

M WakaKama V.G. Borynakov, D.L. Boyda, V.A. Goy, H. Iida, A.V. Molochkov, A. Nakamura,
, harov
Lee—Yang zeros in lattice QCD at finite baryon density from canonical approach'',
arXiv:1802.02014 [hep-lat]

“Lattice QCD at f1n1te baryon density usinﬁ analytic continuation'
V. Bornyakov D. % Goy, H. Iida, A. Molochkov, A. Nakamura, A Nikolaev, M.
Wakayama and V.I. Zakharov

EPJ] Web of Conferences 18 82018) 20201

V.Bornyakov, D. Boyda . Molochkov, A, Nakamura, A. Nikolaev and V.I. Zakharov
"Restorlng cangnical partltlon fun t10n§ from imaginary Chemical potential”,

EPJ Web of Conferences 175, 07027 (2018

D. Boyda, V.G. Bornsakov, V. Goy, A. Molochkov, A. Nakamura, A. Nikolaev, V.I. Zakharov
Lattlce étudy 0 Phase Struc ure by Canonical Approach — Towards determlnlng the phase
transition lin

arXiv:1704. 03980 [hep-lat]

V. G. Bornyakov, D. L. Boyda, V. A. Goy, E.-M. Ilgenfrltz
Molochkov, Atsushi Nakamura A. A. kol aev and V . Zakharo
Dyons and Roberge — Weiss tran51t10n in lattice OCD

EPJ Web of Conferences, Volume 137 (2017) 03002

B. V Martemyanov, A. V.

V. G. Born¥akov, D. L. Boy da B A. V Mol chkov, Atsushi Nakamura, A A. Nikolaev
and V akharov Stud lattlce OC at finite baryon' density usi the’ canonical
approach EPJ Web of Con erences, Volume 13 (2017) ©7017 DOI: hitps: /9d01 org/l@ 1051/
epjconf/201713707017

V. A. Go V. Bornyakov, D. Boyda, A. Molochkov, A. Nakamura, A. Nikolaev, V. Zakharov
Sign problem in finite density 1aft1ce gCD Progress of Theorétical and Experlmental
Physics, ©31D01 DOI: 10.1093/ptep/ptx01l

D. L. Boyda, V. G. Bornyakov, V. A. GOK tV I. Zakharov, A. V. Molochkov, Atsushi GPU maChine “VOStOk -l” at

Nékamura A. A. Nikolaev Novel approac o deriving the’ canonlcal generaflng functional in
lattice QCD at a finite chemical potential JETP Letters 104 .
V. G. Bornyakov, D. L. Boyda, V. A. Goy, E.-M. Ilgenfritz, BV Martemyanov A. V. VI d -t k
Molochkov, Atsush1 Nakamura A. Nikolaev, V. I. Zakharov Dy?ns and Roberge - Weiss Ea l\/(:)f; ()
transition in lattice QCD EﬁJ Web of Conferénces, 137, 03002, (2016)

V.G. Bornyakov, D._ Boyda, V. Go A. Molochkov, A. Nakamura, A. Nikolaev, V.I. Zakharov

?ﬁstorln? canonical part1t10n fﬁnctlons from imaginary chemical potential "arXiv: 1712 01515
ep-la




Hasenfratz-Toussant

_|_
¢ Multi-precision calculation

¢ Integration Method

f/\
/Congratlay,

B | thought we have beaten
A Sign Problem.

But !
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rrobability

Hidden Sign Problem ?

Zn, have phase on each configuration !
V.Goy et al.,

PTEP(2017) O31DO]1

| T/T. =0.93

| T/T. =1.35

Zn & |2 €

Lp = <Zn>
are real
positive.



References

A.Li et al.(Kentucky), Phys.Rev.D82:054502,2010,
arX1v:1005.4158

A.Suzuki et al.(Zn Collaboration), Lattice 2016 Proceedings,

V.Goy et al.(Vladivostok), Prog Theor Exp Phys (2017) (3):
031DO01,arXiv:1611.08093
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Where comes the phase of £, ?

A Li et al.(Kentucky), Phys.Rev.D82:054502,2010,
arXiv:1005.4158

= /DU (det A(p)YF e=9%¢ _ ,log(1-kQ)
det A(p) = det(l — rQ(p))
—exp | Ay + Z[eingbwn 4 ein(bWTJ”)

n>0

=exp | Ag + Z A, cos(ng + 5n))

An = 2|W,,| Weuse W_, =W,
= arg(W,)
Then, o
/ d¢ —zkgb AO—I—A1 cos(p+91)+ A1 cos(2¢p+62)--
2 X



In the lowest order,

gAo [2TH01 AP —ik(¢'—61) o Ar cos ¢f

27
@ —’Lk¢ A0+A1 COS(qb—F(Sl)
0 € € 01 27

2T

pAo+iksy 27401 diﬁ/e—ikgb’eAl cos ¢’
- 01 27

_ pAo+iké OQW cé%’ p—ik¢’ oA1 cos ¢’

_ 6A0—|—z'k51 Ik: (Al)
X Lk

where we use

_1 n 27 .
In(Z) _ ( 27-‘-) /O ez Coste—zntdt
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3
n B"T

A Remark of Function Form
of np(fir)

0.1
0.08

0.06
0.04 |
0.02 }

0
-0.02
-0.04

One sine

¥

lattice data
2 sins ansatz

O 05 ¥ Ly 2 29 3

np(r)
Is well approx-

Imated by

1 sine function
| at T<Tc.

| Takahashi et al. Phy. Rev.

D91 (1) (2015) 014501.
Bornyakov et al., Phys.Rew.
D95, 094506 (2017)



Number density in Imaginary

We expand the number density as

/T3 Z f3k sin(kf) Confinement phase

T < 1T,
kmaac
ng(0)/T° = Z ao,_10°%~! DeConfinement phase
P T >T,
— M
T

Fitting functions are much more robust
against the hidden signh problem,

because a fitting curve include many points.
Of course they are correlated, therefore, the

careful error estimation is important.



Hasenfratz-Toussant
_|_

¢ Multi-precision calculation
¢ Integration Method
¢ Fourier/Polynomial Expansion of (n)

- Now we can say we have beaten Sign Problem
for T>0 by Canonical Approach.
/,

/ Conc_gratu/al«/-of7 ,
O\ 5P N a

Now it's time for Champagne!

6 \ ) | L]
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Sign Problem is now solved for T>0, and
it 1s time to analyze the finite density QCD.
But people do not recognize it. Why ?

It takes very
long time until
our idea is understood.

But I use
only Statistical

Mechanics and
Numerical
technique !?

Because your
Approach is
different.




People believe

Sign Problem will be solved
after several hundred years
by a genius.

Not now by you !
| have 5
olved
Sign
Problem

-
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DISCLAIMER

Good. So | want to apply for T=0.
Great. | want to apply for mu/T=10"3.

Sorry,
not applicable.

Z(,T) =) za(T)(eMT)"

d’Alembert: n

(n+1)p/T
Zn+1€ —p/T
1 z 2 e M
zne"w/T < * n+1/ n <
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In 2012, at Wuhan

STAR@RHIC

‘ 1 1
|_0.4<p <0.8 (GeVic) Au+Au Central Collisions

10° 2
: ¥ 7.7 GeV -
m 11.5 GeV

Prof.Nu Xu

| . @s IS Canonic@

N

1 1 | | g
10 20 30 40 50
Net-proton

We thank Prof.Nu Xu
and Prof.Luo!



Experimental data and
Fugacity Expansion

""gNN =77 GeV i V'.§NN =27 GeV \"gNN =200 GeV -
"gNN = 11.5 GeV VS = 39 GeV e
\'ISNN =196 GeV 2 o) V..SNN =624 GBV
10°
’ 04 | rebetiiteey o
102 F——— it
O - ; .....
&: 100 !6.:'% ..... 3
= | |
10 ’ "
10-4 o \ . b | r
1 0'6 b I Il 1 !
-15-10 -5 0 5 10 15 20 25 30 35

n



D.Boyda noticed we can

e . extract T,mu and V.
Proton multiplicity: Lattice data

Probability interpretation:

L ZnE" L N(n)  NZ)"/Zgc(pn) n
1= Z” chg(ﬂ)’ §= e/ T /VEO; o NZO§0/ZEE(Z) = Z,¢"/ 2o

= Proton multiplicity: ,’i—g = nu/T
¥ Lattice QCD

Lattice data W/'T = 0.4 Lattice data T/T; = 0.93
0 ' c00000080000000808006 105
10 BUPPCTT LI AR N | ‘ ‘
eeeeeéeix"f" +"+¢ )(x*xx 3 100 ++;;z!‘*¥§’iffxxg;;m *x """""""""
10-5 ;éeee * ot +*+ ’ *x : ] -5 +++;;x" +++++xxx"x
0 xxx ++ ., xxx 10 +++"xx“ 1 "+++ xxxx
10 xxx ++$ | *4-* x"xx -10 _7,”*7* x)ﬁx 777777777777 5 5 Te, ‘x"xx
g R . P L L A WT =00 —~
\C 10'15 * + x. \C _15 xx * . X x
o -* * a 10 - },L/T =05 = --.
1020 | - T/T,=0.84 — T/T,=1.08 - S 1020 Fe WT=10 3
105 | T/T,=093 -~ T/T,=120 -~ o=t wT=15
T/T,=0.99 T/T,=1.35 = E ‘ WwT =20
10'30 1 1 1 | 10'30 | 1 1 |
-20 -10 0 10 20 30 -20 -10 0 10 20 30
n n
48

T N " P~ 1 /-t~ e P TP AR / Ar-



Proton multiplicity: RHIC experiment data

and lattice
\/ svn = 200GeV

P./P,

107 - i L \/_NN = 200 GeV e
107 }. © TM=093, wT=017 — © ]
108} ° TT=099, wT=017 -
10° " T7,=093 wT=040 -~
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Proton multiplicity: RHIC experiment data
and lattice

Vsnn = 39GeV Vsny = 62.4GeV

10’ 10’
10° “a 100 F e
-1
10 1 10 ,
1072 ) 10_3
1073 e 19
€ -4
o~ 10
1074 5 i
i ; 10 T
107° I 10
-6 \/§NN = 39 GeV \/§NN = 624 GeV
10 . 107 }
T/T,;=0.93, WT =0.66 T/T,=0.93, WT =0.44
10”7 : : : : 108 L : : : :
10 -5 0 5 10 15 20 10 -5 0 5 10 15 20
n n

) > (6,u/T)n

50



Proton multiplicity: RHIC experiment data
and lattice

Vsyn = 19.6GeV Vsyny = 27GeV

102 * ¥ ¥ x 101
1
10
. i 10°
10
10-1 [ 10 1
© o
< 107 % 402
o o
-3 I
10 3
10
-4 1
10 ] !
10_5 \/gNN = 196 GeV 7 10-4 L \/gNN =27 GeV
T/M=0.93, WT=115 —— T/T,=0.93, WT =090 ——
100 L— ' ' ' ' 10 L— ' ' ' '
-5 0 5 10 15 20 -5 0 5 10 15 20
n n
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Proton multiplicity: RHIC experiment data
and lattice

Vsyny = 7.7GeV VSnyn = 11.5GeV

10° 10°
10t | L LTI 10° |
10° Py 102
102} ] 1 o' |
g 10’ ri' iy ‘ > 10° | Ly
a 10° " 10! .
10.1 I 1 10‘2[ c
-2 ’ -3
:g.a r \’gNN=7'7 GeV _ 1 104 . \'ENN= 11.5 GeV s
e LA i d s Do evwome BN | w TIT,=0.93, WT =145
0O 5 10 15 20 25 30 35 40 A e R s i e
" n
Py Zo(T)
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Density vs Collision Energy

25
Boyda ®
20t Alba
° Claymans @
10
—~
S
1.0}
05}
0.0 ' : . .
0 40 120 160 200

Vsnn GeV

Boyda: Canonical method
Alba et al., Phys.Lett. B738, 305 (2014)
Cleymans et al., Phys. Rev. C, 73 (2000), p. 034905



Comparisson with RHIC experiment

A. Nakamura, K. Nagata PTEP, 033D01 (2016)
RHIC STAR data (Luo X. CEJP 10, 1372 (2012))

Probability interpretation:

_ Zp&" /T N(n) _ NZy&"/Zgc(p) _ n
1= Z” Zgc(p)? E=e N@©) = NZe®/Zgc(un) Zn" [ Zo

e o on B P
Multiplicity: Pn = Z,6" = Zo=PPaunl= ¥/

Extracted fugacity &(= e*/") agreed with HRG model estimation

Vsnuv, GeV | J. Cleynams | P. Alba | A. Nakamura
11.5 8.04 11.1 7.48
19.6 3.62 3.65 3.21
27.0 2.62 2.58 2.43
39.0 1.98 1.93 1.88
62.4 1.55 1.55 1.53
200.0 1.18 1.18 1.18

J. Cleaymans et al., Phys. Rev. C 73, 034905 (2006)
P. Alba et al., Phys. Let. B 738, 305 (2014)
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Multiplicity: RHIC experiment parameters - T
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Multiplicity: RHIC experiment parameters - V
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Content

5. How to find QCD phase transition line ?
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Confinement-
Deconfinement
Transition Line



Information hidden in
Fugacity Expansion ?

s'r Experimentally T

Determine Z,(7T) here—
Then see QCD Phase s
at higher density !
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Lee-Yang zeros

Phys. Lett. B, 2019
Wakayama, V. Bornyakov, Boyda, Goy, lida, Molochkov, Nakamura and Zakharov
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What should we do next ?

& Let the world to know that the Sign Problem was solved
by Vladivostok group

v« Canonical approach + Multiple precision beat the
sign problem

& Quark mass in the present lattice QCD calculation is very
heavy, and we want go to more realistic quark masses.

v Physical quak mass lattice simulations have been
done by several groups at zero density. (Algorithm is
known)

¢ Study s-quark effects.
¢ Wigner function
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It 1s time to study
QGP physics

Beyong Equilibrium

€ Wigner function of QGP
W (z,p) = / < o+ S - 2)) >
’ (2mh)* 2 2

& Quantum Analog of the distribution function,
f(x,p)

¢ lida, Hatsuda, Baym
N
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Gauge Invariant Wigner Function

d* ' T —ig [n T x)dz"
Waﬁ(fcvp):/(27546_2”@5(34)6 g fo ' Au(z)d e ()

K.Yagi, T.Hatsuda andY.Miake, “Quark-Gluon Plasma”
(Cambridge University Press)

On the lattice
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What should we do next ?
(continue)

& Lattice Simulations in NICA /]J-PARC
(4, T') regions, and study
hadronic properties there.




Summary

¢ For T>0, Sign problem is beaten by Canonical
approach with

< Multi-precision calculation
W Integration Method

Y Fourier/Polynomial Expansion of the
number density.

€ We can study Heavy lon Collisions now.
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Backup Slides



chi2/ndof, fm

cem, set 1 +

100000

10000 |
1000 |
100 |
10 |
0.1 |
0.01 |
0.001 L—

cem, set 2 m=0.80,

set 1

] m=0.80, set 2




Zzn(e“/T)"

20 + 2 Z Zn Cos(nﬂ)
n>0 LI

20 + 2 Z Zn cosh(nﬁ)
n>0 N

1= 1lm p
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