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L is an intrinsic property of matter
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tuations for vorticity at the edge of the system (the inter-
face between cells with a few particles and vacant cells).
Such fluctuations are suppressed when computing the av-
erage vorticity because we adopt the energy density as
the averaging weight as in Eq.(4). In our calculation we
chose the whole volume as 20fm×20fm on the transverse
plane over a spatial rapidity span of 8 units. Each cell’s
size is 0.8fm × 0.8fm on the transverse plane over a ra-
pidity slice of 0.4 unit. We have chosen the time step
to be 0.2 fm/c for the vorticity analysis, and we ana-
lyze the parton matter up to the time of 9 fm/c in the
center-of-mass frame.

B. Angular Momentum of the QGP: Its
Dependence on Time, Energy and Centrality

We now present the results from AMPT for the angu-
lar momentum carried by the QGP fireball with detailed
information on its time evolution as well as beam energy
and collision centrality dependence. Again the sign of
Jy depends on the specific setup of coordinate axes and
carries no specific meaning: while the raw results from
AMPT (due to its particular choice in the code) have
negative sign, for simplicity we will just show results for
the magnitude of Jy.
Let us first examine the time dependence of all the

angular momentum components Jx,y,z for given collision
energy and centrality: see Fig. 2. The results confirm
the intuitive picture that the dominant component is Jy
(which is larger by orders of magnitude than Jx,z), i.e.
the QGP global rotation is indeed around the out-of-
plane axis. We also note that the Jy carried by the QGP
fireball is about 10 ∼ 20% of the total angular momentum
of the whole colliding system J = Ab

√
sNN/2. Lastly,

Jy is essentially a constant in time as it should be, which
serves as a check of the simulation’s precision. These
features are found to be the case for all other centralities
as well as beam energies in our calculations.
We next take a look at the dependence of Jy on the col-

lision energy and impact parameter in comparison with
the results from the simple hard sphere model. Fig. 3
shows a non-monotonic dependence of Jy on b as ex-
pected, with a maximum around b ∼ 4 fm. Fig. 4 shows
an approximately linear growth of Jy with increasing√
sNN , again as expected. In both figures, the Jy from

AMPT is about 2 ∼ 3 times that from the hard sphere
model. Also note that the b value corresponding to the
peak in Jy is also bigger from the AMPT model. This
can be understood from two factors. Firstly compared
with the hard sphere model with sharp edges, the ac-
tual incident nuclear profile (Woods-Saxon in AMPT) is
more extensive thus making the overlapping zone (where
fireball is created) bigger, with more momentum carri-
ers further away from the rotational axis at the center.
Secondly, in the hard sphere model the momentum car-
ried outside the overlapping zone is not counted, while
in actual collision (as captured by AMPT) the nucleons

FIG. 2: Angular momentum from the AMPT model at b = 7
fm and

√
sNN = 200 GeV.

FIG. 3: Angular momentum Jy as a function of b from the
AMPT model and the hard sphere model at

√
sNN = 200

GeV.

outside the geometric overlapping zone would still have
probability to experience collision and become part of
the fireball thus contributing more to the angular mo-
mentum.

IV. VORTICITY FROM THE AMPT MODEL

A. Local Vorticity Distribution

Once the velocity distribution is obtained as described
above, we can then use the finite differential method to
calculate the vorticity numerically. We will focus on the

Jiang-Lin-Liao, PRC (2016)
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Figure 4: The average polarization PH (where H=L or L) from 20-50% central Au+Au collisions

is plotted as a function of collision energy. The results of the present study (
p

sNN < 40 GeV)

are shown together with those reported earlier6 for 62.4 and 200 GeV collisions, for which only

statistical errors are plotted. Boxes indicate systematic uncertainties.

(⇠ 3.5%).

The fluid vorticity may be estimated from the data using the hydrodynamic relation22

w = kBT
�
P L0 +P L0

�
/~, (3)

where T is the temperature of the fluid at the moment when particles are emitted from it. The

subscripts (L0 and L0) in equation 3 indicate that these polarizations are for “primary” hyperons

emitted directly from the fluid. However, most of the L and L hyperons at these collision ener-

9

STAR: 2016

Becattini, Csernai, Wang, …
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Rotating QFT

Coordinate Transformation  
Finite Size (causality)
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be then a delicate quantitative competition which of |⌦ j| and
R�1| j| can be larger. Our explicit calculations (at zero temper-
ature) will show that the energy gap ⇠ R�1| j| is always larger
than the e↵ective chemical potential |⌦ j|, and so no mode is
actually Pauli blocked. This means that the chiral condensate
cannnot be modified at all so long as the temperature is smaller
than the e↵ective chemical potential.

Our results imply that the phase transition scenario needs
judicious refinements in the low-temperature region. At finite
temperature the situation could be qualitatively changed, be-
cause there is no strict Pauli blocking, and moreover the anoma-
lous e↵ects are turned on. In the end we will briefly mention on
non-trivial interplay between the rotation and the finite temper-
ature and magnetic field.

2. Reviewing the Dirac equation in a rotating frame

We explain our notation by making a quick summary of ba-
sic formulas for Dirac fermions in a rotating frame. The free
Dirac equation in curved spacetime reads [33],

⇥
i�µ(@µ + �µ) � m

⇤
 = 0 , (1)

where the covariant derivatives associated with finite rotation
are specified as �µ = � i

4!µi j�i j with the Dirac spin matri-
ces �i j = i

2 [�i, � j]. The spin connection is given by !µi j =

g↵�e↵i (@µe
�
j + �

�
µ⌫e⌫j) in terms of the metric and the vierbine,

where Greek and Latin letters represent coordinate (µ = t, x, y, z)
and tangent (i = 0, 1, 2, 3) space, respectively. In a rotating
frame with the angular frequency vector,⌦ = ⌦ ẑ, we can write
the explicit form of the metric down as

gµ⌫ =

0
BBBBBBBBBBBB@

1 � (x2 + y2)⌦2 y⌦ �x⌦ 0
y⌦ �1 0 0
�x⌦ 0 �1 0

0 0 0 �1

1
CCCCCCCCCCCCA
. (2)

The corresponding vierbine is not unique and for convenience
we shall choose them as

et
0 = ex

1 = ey
2 = ez

3 = 1, ex
0 = y⌦, ey

0 = �x⌦ , (3)

and zero for other components. We can simplify the Dirac ma-
trix structure of Eq. (1) converting �µ to �i, and then the Dirac
equation in these rotating (t, x, y, z) coordinates with �i takes the
following form,
n
i�0⇥@t+⌦(�x@y+y@x� i

2�
12)
⇤�i�1@x�i�2@y�i�3@z�m

o
 = 0 .

(4)
The solutions of the above Dirac equation provide us with a
complete set of bases. The positive-energy particle solutions
with positive and negative helicity take the following explicit
form in the Dirac representation of �i’s;

u+ =
e�iEt+ipzz
p
" + m

0
BBBBBBBBBBBB@

(" + m)�`
0

pz �`
ip`, k �`+1

1
CCCCCCCCCCCCA
, u� =

e�iEt+ipzz
p
" + m

0
BBBBBBBBBBBB@

0
(" + m)�`+1
�ip`, k �`
�pz �`+1

1
CCCCCCCCCCCCA
,

(5)

where " ⌘ |E + ⌦ j|. Here j represents the z-component of the
total angular momentum and we introduce ` = `+ = `� � 1 with
the azimuthal quantum number `± for spin “up” and “down”
states, so that j = ` + 1/2 holds for any spin states. Also,
we defined scalar functions of the radial momentum as �` =
ei`✓J`(p`, kr) and �`+1 = ei(`+1)✓J`+1(p`, kr), which lead to the
dispersion relation "2 = p2

`, k + p2
z + m2. In the same way the

negative-energy antiparticle solutions with positive and nega-
tive helicity are obtained from v± = i�2u⇤± as

v+ =
eiEt�ipzz
p
" + m

0
BBBBBBBBBBBB@

�ip`, k �⇤`+1
�pz �

⇤
`

0
(" + m)�⇤`

1
CCCCCCCCCCCCA
, v� =

eiEt�ipzz
p
" + m

0
BBBBBBBBBBBB@

�pz �
⇤
`+1

�ip`, k �⇤`
�(" + m)�⇤`+1

0

1
CCCCCCCCCCCCA
.

(6)
As we discuss later, we will compute the vacuum expectation
value of field operators using these basis functions.

3. Momentum discretization

In a finite box the momenta should be discrete reflecting the
(sharp) boundary condition imposed on the edge of the box. We
are considering a cylinder that has a boundary at r =

p
x2 + y2 =

R and is infinitely long along the z-axis. Thus, pz is not modi-
fied, while the radial momenta should take discrete values gapped
by / R�1, which was the reason why we denoted them as p`, k.
Since this discretization property is such crucial for our quan-
titative comparisons, let us carefully see how the discretization
condition is physically required.

To this end, we see how the current conservation follows in
a finite-size cylindrical system [34]. For the fermion in curved
spacetime the vector current conservation law reads,

rµ jµ =
1
p
|g|
@µ(
p
|g| jµ) = 0 , (7)

where rµ represents the covariant derivative and jµ =  ̄�µ .
Thus, to keep the total charge constant in a cylinder, we must
impose a condition of no incoming flux at the spatial boundary
as

Z

V
dV @↵(

p
|g|  ̄�↵ ) =

Z

@V
d⌃↵
p
|g|  ̄�↵ = 0 . (8)

Here ↵ stands for the spatial components x, y, z in coordinate
space. In cylindrical coordinates the above condition turns into

R
Z 1

�1
dz
Z 2⇡

0
d✓  ̄�r 

����
r=R
= 0 . (9)

We note that �r ⌘ �1 cos ✓ + �2 sin ✓ that follows from �1@1 +
�2@2 = �r@r + r�1�✓@✓. For arbitrary fermionic fields we can
expand  (x) using the complete set of u±(x) and v±(x), and then
after the ✓-integration which constrains possible combinations
of `, we find a superposition of four linear independent quanti-
ties;

J`(p`�1,kR)J`(p`,k0R) , J`(p`,kR)J`(p`�1,k0R) ,
J`(p`�1,kR)J`(p�`�1,k0R) , J`(p`,kR)J`(p�`,k0R) .
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Solve this in a finite cylinder (radius R)

Not only the affine connection but gamma’s changed

Vierbeins are needed !
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the highest angular momentum modes in F⌦ contributes
nonvanishingly. In contrast, the step function in Fµ given
in Eq. (25) indicates that all N modes simultaneously
start contributing for µ > m, while for µ < m nothing
happens.

(II) Another way to investigate the di↵erence between
the red and the blue lines in Fig. 2 is to approximate the
`-sum. Suppose that ⌦ is small so that we can treat ⌦j
as a continuous variable. Also we assume a su�ciently
large integer N . Then, we can approximate the `-sum in
F⌦ by an integration as

N�nX

`=�n

ln

 
⌦|j|+

p
(⌦j)2 �m2

n

mn

!
✓(⌦|j|�mn)

'
1

⌦

Z µN

0
dµ ln

 
µ+

p
µ2 �m2

n

mn

!
✓(µ�mn) .

(32)

For our parameter choiceN ⇠ O(104) is large enough and
the above approximation is justified. Then the rotational
contribution to the gap equation (21) is reduced to

F⌦ = Fµ(µ = µN )�
eB

2⇡

1X

n=0

↵n

s

1�
m2

n

µ
2
N

✓(µN �mn) .

(33)
It is obvious that a density-like e↵ect induced by rotation
is certainly contained in the first term Fµ. The second is
a negative term that makes a di↵erence from the finite-
density case. This extra term plays a role to weaken
chiral restoration by rotation as compared to that by
high density. Therefore, the suppression of the dynam-
ical mass in the rotating frame occurs more gradually
than that with the finite chemical potential. Moreover,
Eq. (33) implies F⌦ < Fµ for a fixed µN , and thus, chiral
restoration by rotation would need larger µN than that
by finite density (see Fig. 1).

(III) For mcurrent = T = 0 and large eB we can an-
alytically investigate the eB-dependence of ⌦c. In our
analysis we adopted the näıve cuto↵ regularization with
Eq. (20), but the regularization scheme should be irrel-
evant for a large system with S � 1/eB. If we utilized
the proper time regularization for F0, the gap equation
with rotation and strong magnetic field would be [54]

4⇡2

G
= ⇤2

PT �m
2


ln

✓
⇤2
PT

2eB

◆
� �E

�

+ eB

"
ln

✓
m

2

4⇡eB

◆
+ 2 ln�

✓
m

2

2eB

◆

� 2 ln

✓
µN +

p
µ
2
N �m2

m

◆
+ 2

s

1�
m2

µ
2
N

#
,

(34)

where �E is the Euler-Mascheroni constant, �(z) denotes
the gamma function, and ⇤PT stands for the cuto↵ pa-
rameter in the proper-time regularization. In this gap
equation (34), the terms in the third line result from the

FIG. 4. 3D plot for the dynamical mass as a function of ⌦
and eB at strong coupling. For large ⌦, chiral symmetry is
restored by eB, which manifests the inverse magnetic catalysis
or the rotational magnetic inhibition.

n = 0 mode in Eq. (33). We can find ⌦c from the above
gap equation with m ! 0 substituted, and the analytical
result is

⌦c(eB) =

p
⇡

S
p
eB

exp


�
2⇡2

eB

✓
1

G
�

1

Gc

◆
+ 1

�

'
1.53⇥ 10�6

p
eB

exp

✓
�
0.610⇤2

eB

◆
,

(35)

where Gc = 4⇡/⇤2
PT is the critical coupling for ⌦ =

p
eB = 0 that is found in the proper-time regularization.

In the second line in Eq. (35), we utilized the parameters
of Eqs. (26), (29) and (28). On the other hand, we can
numerically evaluate ⌦c as a function of eB as displayed
in Fig. 3. From the linearity in Fig. 3 the numerical fit
leads to

⌦c(eB) '
1.58⇥ 10�6

p
eB

exp

✓
�
0.609⇤2

eB

◆
. (36)

This fitting result ensures that Eq. (32) is a good approx-
imation for the parameters in Eq. (28).

B. Dynamical mass at strong coupling (G > Gc)

We shall next focus on the following strong region:

G = 1.11Gc . (37)

We note that dynamically determined m with the above
strong-coupling is about 20 times larger than mdyn at
weak coupling. We show the numerical results in Fig. 4.
Below are several remarks on the results.

(I) For small angular velocity, the dynamical mass is
almost independent of ⌦ and eB. With increasing ⌦ the

Chen-KF-Huang-Mameda, PRD (2015)

More interestingly, 
Rotation+B = (Genuine) Density

n = �@⌦

@µ

����
µ=0

=
eB!

4⇡2

interpreted as anomaly 
 Hattori-Yin, PRL (2016)

Can be given another interpretation from the Floquet theory

Inverse Magnetic Catalysis driven by rotation
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Jiang-Liao, PRL (2017)
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coordinate — specifically dependent only on r by virtue
of symmetry. Using the mean-field propagator one can
compute the grand potential of the system:

⌦ =

Z
d3~r

⇢
(M �m)2

4G
� NfNc

16⇡2

X

n

Z
dk2t

Z
dkz

⇥ [Jn(ktr)
2 + Jn(ktr)

2]

⇥T


ln

⇣
1 + e(✏n�µ)/T

⌘
+ ln

⇣
1 + e�(✏n�µ)/T

⌘

+ ln
⇣
1 + e(✏n+µ)/T

⌘
+ ln

⇣
1 + e�(✏n+µ)/T

⌘� �
(8)

In the above the mean-field quasiparticle dispersion ✏n is
given by ✏n =

p
k2z + k2t +M2 � (n + 1

2 )!. The mean-
field chiral condensate (or equivalently the mass gap M)
at given values of temperature T , chemical potential µ
and rotation !, can then be determined from the usual
gap equation through variation of the order parameter:

�⌦
�M(r) = 0 and �2⌦

�M(r)2 > 0. We will numerically solve
the gap equation for the case of Nf = 2 and Nc = 3 and
present the results below. For the parameters G, Gd and
a cuto↵ scale ⇤ of this model, we choose the standard
values (see e.g. [36]).
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FIG. 1: The mean-field mass gapM (at radius r = 0.1GeV
�1

)

as a function of ! for various fixed value of T .

Let us focus on the zero density case (i.e. µ = 0) and
study how the mass gap changes with T and !. As al-
ready pointed out, the condensate will depend on the
transverse radius r: we have found that the mass gap M
smoothly decreases with r . In the following we will show
results for a particular value of r for simplicity. In Fig. 1
we show M (at radius r = 0.1GeV�1) as a function of
! for various fixed value of T . At all values of temper-
ature, the mass gap decreases with increasing values of
!: this clearly confirms the rotational suppression e↵ect
on the quark-anti-quark pairing in the chiral condensate.
We also see that at low temperature the chiral conden-
sate experiences a first-order transition when ! exceeds
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FIG. 2: The mean-field mass gap M (at radius r =

0.1GeV
�1

) as a function of T for various fixed value of !.

a critical value !c, while at high temperature the chi-
ral condensate vanishes with increasing ! via a smooth
crossover. The !c decreases with increasing temperature.
In Fig. 2 we show M (at radius r = 0.1GeV�1) as a func-
tion of T for various fixed value of !. At very small !, the
mass gap decreases smoothly toward zero with increasing
temperature, indicating a smooth crossover transition as
expected. However when ! becomes large, the transition
becomes stronger and stronger, eventually becoming a
first-order transition as signaled by a sudden jump. The
transition temperature Tc becomes smaller at larger !.
These results could be understood by considering ! as
a sort of “chemical potential” for angular momentum.

Indeed this is evident from Eq.(4): the term ~! · ~̂J is in
direct analogy to a term µ · Q̂ for a conserved charge Q̂.
It is therefore not surprising that the phase transition
behavior at finite ! is very similar to that at finite µ in
the same model.
With the above observation, it is tempting to envi-

sion a new phase diagram of the chiral phase transition
on the T � ! parameter space: see Fig. 3 (as computed
from the present model). It features a chiral-symmetry-
broken phase at low temperature and slow rotation while
a chiral-symmetry-restored phase at high temperature
and/or rapid rotation. A smooth crossover transition
region at high T and low T and a first-order transi-
tion line at low T and high ! are connected by a new
critical end point. Given the present model parameters,
this critical point is located at TCEP = 0.020GeV and
!CEP = 0.644GeV. As already discussed previously,
the “rotational suppression” of the scalar condensate is a
quite generic e↵ect. It is conceivable that similar phase
transition behaviors under rotation would also occur in
other dynamical models for studying chiral condensate.
Superconducting Pairing in Rotating Matter.— To

demonstrate that the “rotational suppression” of the
scalar condensate is a generic e↵ect, we also study an-
other quite di↵erent type of pairing: the fermion-fermion
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FIG. 3: The phase diagram on T -! plane (see text).

(rather than the fermion-anti-fermion) superconducting
pairing phenomenon in the presence of rotation. In the
QCD context, this is the color superconductivity at high
density and low temperature (see e.g. [37] for a recent
review). Quite di↵erent from the chiral condensate, the
diquark pairing state has the spatial angular momentum
(for the relative orbital motion) L = 0 while the total
spin S = 0 (i.e. antisymmetric combination of the two
individual quark spins), again with the total angular mo-
mentum J = 0 for the pair. We use the same NJL model
and for simplicity we focus on the low-temperature high-
density region where the chiral symmetry is already re-
stored. Assuming a mean-field 2SC diquark condensate
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In the above the mean-field quasiparticle dispersion ✏±n
and ✏�±

n is given by ✏±n = (
p
k2z + k2t +m2±µ)�(n+ 1

2 )!

and ✏�±
n = [(

p
k2z + k2t +m2 ± µ)2 +�2]

1
2 � (n+ 1

2 )!.
The mean-field diquark condensate � at given values of
temperature T , chemical potential µ and rotation !, can
then be determined from the self-consistency equation
through variation of the order parameter: �⌦

��(r) = 0 and
�2⌦

��(r)2 > 0. By numerically solving the equation, we show

in Fig. 4 the � (at radius r = 0.1GeV�1) as a function of

! for several values of T and fixed µ = 400MeV. One can
see that with increasing !, the diquark condensate always
decreases toward zero, through a 1st-order transition at
low T while a smooth crossover at higher T . This result
again confirms the generic rotational suppression e↵ect
on the scalar diquark pairing.
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FIG. 4: The mean-field diquark condensate � (at radius r =

0.1GeV
�1

) as a function of ! for several values of T and fixed

value of µ = 400MeV.

Summary and Discussions.— In summary, we have
found a generic rotational suppression e↵ect on the
fermion pairing state with zero angular momentum. This
e↵ect is demonstrated for two well-known pairing phe-
nomena in QCD matter, namely the chiral condensate
and the color superconductivity. The scalar pairing
states in these two examples, while di↵erent in many
aspects, are both found to be reduced with increasing
rotation of the system. In the case of chiral phase transi-
tion, we have identified the phase boundary with a criti-
cal point on the T � ! parameter space.
The rotational e↵ects on pairing phase transitions may

bear interesting implications for a number of physics sys-
tems. The phase diagram of QCD matter on T �! plane
could be quantitatively explored by ab initio lattice sim-
ulations which has recently become feasible [8]. In heavy
ion collisions there is sizable global angular momentum
carried by the hot dense matter (as recently computed
in e.g. [6]): such rotational motion may cause the chiral
restoration to occur at lower temperature as our results
imply, and may bear measurable consequences (e.g. for
dilepton emissions). In the case of neutron stars, the
dense QCD matter is under global rotation which may
reduce the chiral as well as diquark or nucleon-nucleon
pairings and may a↵ect the moment of inertia for such
stars [27, 28]. In the non-relativistic domain, the cold
fermionic gas is an ideal place to study the rotational
suppression e↵ect on the fermion pairing and the very
interesting BCS-BEC crossover phenomenon [38–41]. Fi-
nally, while in this paper we limit ourselves to the study
of slow rotation e↵ects, it is worth commenting that

Completely analogous to chemical potential… BUT!
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Is it really possible to change the QCD vacuum 
  just by rotation ???

The answer is negative:
Ebihara-Fukushima-Mameda, PLB (2017)

Causality System size should be finite ~ R
Energy dispersion should be gapped ~ J/R!R < 1
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Induced chemical potential ~ wJ

Gap is always bigger than the chemical potential
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Is it really possible to change the QCD vacuum 
  just by rotation ???

The answer is negative:
Ebihara-Fukushima-Mameda, PLB (2017)

µ B T
Gauge CVE Chiral Pumping Effect Gravity CVE

If one wants to see nontrivial effects of rotation,  
it should be coupled with…
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There are still lots of interesting challenges  
in physics and theoretical computations!

But, these are mostly technical issues, and  
there seems to be no conceptual problem.

Let’s move on to a more subtle thing now…
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Hydrodynamics with Local Vorticity Vectors

Kinetic Equations with Local Vorticity Vectors

Derivative expansion ?  (vorticities are second order)

Discrimination of L and S ?

3

It should be noted that Lij and S
ij have the same physi-

cal unit but ~ in L
ij is hidden in the momentum p which

is of order O(~0) in a quasi-particle picutre based on
which the kinetic description is. In this way, in a semi-
classical treatment, the spin is a quantum effect, while
the orbital angular momentum is not, as is consistent
with our intuition.

Unfortunately, this is not yet the end of the setup.
As we mentioned in Eq. (14) the spin is related to the
current on the operator level. The current expectation
value would pick up a contribution from the energy shift
by the magnetic moment coupling. With this taken into
account, the spin is

S ! ~�
✓
p̂� ~� p̂

2p
⇥r

◆
, (19)

where the second term would be vanishing for spatially
homogeneous distributions. As we see soon below, the
rotation induces inhomogeneity, and there will be a finite
contribution.

IV. ROTATING CHIRAL FERMIONS

In this work we shall treat the effect of rotation us-
ing bulk matter rotating at constant angular velocity !
instead of local fluid vorticity, and we turn off electro-
magnetic fields. In equilibrium without rotation the dis-
tribution function f is homogeneous in coordinate space
and isotropic in momentum space, and is a function of
single particle energy ", i.e., f = f("). Let us consider
what happens if we apply rotation at finite !. In a frame
co-moving with rotating matter, it is a natural assump-
tion that f = f("rot) is reached eventually in local equi-
librium, where "rot is a single particle energy in the co-
moving frame. Solving the Dirac equation in a rotating
frame, we can easily find,

"rot = p� ! ·
�
x⇥ p+ ~�p̂

�
, (20)

represented in terms of the original (non-rotating) coor-
dinates. It is worth mentioning that the second term is
nothing but a cranking term, �! · J . Now, f("rot) is
neither homogeneous in coordinate space nor isotropic
in momentum space due to the rotation effect, the spin
and the orbital angular momentum deduced from f("rot)
become nonvanishing. Let us first consider the spin ex-
pectation value;

hSi =
Z

p
�~

✓
p̂� �~ p̂

2p
⇥r

◆
f("rot)

= �~�(! ⇥ x)

Z

p

p

3
f
0(p)� ~2!

Z

p
f
0(p) (21)

up to the linear order of ! expansion, where f
0(p) repre-

sent a momentum derivative of f(p). The phase space
integral is performed only for momentum with

R
p =R

d
3
p/(2⇡~)3. Here, below, we make a remark about the

~ order. The kinetic theory implicitly assumed the ~ ex-
pansion, so there may be unknown terms of ~2 order.
Therefore, in the above expression, the first term involv-
ing x⇥! may receive higher order corrections of ~2 order.
The second term, however, does not have coordinate de-
pendence and, because the coordinate independent term
in Eq. (20) is already of order ~1, unknown corrections
for this term would start from ~3 order. In fact, this in-
trinsic term not referring to x correctly reproduces the
chiral vortical effect, as is expected from Eq. (14).

We next turn to the orbital angular momentum. In
the same way we can expand the distribution function in
terms of ! to get,

hLi =
Z

p
(x⇥ p) f 0(p)(�!) · (x⇥ p+ ~�p̂)

= �x⇥ (! ⇥ x)

Z

p

p
2

3
f
0(p) + ~�(! ⇥ x)

Z

p

p

3
f
0(p) .

(22)

These are our central results in this paper. In what fol-
lows below, we give physical interpretations for these re-
sults.

V. CHIRAL EINSTEIN–DE HAAS AND
BARNETT EFFECT

The physical meaning of Eq. (21) becomes evident once
we add both left-handed and right-handed contributions
up. Then, after the integration by parts, for the first
term, we find,

hSi? = �~
X

R,L

�(! ⇥ x)

Z

p

p

3
f
0
�(p)

=
~
2
(! ⇥ x)

Z

p

⇥
fR(p)� fL(p)

⇤
=

~
2
(! ⇥ x)n5 .

(23)

where fR and fL represent the distribution functions of
right-handed and left-handed particles, respectively, and
n5 = nR � nL represents the chirality. This rotation-
induced spin alignment is intuitively understood in the
following way. For massless fermions the spin and the
momentum directions are locked up, so that, if we macro-
scopically move chiral matter with a velocity, u = !⇥x,
the spin should be tilted along u. In this sense the first
term of Eq. (21) or equivalently hSi? in Eq. (23) is a
unique result inherent in chiral fermions. Interestingly,
this transverse or troidal spin alignment requires a finite
chiral imbalance.

With simple algebra for the orbital angular momen-
tum, we can rewrite Eq. (22) into the following form,

hLi = x⇥ (! ⇥ x)
4

3

Z

p
p
⇥
fR(p) + fL(p)

⇤
� hSi?

= hLimech � hSi? . (24)

= ! · J
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Corrections in the Kinetic Eqs.?
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Part I. Gyromagnetic EBects'

INTRODUCTION

T HIS paper has to do with two closely related
classes of phenomenon: (1) Gross magnetic

or dynamical phenomena which are due to the
behavior of the elementary magnet as the rotor
of a gyroscope and which are known as gyro-
magnetic or magnetomechanical phenomena; and
(2) Gross mechanical or electrical phenomena
which must be attributed to the inertia of the
free electrons in conductors or bound electrons
in insulators. Gyromagnetic phenomena will be
treated in Part I of this article, the others in
Part II.

momentum, or a definite angular momentum
might be accompanied by no magnetic moment.
Otherwise the magnetic element must behave
both as a magnet and as the rotor of a gyroscope.
$2. A simple gyroscopic model
It will aid in the discussion of all the gyro-

magnetic phenomena hitherto looked for, of
which there are four, if we consider at this
point the behavior of the gyroscopic model
illustrated in Fig. 2—l and first used some years

A. INTRODUCTORY, HISTORICAL AND GENERAI.

$1. The fundamental basis of the effects
Everyone who has predicted the possible dis-

covery of any gyromagnetic effect has based the
prediction on the assumption of the validity of
the celebrated hypothesis of Ampere and Weber, '
according to which the magnetic element in a
magnetic substance consists of a permanent
molecular or intramolecular whirl of electricity
endowed with mass or inertia. On this hypothesis
the magnetic element must have both angular
momentum and magnetic moment, unless it is
constituted of both positive and negative elec-
tricities rotating in opposite directions. In this
case it is obvious that a definite magnetic
moment might be accompanied by no angular

~ Earlier and less complete reviews of work on gyro-
magnetic phenomena have been given by the author in the
Bull. Nat. Research Coun. 3, 235, August (1922). (Trans-
lation by J. Wiirschmidt, after revision by the author, in
Die Wissenschaft '74, 270 (1925));in Physica 13, 241 (1933);
and in the Physik. Zeits. 35, 203 (1934). The last paper
goes fully into the matter of priority, about which very
numerous errors have been made in the literature ever
since 1915.
'For Weber's ultimate ideas, which greatly resemble

those in vogue in recent years, see Abhandlungen d. K.
Sachs. Ges. d. Wiss. 10, 1871, f17; or W. Weber's I4'erke
(Berlin, J. Springer} 4, p. 281.

FIG. 2-1.

ago. ' It differs from a common type of gyroscope
only in the addition of two springs SS, con-
veniently in the form of rubber bands, and the
arrangement for their attachment. The wheel,
pivoted in a ring, can be rotated rapidly about
its axis A. Except for the action of the springs,
the ring and the axis A are free to move in
altitude about a horizontal axis B, the axis A
making an angle 0 with the vertical C; while
the axis 8, together with the wheel and the
framework supporting it and the springs, can be
rotated about the vertical axis C. If the wheel
is spun rapidly about the axis A, and the instru-
ment then rotated about the vertical C slowly,
' See S.J. Barnett, Science 48, 303 (1918).

Barnett (1935)

Gyromagnetic Effect
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Spin Alignment in response to Rotation
“Gyroscopic” Motion
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Quickest Derivation
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First we shall confirm the physical interpretation of the
first term denoted above by hLimech. For simplicity let us
consider a cylindrically symmetric system rotating rigidly
around the z-axis, i.e., ! = !ẑ. Then, the volume inte-
gral of the first term yields,

Z

V
hLimech = !ẑ

Z

V
r
2 4

3

Z

p
p
⇥
fR(p) + fL(p)

⇤
. (25)

If the distribution functions are Fermi degenerated to a
chemical potential µ, we can show that the energy den-
sity, E , is given by E = 3

4µn where n is the number
density. Therefore, the integrand after r

2 in the above
expression corresponds to µn, and this is nothing but a
relativistic counterpart of the mass density. So, the vol-
ume integral amounts to the moment of inertia. From
this argument it is clear that hLimech corresponds to the
mechanically induced orbital angular momentum.

Next we pay attention to the second term, �hSi?.
This is a very interesting term given an interpretation
as a chiral Einstein–de Haas effect. If the chiral fermions
are rotated from the initial condition, hLi = hSi = 0,
then the total angular momentum carried by the rotat-
ing fermions should be hJi = hLimech. We, however,
saw that the transverse motion with the spin-momentum
locking results in a finite hSi?. This must be canceled by
a change in hLi. In this way, �hSi? is transferred from
the spin so that the system can satisfy the total angular
momentum conservation, and this physical mechanism is
nothing but the realization of the Einstein–de Haas ef-
fect. One might have thought that the second term in
Eq. (21) would violate the angular momentum conserva-
tion. However, in a finite size cylinder, there appears a
surface state that exactly cancels this second term [31].

We can say that, the rotation causes a finite hSi, which
may well be called the chiral Barnett effect (for more
precise characterization, see discussions below). Then,
this induced hSi causes a finite shift in hLi, which may
be referred to as the chiral Einstein–de Haas effect.

Now, let us consider more about the chiral Barnett ef-
fect for the rest of this section. As discussed in the origi-
nal paper by Barnett [1], the Barnett effect is one realiza-
tion of the gyromagnetic effects and is the phenomenon
of generating a finite magnetization by rotation. The key
equation for underlying physics is obtained from balance
between the rotational and the magnetic energy shifts,
i.e.,

! · J = µ ·B , (26)

where B is an effective magnetic field and we take the
permeability to be the unity in our unit. The magnetic
field B is related to the magnetization M through the
magnetic susceptibility �B as M = �BB (provided that
M k B). Also, usually, µ k J (not on the operator level
but after taking the expectation value according to the
Wigner-Eckardt theorem), and the proportionality coef-
ficient � is called the gyromagnetic ratio, i.e., µ = �J .
With these definitions we can find the standard formula

for the Barnett effect, that is,

M =
�B

�
! (27)

This is a well-known formula, but as seen from Eq. (26),
one can get information only about projected compo-
nents along ! and B. Therefore, here, let us consider
a slightly different problem; we try to compute not M
but µ below.

The gyromagnetic ration for nonrelativistic fermionic
particles follows from the Dirac equation as

µ = µL + µS = gL
qe

2m
L+ gS

qe

2m
S , (28)

where qe and m are the electric charge and the mass of
considered particles, respectively. The g-factors are gL =
1 and gS = 2 for noninteracting Dirac fermions. Because
gL 6= gS , the right-hand side of Eq. (28) is not parallel to
J = L + S. If one takes the expectation value with the
eigenstates of the total angular momentum, however, one
can show that the right-hand side is directed to J and
the effective g-factor for J is given by the Lindé g-factor.

In our case of massless chiral fermions we cannot use
Eq. (28). We should then go back to the single particle
energy obtained from the Dirac equation with magnetic
field and rotation, and it is straightforward to confirm
that Eq. (28) is replaced with [32]

µ = µL + µS = gL
qe

2p
L+ gS

qe

2p
S . (29)

From now on we plug gL = 1 and gS = 2 into µL and
µS . We note that Eq. (29) is an operator relation, so we
should compute the expectation value as we did for the
spin and the orbital angular momentum in the previous
section.

Since the CVE term of ~2 order is not our main em-
phasis in the following discussion, we will work only up
to the ~ order terms. The orbital part reads,

hµLi = �qe

6
x⇥(!⇥x)

Z

p
p f

0(p)+~�qe
6
(!⇥x)

Z

p
f
0(p) .

(30)
Here, the first term is to be identified with the mechanical
contribution. Indeed, the integration by part makes the
first term look like,

hµLimech =
1

2
x⇥ (! ⇥ x)ne , (31)

where ne is the electric charge density. Since !⇥x is a ve-
locity vector associated with rotation motion, the above
expression is exactly the one known in classical electro-
magnetism for the magnetic dipole from the Amperian
loop.

The spin part similarly reads,

hµSi = �~�qe
3
(! ⇥ x)

Z

p
f
0(p) , (32)
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First we shall confirm the physical interpretation of the
first term denoted above by hLimech. For simplicity let us
consider a cylindrically symmetric system rotating rigidly
around the z-axis, i.e., ! = !ẑ. Then, the volume inte-
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4µn where n is the number
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2 in the above
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precise characterization, see discussions below). Then,
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be referred to as the chiral Einstein–de Haas effect.

Now, let us consider more about the chiral Barnett ef-
fect for the rest of this section. As discussed in the origi-
nal paper by Barnett [1], the Barnett effect is one realiza-
tion of the gyromagnetic effects and is the phenomenon
of generating a finite magnetization by rotation. The key
equation for underlying physics is obtained from balance
between the rotational and the magnetic energy shifts,
i.e.,
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where B is an effective magnetic field and we take the
permeability to be the unity in our unit. The magnetic
field B is related to the magnetization M through the
magnetic susceptibility �B as M = �BB (provided that
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but after taking the expectation value according to the
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one can get information only about projected compo-
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considered particles, respectively. The g-factors are gL =
1 and gS = 2 for noninteracting Dirac fermions. Because
gL 6= gS , the right-hand side of Eq. (28) is not parallel to
J = L + S. If one takes the expectation value with the
eigenstates of the total angular momentum, however, one
can show that the right-hand side is directed to J and
the effective g-factor for J is given by the Lindé g-factor.

In our case of massless chiral fermions we cannot use
Eq. (28). We should then go back to the single particle
energy obtained from the Dirac equation with magnetic
field and rotation, and it is straightforward to confirm
that Eq. (28) is replaced with [32]

µ = µL + µS = gL
qe

2p
L+ gS

qe

2p
S . (29)

From now on we plug gL = 1 and gS = 2 into µL and
µS . We note that Eq. (29) is an operator relation, so we
should compute the expectation value as we did for the
spin and the orbital angular momentum in the previous
section.

Since the CVE term of ~2 order is not our main em-
phasis in the following discussion, we will work only up
to the ~ order terms. The orbital part reads,

hµLi = �qe

6
x⇥(!⇥x)

Z

p
p f

0(p)+~�qe
6
(!⇥x)

Z

p
f
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Here, the first term is to be identified with the mechanical
contribution. Indeed, the integration by part makes the
first term look like,

hµLimech =
1

2
x⇥ (! ⇥ x)ne , (31)

where ne is the electric charge density. Since !⇥x is a ve-
locity vector associated with rotation motion, the above
expression is exactly the one known in classical electro-
magnetism for the magnetic dipole from the Amperian
loop.

The spin part similarly reads,

hµSi = �~�qe
3
(! ⇥ x)

Z

p
f
0(p) , (32)
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First we shall confirm the physical interpretation of the
first term denoted above by hLimech. For simplicity let us
consider a cylindrically symmetric system rotating rigidly
around the z-axis, i.e., ! = !ẑ. Then, the volume inte-
gral of the first term yields,

Z

V
hLimech = !ẑ

Z

V
r
2 4

3

Z

p
p
⇥
fR(p) + fL(p)

⇤
. (25)

If the distribution functions are Fermi degenerated to a
chemical potential µ, we can show that the energy den-
sity, E , is given by E = 3

4µn where n is the number
density. Therefore, the integrand after r

2 in the above
expression corresponds to µn, and this is nothing but a
relativistic counterpart of the mass density. So, the vol-
ume integral amounts to the moment of inertia. From
this argument it is clear that hLimech corresponds to the
mechanically induced orbital angular momentum.

Next we pay attention to the second term, �hSi?.
This is a very interesting term given an interpretation
as a chiral Einstein–de Haas effect. If the chiral fermions
are rotated from the initial condition, hLi = hSi = 0,
then the total angular momentum carried by the rotat-
ing fermions should be hJi = hLimech. We, however,
saw that the transverse motion with the spin-momentum
locking results in a finite hSi?. This must be canceled by
a change in hLi. In this way, �hSi? is transferred from
the spin so that the system can satisfy the total angular
momentum conservation, and this physical mechanism is
nothing but the realization of the Einstein–de Haas ef-
fect. One might have thought that the second term in
Eq. (21) would violate the angular momentum conserva-
tion. However, in a finite size cylinder, there appears a
surface state that exactly cancels this second term [31].

We can say that, the rotation causes a finite hSi, which
may well be called the chiral Barnett effect (for more
precise characterization, see discussions below). Then,
this induced hSi causes a finite shift in hLi, which may
be referred to as the chiral Einstein–de Haas effect.

Now, let us consider more about the chiral Barnett ef-
fect for the rest of this section. As discussed in the origi-
nal paper by Barnett [1], the Barnett effect is one realiza-
tion of the gyromagnetic effects and is the phenomenon
of generating a finite magnetization by rotation. The key
equation for underlying physics is obtained from balance
between the rotational and the magnetic energy shifts,
i.e.,

! · J = µ ·B , (26)

where B is an effective magnetic field and we take the
permeability to be the unity in our unit. The magnetic
field B is related to the magnetization M through the
magnetic susceptibility �B as M = �BB (provided that
M k B). Also, usually, µ k J (not on the operator level
but after taking the expectation value according to the
Wigner-Eckardt theorem), and the proportionality coef-
ficient � is called the gyromagnetic ratio, i.e., µ = �J .
With these definitions we can find the standard formula

for the Barnett effect, that is,

M =
�B

�
! (27)

This is a well-known formula, but as seen from Eq. (26),
one can get information only about projected compo-
nents along ! and B. Therefore, here, let us consider
a slightly different problem; we try to compute not M
but µ below.

The gyromagnetic ration for nonrelativistic fermionic
particles follows from the Dirac equation as

µ = µL + µS = gL
qe

2m
L+ gS

qe

2m
S , (28)

where qe and m are the electric charge and the mass of
considered particles, respectively. The g-factors are gL =
1 and gS = 2 for noninteracting Dirac fermions. Because
gL 6= gS , the right-hand side of Eq. (28) is not parallel to
J = L + S. If one takes the expectation value with the
eigenstates of the total angular momentum, however, one
can show that the right-hand side is directed to J and
the effective g-factor for J is given by the Lindé g-factor.

In our case of massless chiral fermions we cannot use
Eq. (28). We should then go back to the single particle
energy obtained from the Dirac equation with magnetic
field and rotation, and it is straightforward to confirm
that Eq. (28) is replaced with [32]

µ = µL + µS = gL
qe

2p
L+ gS

qe

2p
S . (29)

From now on we plug gL = 1 and gS = 2 into µL and
µS . We note that Eq. (29) is an operator relation, so we
should compute the expectation value as we did for the
spin and the orbital angular momentum in the previous
section.

Since the CVE term of ~2 order is not our main em-
phasis in the following discussion, we will work only up
to the ~ order terms. The orbital part reads,

hµLi = �qe
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Z
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Here, the first term is to be identified with the mechanical
contribution. Indeed, the integration by part makes the
first term look like,

hµLimech =
1

2
x⇥ (! ⇥ x)ne , (31)

where ne is the electric charge density. Since !⇥x is a ve-
locity vector associated with rotation motion, the above
expression is exactly the one known in classical electro-
magnetism for the magnetic dipole from the Amperian
loop.

The spin part similarly reads,

hµSi = �~�qe
3
(! ⇥ x)

Z

p
f
0(p) , (32)
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First we shall confirm the physical interpretation of the
first term denoted above by hLimech. For simplicity let us
consider a cylindrically symmetric system rotating rigidly
around the z-axis, i.e., ! = !ẑ. Then, the volume inte-
gral of the first term yields,
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If the distribution functions are Fermi degenerated to a
chemical potential µ, we can show that the energy den-
sity, E , is given by E = 3

4µn where n is the number
density. Therefore, the integrand after r

2 in the above
expression corresponds to µn, and this is nothing but a
relativistic counterpart of the mass density. So, the vol-
ume integral amounts to the moment of inertia. From
this argument it is clear that hLimech corresponds to the
mechanically induced orbital angular momentum.

Next we pay attention to the second term, �hSi?.
This is a very interesting term given an interpretation
as a chiral Einstein–de Haas effect. If the chiral fermions
are rotated from the initial condition, hLi = hSi = 0,
then the total angular momentum carried by the rotat-
ing fermions should be hJi = hLimech. We, however,
saw that the transverse motion with the spin-momentum
locking results in a finite hSi?. This must be canceled by
a change in hLi. In this way, �hSi? is transferred from
the spin so that the system can satisfy the total angular
momentum conservation, and this physical mechanism is
nothing but the realization of the Einstein–de Haas ef-
fect. One might have thought that the second term in
Eq. (21) would violate the angular momentum conserva-
tion. However, in a finite size cylinder, there appears a
surface state that exactly cancels this second term [31].

We can say that, the rotation causes a finite hSi, which
may well be called the chiral Barnett effect (for more
precise characterization, see discussions below). Then,
this induced hSi causes a finite shift in hLi, which may
be referred to as the chiral Einstein–de Haas effect.

Now, let us consider more about the chiral Barnett ef-
fect for the rest of this section. As discussed in the origi-
nal paper by Barnett [1], the Barnett effect is one realiza-
tion of the gyromagnetic effects and is the phenomenon
of generating a finite magnetization by rotation. The key
equation for underlying physics is obtained from balance
between the rotational and the magnetic energy shifts,
i.e.,

! · J = µ ·B , (26)

where B is an effective magnetic field and we take the
permeability to be the unity in our unit. The magnetic
field B is related to the magnetization M through the
magnetic susceptibility �B as M = �BB (provided that
M k B). Also, usually, µ k J (not on the operator level
but after taking the expectation value according to the
Wigner-Eckardt theorem), and the proportionality coef-
ficient � is called the gyromagnetic ratio, i.e., µ = �J .
With these definitions we can find the standard formula

for the Barnett effect, that is,

M =
�B

�
! (27)

This is a well-known formula, but as seen from Eq. (26),
one can get information only about projected compo-
nents along ! and B. Therefore, here, let us consider
a slightly different problem; we try to compute not M
but µ below.

The gyromagnetic ration for nonrelativistic fermionic
particles follows from the Dirac equation as

µ = µL + µS = gL
qe

2m
L+ gS

qe

2m
S , (28)

where qe and m are the electric charge and the mass of
considered particles, respectively. The g-factors are gL =
1 and gS = 2 for noninteracting Dirac fermions. Because
gL 6= gS , the right-hand side of Eq. (28) is not parallel to
J = L + S. If one takes the expectation value with the
eigenstates of the total angular momentum, however, one
can show that the right-hand side is directed to J and
the effective g-factor for J is given by the Lindé g-factor.

In our case of massless chiral fermions we cannot use
Eq. (28). We should then go back to the single particle
energy obtained from the Dirac equation with magnetic
field and rotation, and it is straightforward to confirm
that Eq. (28) is replaced with [32]

µ = µL + µS = gL
qe

2p
L+ gS

qe

2p
S . (29)

From now on we plug gL = 1 and gS = 2 into µL and
µS . We note that Eq. (29) is an operator relation, so we
should compute the expectation value as we did for the
spin and the orbital angular momentum in the previous
section.

Since the CVE term of ~2 order is not our main em-
phasis in the following discussion, we will work only up
to the ~ order terms. The orbital part reads,

hµLi = �qe
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Here, the first term is to be identified with the mechanical
contribution. Indeed, the integration by part makes the
first term look like,

hµLimech =
1

2
x⇥ (! ⇥ x)ne , (31)

where ne is the electric charge density. Since !⇥x is a ve-
locity vector associated with rotation motion, the above
expression is exactly the one known in classical electro-
magnetism for the magnetic dipole from the Amperian
loop.

The spin part similarly reads,

hµSi = �~�qe
3
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0(p) , (32)gyromagnetic ratio
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First we shall confirm the physical interpretation of the
first term denoted above by hLimech. For simplicity let us
consider a cylindrically symmetric system rotating rigidly
around the z-axis, i.e., ! = !ẑ. Then, the volume inte-
gral of the first term yields,
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If the distribution functions are Fermi degenerated to a
chemical potential µ, we can show that the energy den-
sity, E , is given by E = 3

4µn where n is the number
density. Therefore, the integrand after r

2 in the above
expression corresponds to µn, and this is nothing but a
relativistic counterpart of the mass density. So, the vol-
ume integral amounts to the moment of inertia. From
this argument it is clear that hLimech corresponds to the
mechanically induced orbital angular momentum.

Next we pay attention to the second term, �hSi?.
This is a very interesting term given an interpretation
as a chiral Einstein–de Haas effect. If the chiral fermions
are rotated from the initial condition, hLi = hSi = 0,
then the total angular momentum carried by the rotat-
ing fermions should be hJi = hLimech. We, however,
saw that the transverse motion with the spin-momentum
locking results in a finite hSi?. This must be canceled by
a change in hLi. In this way, �hSi? is transferred from
the spin so that the system can satisfy the total angular
momentum conservation, and this physical mechanism is
nothing but the realization of the Einstein–de Haas ef-
fect. One might have thought that the second term in
Eq. (21) would violate the angular momentum conserva-
tion. However, in a finite size cylinder, there appears a
surface state that exactly cancels this second term [31].

We can say that, the rotation causes a finite hSi, which
may well be called the chiral Barnett effect (for more
precise characterization, see discussions below). Then,
this induced hSi causes a finite shift in hLi, which may
be referred to as the chiral Einstein–de Haas effect.

Now, let us consider more about the chiral Barnett ef-
fect for the rest of this section. As discussed in the origi-
nal paper by Barnett [1], the Barnett effect is one realiza-
tion of the gyromagnetic effects and is the phenomenon
of generating a finite magnetization by rotation. The key
equation for underlying physics is obtained from balance
between the rotational and the magnetic energy shifts,
i.e.,

! · J = µ ·B , (26)

where B is an effective magnetic field and we take the
permeability to be the unity in our unit. The magnetic
field B is related to the magnetization M through the
magnetic susceptibility �B as M = �BB (provided that
M k B). Also, usually, µ k J (not on the operator level
but after taking the expectation value according to the
Wigner-Eckardt theorem), and the proportionality coef-
ficient � is called the gyromagnetic ratio, i.e., µ = �J .
With these definitions we can find the standard formula

for the Barnett effect, that is,

M =
�B

�
! (27)

This is a well-known formula, but as seen from Eq. (26),
one can get information only about projected compo-
nents along ! and B. Therefore, here, let us consider
a slightly different problem; we try to compute not M
but µ below.

The gyromagnetic ration for nonrelativistic fermionic
particles follows from the Dirac equation as

µ = µL + µS = gL
qe

2m
L+ gS

qe

2m
S , (28)

where qe and m are the electric charge and the mass of
considered particles, respectively. The g-factors are gL =
1 and gS = 2 for noninteracting Dirac fermions. Because
gL 6= gS , the right-hand side of Eq. (28) is not parallel to
J = L + S. If one takes the expectation value with the
eigenstates of the total angular momentum, however, one
can show that the right-hand side is directed to J and
the effective g-factor for J is given by the Lindé g-factor.

In our case of massless chiral fermions we cannot use
Eq. (28). We should then go back to the single particle
energy obtained from the Dirac equation with magnetic
field and rotation, and it is straightforward to confirm
that Eq. (28) is replaced with [32]

µ = µL + µS = gL
qe

2p
L+ gS

qe

2p
S . (29)

From now on we plug gL = 1 and gS = 2 into µL and
µS . We note that Eq. (29) is an operator relation, so we
should compute the expectation value as we did for the
spin and the orbital angular momentum in the previous
section.

Since the CVE term of ~2 order is not our main em-
phasis in the following discussion, we will work only up
to the ~ order terms. The orbital part reads,

hµLi = �qe
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Here, the first term is to be identified with the mechanical
contribution. Indeed, the integration by part makes the
first term look like,

hµLimech =
1

2
x⇥ (! ⇥ x)ne , (31)

where ne is the electric charge density. Since !⇥x is a ve-
locity vector associated with rotation motion, the above
expression is exactly the one known in classical electro-
magnetism for the magnetic dipole from the Amperian
loop.

The spin part similarly reads,

hµSi = �~�qe
3
(! ⇥ x)

Z

p
f
0(p) , (32)

Standard formula 
for the Barnett effect
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Roughly speaking, the Barnett effect is a transport 
from the orbital to the spin angular momentum.

To make this phenomenon well-defined, the orbital 
and the spin components must be well separated.

HOW?
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Angular Momentum 
= Noether Current from Rotational Symmetry

Magnetization, spin, and angular momentum of rotating chiral fermions

Kenji Fukushima, Shi Pu, and Zebin Qiu
Department of Physics, The University of Tokyo,

7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan

Using the chiral kinetic theory we discuss the magnetization, the spin, and the angular momentum
of rotating chiral fermions.

I. INTRODUCTION

Discovered a century ago, Barnett effect [1] is the mag-
netization induced by mechanical rotation of a rigid body.
Together with its inverse effect (Einstein-de Haas effect
[2]), it’s attributed to the conservation of angular momen-
tum and is essentially nothing but the transfer between
spin and orbital angular momentum. In a historical view,
experiments on these two effects were originally set up in
ferromagnetic materials and later regarded as an impor-
tant method to measure g-factor, or gyromagnetic ratio.

More recently, the idea of searching the counterpart of
Einstein-de Haas effect in chiral systems (constituted by
massless chiral fermions and featuring parity violation),
e.g. quark-gluon plasma (QGP) and Weyl semimetal, has
been proposed in [3]. Based on hydrodynamic conserva-
tion law for the total helicity, the transfer between its
two subdivisions, i.e. fluid helicity and particle chirality,
is suggested to be the analog to Barnett / Einstein-de
Haas effect, since fluid helicity characterizes macroscopic
helical motion while chirality is related to spin.

As an indispensable ingredient among above discus-
sions, chirality imbalance is revealed to be induced
through chiral anomaly [4, 5] in chiral media. Its fur-
ther interplay with electromagnetic fields or vorticity
produces chiral magentic effect (CME) [6–8] or chiral
vortical effect (CVE) [9–11] respectively. These anom-
lous transport phenomena attracted sustained attention
(for relevant reviews, see e.g. [12–14]), partially be-
cause their topological nature detemines they are non-
dissipative and thus survive hydrodynamic limit, which
means they may serve as macroscopic manifestations of
quantum anomaly. In parallel, our study of “chiral Bar-
nett effect”, boils down to drawing the connection be-
tween anomaly-induced spin and rigid rotation. Natu-
rally, we expect this novel effect to build another bridge
between microscopic/quantum and macroscopic/classical
physics.

Despite aforementioned sprout of the general idea un-
der hydrodynamic framework, the paucity of quantita-
tive study motivates us to resort to, by contrast, chiral
kinetic theory [15–19], which can go beyond the regime
of thermodynamic equilibrium. Kinetic theory is a semi-
classical approach under the assumption of weak external
fields and rare collisions. In such formalism, anomaly is
encoded in the Berry curvature, which modifies the clas-
sical kinetic equations (for the velocity and force of a sin-
gle particle). Chiral kinetic theory has well-established
derivation via different methods, e.g. path integral [15],

Hamiltonian formalism [16, 20], effective field theories
[21, 22], Wigner function [17, 23], worldline construction
[24], and turns out successful in describing the collective
dynamics of chiral anomalous transport. In this paper,
we employ such kinetic methodology.

It’s worth mentioning that, on the experimental side,
the most pertinent effort is the measurement on global
polarization of ⇤-hyperons [25–27], which signifies the
spin alignment along total angular momentum in heavy
ion collisions (HIC). Nevertheless, this effect itself is just
the consequence of spin-orbit coupling, rather than any
anomaly. What we are now exploring is the underlying
problem how angular momentum (including both spin
and orbital parts) is driven by rotation or vorticity in
chiral systems, which saliently involves chiral anomaly.

The structure of our paper is organized as follows (to
be determined afterwards)

Throughout this paper we use the natural unit for the
speed of light, c = 1, while we retain ~.

II. ANGULAR MOMENTUM

The angular momentum is a conserved quantity, but
the decomposition into the spin and the orbital compo-
nents is not unique in relativistic theories. We explain
our convention and physical interpretations. Let us start
with a free Dirac field (where the generalization to in-
clude interaction is not difficult by @µ ! Dµ), whose
Lagrangian density is,

L =  ̄
�
i~�µ@µ �m

�
 . (1)

Since this Lagrangian is invariant under an infinitesimal
rotation,

x
µ ! x

0µ = x
µ + ✏

µ
⌫x

⌫
, (2)

where ✏µ⌫ is an infinitesimal antisymmetric tensor. The
angular momentum tensor is the Nöther current asso-
ciated with symmetry under Eq. (2). We note that
the spinor transforms as  (x) !  

0(x0) =  (x) +
✏µ⌫� 

µ⌫(x) where � µ⌫(x) = �(i/2)⌃µ⌫
 (x) with ⌃µ⌫ =

(i/4)[�µ, �⌫ ]. Correspondingly, for symmetry transfor-
mation with ✏µ⌫ the Nöther current with a current index
� has two contributions; one from a coordinate part by
Eq. (2) and the other from the spinor part as

J
�µ⌫ = L

�µ⌫ + S
�µ⌫

. (3)

2

From the similarity between the rotation in Eq. (2) and
the translational shift, we can rewrite the first term,
L
�µ⌫ , using the canonical energy-momentum tensor,

T
µ⌫ =

@L
@(@µ )

@ 

@x⌫
=  ̄ i~�µ@⌫ , (4)

into the following form,

L
�µ⌫ =  ̄ i~

�
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�
x
µ
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�
x
⌫
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= x
µ
T

�⌫ � x
⌫
T

�µ
. (5)

Turning to the second term, its explicit form reads,

S
�µ⌫ =

@L
@(@� )

� 
µ⌫ =

1

2
 ̄ i~���µ�⌫ . (6)

Therefore, the total angular momentum density is,

J
�µ⌫ =  ̄ i~
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µ
@
⌫ � �

�
x
⌫
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µ +

1

2
�
�
�
µ
�
⌫
⌘
 , (7)

whose zeroth component is the conserved charge, i.e.,
the conserved total angular momentum. Using the Dirac
equation, we can easily check that

@�L
�µ⌫ = �@�S�µ⌫ =  ̄ i~(�µ@⌫ � �

⌫
@
µ) . (8)

From the above @�J�µ⌫ = 0 immediately follows. If the
surface term is irrelevant, we can then arrive at the an-
gular momentum conservation law as

d

dt

Z
d
3
xJ

0µ⌫ = 0 . (9)

One might have thought that the identification of L0µ⌫

and S
0µ⌫ as the orbital and the spin components would

be natural. Indeed, in the nonrelativistic limit, L0µ⌫ and
S
0µ⌫ go to the orbital and the spin components, respec-

tively. Nevertheless, this does not guarantee the unique
definition.

Actually, the energy-momentum tensor always has am-
biguity by

⇥µ⌫ = T
µ⌫ + @�⌃

µ⌫� (10)

with arbitrary antisymmetric tensor ⌃µ⌫�. It is obvious
that ⇥µ⌫ also satisfies the conservation law, and so it
is equally qualified as the energy-momentum tensor. In
particular, with an appropriate choice of ⌃µ⌫�, one can
make ⇥µ⌫ symmetric as

⇥µ⌫ =
1

2
 ̄ i~(�µ@⌫ + �

⌫
@
µ) . (11)

The corresponding “orbital” component of the angular
momentum, deduced from Eq. (5) with T

µ⌫ replaced by
⇥µ⌫ , is

L̃
�µ⌫ =
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and the “spin” component inferred from S̃
�µ⌫ = J

�µ⌫ �
L̃
�µ⌫ . Interestingly, using the Dirac equation again, we

can prove,

@�L̃
�µ⌫ = @�S̃

�µ⌫ = 0 . (13)

The above indicates that in this construction the orbital
and the spin components of the angular momentum are
separately conserved (see Ref. [28] for a related discus-
sion on electron vortices), while the canonical ones, L�µ⌫

and S
�µ⌫ are not. However, this fact does not mean any

superiority of L̃
�µ⌫ and S̃

�µ⌫ because neither of them
is a true symmetry generator alone. The situation is
quite similar to the decomposition of the optical spin and
the optical orbital angular momentum. For free electro-
magnetic fields one can generally define individually con-
served spin and orbital angular momentum operator, but
due to the transversality constraint, only their combina-
tion, i.e., the total angular momentum is the physically
meaningful quantity [29, 30].

Throughout this work we adopt the canonical spin
S
�µ⌫ and the canonical orbital angular momentumly

L
�µ⌫ , which is because these are the definitions mostly

naturally connected to the nonrelativistic counterparts.
Another advantage to use S

�µ⌫ is that S
0µ⌫ is nothing

but the axial current and thus is given an interpretation
in connection to the chiral anomaly. That is,

S
0ij = ✏

ijk ~
2
 ̄�

k
�5 = ✏

ijk j
k
5

2
. (14)

This relation also implies that, if the axial current is a
measurable physical observable, S

0ij and thus L
0ij are

too.

III. INCARNATION IN KINETIC THEORY

Since we will consider the problem in terms of kinetic
theory, we should find corresponding expressions for L�µ⌫

and S
�µ⌫ using the distribution function, f(p,x, t). To

this end we should consider the one-particle angular mo-
mentum tensor as considered in Ref. [19], i.e.,

J
0µ⌫ = L

µ⌫ + S
µ⌫ = x

µ
p
⌫ � x

⌫
p
µ + S

µ⌫ (15)

with p
µ = (p = |p|, p), which should be compared to

Eq. (7). From the correspondence of i~@µ ! p
µ, it is

clear that the first two terms represent our L
0µ⌫ part.

Thus, the last term represents the spin tensor, whose
concrete shape is fixed up to a frame vector, n� , as [19]

S
µ⌫ = ~� ✏µ⌫↵� p↵ n�

p · n . (16)

Here, � represents the helicity. We choose n� = (1, 0) in
this work, and then we find S

ij = ~� ✏ijkp̂k and S
0⌫ = 0.

Summarizing the above, we now identify,

L
ij = x

i
p
j � x

j
p
i �! L = x⇥ p , (17)

S
ij = ~� ✏ijkp̂k �! S = ~� p̂ . (18)
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From the similarity between the rotation in Eq. (2) and
the translational shift, we can rewrite the first term,
L
�µ⌫ , using the canonical energy-momentum tensor,

T
µ⌫ =

@L
@(@µ )
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@x⌫
=  ̄ i~�µ@⌫ , (4)

into the following form,
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Turning to the second term, its explicit form reads,

S
�µ⌫ =
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whose zeroth component is the conserved charge, i.e.,
the conserved total angular momentum. Using the Dirac
equation, we can easily check that

@�L
�µ⌫ = �@�S�µ⌫ =  ̄ i~(�µ@⌫ � �

⌫
@
µ) . (8)

From the above @�J�µ⌫ = 0 immediately follows. If the
surface term is irrelevant, we can then arrive at the an-
gular momentum conservation law as

d

dt

Z
d
3
xJ

0µ⌫ = 0 . (9)

One might have thought that the identification of L0µ⌫

and S
0µ⌫ as the orbital and the spin components would

be natural. Indeed, in the nonrelativistic limit, L0µ⌫ and
S
0µ⌫ go to the orbital and the spin components, respec-

tively. Nevertheless, this does not guarantee the unique
definition.

Actually, the energy-momentum tensor always has am-
biguity by

⇥µ⌫ = T
µ⌫ + @�⌃

µ⌫� (10)

with arbitrary antisymmetric tensor ⌃µ⌫�. It is obvious
that ⇥µ⌫ also satisfies the conservation law, and so it
is equally qualified as the energy-momentum tensor. In
particular, with an appropriate choice of ⌃µ⌫�, one can
make ⇥µ⌫ symmetric as
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The corresponding “orbital” component of the angular
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and the “spin” component inferred from S̃
�µ⌫ = J

�µ⌫ �
L̃
�µ⌫ . Interestingly, using the Dirac equation again, we

can prove,
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�µ⌫ = @�S̃

�µ⌫ = 0 . (13)

The above indicates that in this construction the orbital
and the spin components of the angular momentum are
separately conserved (see Ref. [28] for a related discus-
sion on electron vortices), while the canonical ones, L�µ⌫

and S
�µ⌫ are not. However, this fact does not mean any

superiority of L̃
�µ⌫ and S̃

�µ⌫ because neither of them
is a true symmetry generator alone. The situation is
quite similar to the decomposition of the optical spin and
the optical orbital angular momentum. For free electro-
magnetic fields one can generally define individually con-
served spin and orbital angular momentum operator, but
due to the transversality constraint, only their combina-
tion, i.e., the total angular momentum is the physically
meaningful quantity [29, 30].

Throughout this work we adopt the canonical spin
S
�µ⌫ and the canonical orbital angular momentumly

L
�µ⌫ , which is because these are the definitions mostly

naturally connected to the nonrelativistic counterparts.
Another advantage to use S

�µ⌫ is that S
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but the axial current and thus is given an interpretation
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This relation also implies that, if the axial current is a
measurable physical observable, S

0ij and thus L
0ij are

too.

III. INCARNATION IN KINETIC THEORY

Since we will consider the problem in terms of kinetic
theory, we should find corresponding expressions for L�µ⌫

and S
�µ⌫ using the distribution function, f(p,x, t). To

this end we should consider the one-particle angular mo-
mentum tensor as considered in Ref. [19], i.e.,

J
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µ
p
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p
µ + S

µ⌫ (15)

with p
µ = (p = |p|, p), which should be compared to

Eq. (7). From the correspondence of i~@µ ! p
µ, it is

clear that the first two terms represent our L
0µ⌫ part.

Thus, the last term represents the spin tensor, whose
concrete shape is fixed up to a frame vector, n� , as [19]

S
µ⌫ = ~� ✏µ⌫↵� p↵ n�

p · n . (16)

Here, � represents the helicity. We choose n� = (1, 0) in
this work, and then we find S

ij = ~� ✏ijkp̂k and S
0⌫ = 0.

Summarizing the above, we now identify,
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Neither L nor S conserved separately
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whose zeroth component is the conserved charge, i.e.,
the conserved total angular momentum. Using the Dirac
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From the above @�J�µ⌫ = 0 immediately follows. If the
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and S
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tively. Nevertheless, this does not guarantee the unique
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and the “spin” component inferred from S̃
�µ⌫ = J
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�µ⌫ . Interestingly, using the Dirac equation again, we

can prove,
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�µ⌫ = @�S̃
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The above indicates that in this construction the orbital
and the spin components of the angular momentum are
separately conserved (see Ref. [28] for a related discus-
sion on electron vortices), while the canonical ones, L�µ⌫

and S
�µ⌫ are not. However, this fact does not mean any
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�µ⌫ because neither of them
is a true symmetry generator alone. The situation is
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the optical orbital angular momentum. For free electro-
magnetic fields one can generally define individually con-
served spin and orbital angular momentum operator, but
due to the transversality constraint, only their combina-
tion, i.e., the total angular momentum is the physically
meaningful quantity [29, 30].

Throughout this work we adopt the canonical spin
S
�µ⌫ and the canonical orbital angular momentumly

L
�µ⌫ , which is because these are the definitions mostly

naturally connected to the nonrelativistic counterparts.
Another advantage to use S

�µ⌫ is that S
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but the axial current and thus is given an interpretation
in connection to the chiral anomaly. That is,

S
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This relation also implies that, if the axial current is a
measurable physical observable, S

0ij and thus L
0ij are

too.

III. INCARNATION IN KINETIC THEORY

Since we will consider the problem in terms of kinetic
theory, we should find corresponding expressions for L�µ⌫

and S
�µ⌫ using the distribution function, f(p,x, t). To

this end we should consider the one-particle angular mo-
mentum tensor as considered in Ref. [19], i.e.,

J
0µ⌫ = L

µ⌫ + S
µ⌫ = x

µ
p
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⌫
p
µ + S

µ⌫ (15)

with p
µ = (p = |p|, p), which should be compared to

Eq. (7). From the correspondence of i~@µ ! p
µ, it is

clear that the first two terms represent our L
0µ⌫ part.

Thus, the last term represents the spin tensor, whose
concrete shape is fixed up to a frame vector, n� , as [19]

S
µ⌫ = ~� ✏µ⌫↵� p↵ n�

p · n . (16)

Here, � represents the helicity. We choose n� = (1, 0) in
this work, and then we find S

ij = ~� ✏ijkp̂k and S
0⌫ = 0.

Summarizing the above, we now identify,
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j � x

j
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S
ij = ~� ✏ijkp̂k �! S = ~� p̂ . (18)
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From the similarity between the rotation in Eq. (2) and
the translational shift, we can rewrite the first term,
L
�µ⌫ , using the canonical energy-momentum tensor,

T
µ⌫ =

@L
@(@µ )
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@x⌫
=  ̄ i~�µ@⌫ , (4)

into the following form,

L
�µ⌫ =  ̄ i~
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T
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. (5)

Turning to the second term, its explicit form reads,

S
�µ⌫ =
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2
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Therefore, the total angular momentum density is,
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whose zeroth component is the conserved charge, i.e.,
the conserved total angular momentum. Using the Dirac
equation, we can easily check that

@�L
�µ⌫ = �@�S�µ⌫ =  ̄ i~(�µ@⌫ � �

⌫
@
µ) . (8)

From the above @�J�µ⌫ = 0 immediately follows. If the
surface term is irrelevant, we can then arrive at the an-
gular momentum conservation law as

d

dt

Z
d
3
xJ

0µ⌫ = 0 . (9)

One might have thought that the identification of L0µ⌫

and S
0µ⌫ as the orbital and the spin components would

be natural. Indeed, in the nonrelativistic limit, L0µ⌫ and
S
0µ⌫ go to the orbital and the spin components, respec-

tively. Nevertheless, this does not guarantee the unique
definition.

Actually, the energy-momentum tensor always has am-
biguity by

⇥µ⌫ = T
µ⌫ + @�⌃

µ⌫� (10)

with arbitrary antisymmetric tensor ⌃µ⌫�. It is obvious
that ⇥µ⌫ also satisfies the conservation law, and so it
is equally qualified as the energy-momentum tensor. In
particular, with an appropriate choice of ⌃µ⌫�, one can
make ⇥µ⌫ symmetric as

⇥µ⌫ =
1

2
 ̄ i~(�µ@⌫ + �

⌫
@
µ) . (11)

The corresponding “orbital” component of the angular
momentum, deduced from Eq. (5) with T

µ⌫ replaced by
⇥µ⌫ , is

L̃
�µ⌫ =
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�µ⌫ +

1
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 ̄ i~
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(xµ

�
⌫ � x

⌫
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⇤
 , (12)

and the “spin” component inferred from S̃
�µ⌫ = J

�µ⌫ �
L̃
�µ⌫ . Interestingly, using the Dirac equation again, we

can prove,

@�L̃
�µ⌫ = @�S̃

�µ⌫ = 0 . (13)

The above indicates that in this construction the orbital
and the spin components of the angular momentum are
separately conserved (see Ref. [28] for a related discus-
sion on electron vortices), while the canonical ones, L�µ⌫

and S
�µ⌫ are not. However, this fact does not mean any

superiority of L̃
�µ⌫ and S̃

�µ⌫ because neither of them
is a true symmetry generator alone. The situation is
quite similar to the decomposition of the optical spin and
the optical orbital angular momentum. For free electro-
magnetic fields one can generally define individually con-
served spin and orbital angular momentum operator, but
due to the transversality constraint, only their combina-
tion, i.e., the total angular momentum is the physically
meaningful quantity [29, 30].

Throughout this work we adopt the canonical spin
S
�µ⌫ and the canonical orbital angular momentumly

L
�µ⌫ , which is because these are the definitions mostly

naturally connected to the nonrelativistic counterparts.
Another advantage to use S

�µ⌫ is that S
0µ⌫ is nothing

but the axial current and thus is given an interpretation
in connection to the chiral anomaly. That is,

S
0ij = ✏

ijk ~
2
 ̄�

k
�5 = ✏

ijk j
k
5

2
. (14)

This relation also implies that, if the axial current is a
measurable physical observable, S

0ij and thus L
0ij are

too.

III. INCARNATION IN KINETIC THEORY

Since we will consider the problem in terms of kinetic
theory, we should find corresponding expressions for L�µ⌫

and S
�µ⌫ using the distribution function, f(p,x, t). To

this end we should consider the one-particle angular mo-
mentum tensor as considered in Ref. [19], i.e.,

J
0µ⌫ = L

µ⌫ + S
µ⌫ = x

µ
p
⌫ � x

⌫
p
µ + S

µ⌫ (15)

with p
µ = (p = |p|, p), which should be compared to

Eq. (7). From the correspondence of i~@µ ! p
µ, it is

clear that the first two terms represent our L
0µ⌫ part.

Thus, the last term represents the spin tensor, whose
concrete shape is fixed up to a frame vector, n� , as [19]

S
µ⌫ = ~� ✏µ⌫↵� p↵ n�

p · n . (16)

Here, � represents the helicity. We choose n� = (1, 0) in
this work, and then we find S

ij = ~� ✏ijkp̂k and S
0⌫ = 0.

Summarizing the above, we now identify,

L
ij = x

i
p
j � x

j
p
i �! L = x⇥ p , (17)

S
ij = ~� ✏ijkp̂k �! S = ~� p̂ . (18)

S̃�µ⌫ = J�µ⌫ � L̃�µ⌫
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From the similarity between the rotation in Eq. (2) and
the translational shift, we can rewrite the first term,
L
�µ⌫ , using the canonical energy-momentum tensor,

T
µ⌫ =
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into the following form,
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Turning to the second term, its explicit form reads,
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whose zeroth component is the conserved charge, i.e.,
the conserved total angular momentum. Using the Dirac
equation, we can easily check that

@�L
�µ⌫ = �@�S�µ⌫ =  ̄ i~(�µ@⌫ � �

⌫
@
µ) . (8)

From the above @�J�µ⌫ = 0 immediately follows. If the
surface term is irrelevant, we can then arrive at the an-
gular momentum conservation law as

d

dt

Z
d
3
xJ

0µ⌫ = 0 . (9)

One might have thought that the identification of L0µ⌫

and S
0µ⌫ as the orbital and the spin components would

be natural. Indeed, in the nonrelativistic limit, L0µ⌫ and
S
0µ⌫ go to the orbital and the spin components, respec-

tively. Nevertheless, this does not guarantee the unique
definition.

Actually, the energy-momentum tensor always has am-
biguity by

⇥µ⌫ = T
µ⌫ + @�⌃

µ⌫� (10)

with arbitrary antisymmetric tensor ⌃µ⌫�. It is obvious
that ⇥µ⌫ also satisfies the conservation law, and so it
is equally qualified as the energy-momentum tensor. In
particular, with an appropriate choice of ⌃µ⌫�, one can
make ⇥µ⌫ symmetric as
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momentum, deduced from Eq. (5) with T

µ⌫ replaced by
⇥µ⌫ , is

L̃
�µ⌫ =

1

2
L
�µ⌫ +

1

2
 ̄ i~

⇥
(xµ

�
⌫ � x

⌫
�
µ)@�

⇤
 , (12)

and the “spin” component inferred from S̃
�µ⌫ = J

�µ⌫ �
L̃
�µ⌫ . Interestingly, using the Dirac equation again, we

can prove,

@�L̃
�µ⌫ = @�S̃

�µ⌫ = 0 . (13)

The above indicates that in this construction the orbital
and the spin components of the angular momentum are
separately conserved (see Ref. [28] for a related discus-
sion on electron vortices), while the canonical ones, L�µ⌫

and S
�µ⌫ are not. However, this fact does not mean any

superiority of L̃
�µ⌫ and S̃

�µ⌫ because neither of them
is a true symmetry generator alone. The situation is
quite similar to the decomposition of the optical spin and
the optical orbital angular momentum. For free electro-
magnetic fields one can generally define individually con-
served spin and orbital angular momentum operator, but
due to the transversality constraint, only their combina-
tion, i.e., the total angular momentum is the physically
meaningful quantity [29, 30].

Throughout this work we adopt the canonical spin
S
�µ⌫ and the canonical orbital angular momentumly

L
�µ⌫ , which is because these are the definitions mostly

naturally connected to the nonrelativistic counterparts.
Another advantage to use S

�µ⌫ is that S
0µ⌫ is nothing

but the axial current and thus is given an interpretation
in connection to the chiral anomaly. That is,

S
0ij = ✏
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ijk j
k
5

2
. (14)

This relation also implies that, if the axial current is a
measurable physical observable, S

0ij and thus L
0ij are

too.

III. INCARNATION IN KINETIC THEORY

Since we will consider the problem in terms of kinetic
theory, we should find corresponding expressions for L�µ⌫

and S
�µ⌫ using the distribution function, f(p,x, t). To

this end we should consider the one-particle angular mo-
mentum tensor as considered in Ref. [19], i.e.,

J
0µ⌫ = L

µ⌫ + S
µ⌫ = x

µ
p
⌫ � x

⌫
p
µ + S

µ⌫ (15)

with p
µ = (p = |p|, p), which should be compared to

Eq. (7). From the correspondence of i~@µ ! p
µ, it is

clear that the first two terms represent our L
0µ⌫ part.

Thus, the last term represents the spin tensor, whose
concrete shape is fixed up to a frame vector, n� , as [19]

S
µ⌫ = ~� ✏µ⌫↵� p↵ n�

p · n . (16)

Here, � represents the helicity. We choose n� = (1, 0) in
this work, and then we find S

ij = ~� ✏ijkp̂k and S
0⌫ = 0.

Summarizing the above, we now identify,
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S
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Separately  
conserved?

Belinfante angular momentum 
(Only the orbital part remains, and the spin  
part turns out to be trivial…)
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We believe the former decomposition makes sense:
1) Reduced to ordinary L and S in non-rela limit
2) S is related to the axial current

2

From the similarity between the rotation in Eq. (2) and
the translational shift, we can rewrite the first term,
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whose zeroth component is the conserved charge, i.e.,
the conserved total angular momentum. Using the Dirac
equation, we can easily check that

@�L
�µ⌫ = �@�S�µ⌫ =  ̄ i~(�µ@⌫ � �

⌫
@
µ) . (8)

From the above @�J�µ⌫ = 0 immediately follows. If the
surface term is irrelevant, we can then arrive at the an-
gular momentum conservation law as

d

dt

Z
d
3
xJ

0µ⌫ = 0 . (9)

One might have thought that the identification of L0µ⌫

and S
0µ⌫ as the orbital and the spin components would

be natural. Indeed, in the nonrelativistic limit, L0µ⌫ and
S
0µ⌫ go to the orbital and the spin components, respec-

tively. Nevertheless, this does not guarantee the unique
definition.

Actually, the energy-momentum tensor always has am-
biguity by

⇥µ⌫ = T
µ⌫ + @�⌃

µ⌫� (10)

with arbitrary antisymmetric tensor ⌃µ⌫�. It is obvious
that ⇥µ⌫ also satisfies the conservation law, and so it
is equally qualified as the energy-momentum tensor. In
particular, with an appropriate choice of ⌃µ⌫�, one can
make ⇥µ⌫ symmetric as

⇥µ⌫ =
1

2
 ̄ i~(�µ@⌫ + �

⌫
@
µ) . (11)

The corresponding “orbital” component of the angular
momentum, deduced from Eq. (5) with T

µ⌫ replaced by
⇥µ⌫ , is

L̃
�µ⌫ =

1

2
L
�µ⌫ +

1

2
 ̄ i~

⇥
(xµ

�
⌫ � x

⌫
�
µ)@�

⇤
 , (12)

and the “spin” component inferred from S̃
�µ⌫ = J

�µ⌫ �
L̃
�µ⌫ . Interestingly, using the Dirac equation again, we

can prove,

@�L̃
�µ⌫ = @�S̃

�µ⌫ = 0 . (13)

The above indicates that in this construction the orbital
and the spin components of the angular momentum are
separately conserved (see Ref. [28] for a related discus-
sion on electron vortices), while the canonical ones, L�µ⌫

and S
�µ⌫ are not. However, this fact does not mean any

superiority of L̃
�µ⌫ and S̃

�µ⌫ because neither of them
is a true symmetry generator alone. The situation is
quite similar to the decomposition of the optical spin and
the optical orbital angular momentum. For free electro-
magnetic fields one can generally define individually con-
served spin and orbital angular momentum operator, but
due to the transversality constraint, only their combina-
tion, i.e., the total angular momentum is the physically
meaningful quantity [29, 30].

Throughout this work we adopt the canonical spin
S
�µ⌫ and the canonical orbital angular momentumly

L
�µ⌫ , which is because these are the definitions mostly

naturally connected to the nonrelativistic counterparts.
Another advantage to use S

�µ⌫ is that S
0µ⌫ is nothing

but the axial current and thus is given an interpretation
in connection to the chiral anomaly. That is,

S
0ij = ✏

ijk ~
2
 ̄�

k
�5 = ✏

ijk j
k
5

2
. (14)

This relation also implies that, if the axial current is a
measurable physical observable, S

0ij and thus L
0ij are

too.

III. INCARNATION IN KINETIC THEORY

Since we will consider the problem in terms of kinetic
theory, we should find corresponding expressions for L�µ⌫

and S
�µ⌫ using the distribution function, f(p,x, t). To

this end we should consider the one-particle angular mo-
mentum tensor as considered in Ref. [19], i.e.,

J
0µ⌫ = L

µ⌫ + S
µ⌫ = x

µ
p
⌫ � x

⌫
p
µ + S

µ⌫ (15)

with p
µ = (p = |p|, p), which should be compared to

Eq. (7). From the correspondence of i~@µ ! p
µ, it is

clear that the first two terms represent our L
0µ⌫ part.

Thus, the last term represents the spin tensor, whose
concrete shape is fixed up to a frame vector, n� , as [19]

S
µ⌫ = ~� ✏µ⌫↵� p↵ n�

p · n . (16)

Here, � represents the helicity. We choose n� = (1, 0) in
this work, and then we find S

ij = ~� ✏ijkp̂k and S
0⌫ = 0.

Summarizing the above, we now identify,

L
ij = x

i
p
j � x

j
p
i �! L = x⇥ p , (17)

S
ij = ~� ✏ijkp̂k �! S = ~� p̂ . (18)

Corresponding Spin Operator:

3

It should be noted that Lij and S
ij have the same physi-

cal unit but ~ in L
ij is hidden in the momentum p which

is of order O(~0) in a quasi-particle picutre based on
which the kinetic description is. In this way, in a semi-
classical treatment, the spin is a quantum effect, while
the orbital angular momentum is not, as is consistent
with our intuition.

Unfortunately, this is not yet the end of the setup.
As we mentioned in Eq. (14) the spin is related to the
current on the operator level. The current expectation
value would pick up a contribution from the energy shift
by the magnetic moment coupling. With this taken into
account, the spin is

S ! ~�
✓
p̂� ~� p̂

2p
⇥r

◆
, (19)

where the second term would be vanishing for spatially
homogeneous distributions. As we see soon below, the
rotation induces inhomogeneity, and there will be a finite
contribution.

IV. ROTATING CHIRAL FERMIONS

In this work we shall treat the effect of rotation us-
ing bulk matter rotating at constant angular velocity !
instead of local fluid vorticity, and we turn off electro-
magnetic fields. In equilibrium without rotation the dis-
tribution function f is homogeneous in coordinate space
and isotropic in momentum space, and is a function of
single particle energy ", i.e., f = f("). Let us consider
what happens if we apply rotation at finite !. In a frame
co-moving with rotating matter, it is a natural assump-
tion that f = f("rot) is reached eventually in local equi-
librium, where "rot is a single particle energy in the co-
moving frame. Solving the Dirac equation in a rotating
frame, we can easily find,

"rot = p� ! ·
�
x⇥ p+ ~�p̂

�
, (20)

represented in terms of the original (non-rotating) coor-
dinates. It is worth mentioning that the second term is
nothing but a cranking term, �! · J . Now, f("rot) is
neither homogeneous in coordinate space nor isotropic
in momentum space due to the rotation effect, the spin
and the orbital angular momentum deduced from f("rot)
become nonvanishing. Let us first consider the spin ex-
pectation value;

hSi =
Z

p
�~

✓
p̂� �~ p̂

2p
⇥r

◆
f("rot)

= �~�(! ⇥ x)

Z

p

p

3
f
0(p)� ~2!

Z

p
f
0(p) (21)

up to the linear order of ! expansion, where f
0(p) repre-

sent a momentum derivative of f(p). The phase space
integral is performed only for momentum with

R
p =R

d
3
p/(2⇡~)3. Here, below, we make a remark about the

~ order. The kinetic theory implicitly assumed the ~ ex-
pansion, so there may be unknown terms of ~2 order.
Therefore, in the above expression, the first term involv-
ing x⇥! may receive higher order corrections of ~2 order.
The second term, however, does not have coordinate de-
pendence and, because the coordinate independent term
in Eq. (20) is already of order ~1, unknown corrections
for this term would start from ~3 order. In fact, this in-
trinsic term not referring to x correctly reproduces the
chiral vortical effect, as is expected from Eq. (14).

We next turn to the orbital angular momentum. In
the same way we can expand the distribution function in
terms of ! to get,

hLi =
Z

p
(x⇥ p) f 0(p)(�!) · (x⇥ p+ ~�p̂)

= �x⇥ (! ⇥ x)

Z

p

p
2

3
f
0(p) + ~�(! ⇥ x)

Z

p

p

3
f
0(p) .

(22)

These are our central results in this paper. In what fol-
lows below, we give physical interpretations for these re-
sults.

V. CHIRAL EINSTEIN–DE HAAS AND
BARNETT EFFECT

The physical meaning of Eq. (21) becomes evident once
we add both left-handed and right-handed contributions
up. Then, after the integration by parts, for the first
term, we find,

hSi? = �~
X

R,L

�(! ⇥ x)

Z

p

p

3
f
0
�(p)

=
~
2
(! ⇥ x)

Z

p

⇥
fR(p)� fL(p)

⇤
=

~
2
(! ⇥ x)n5 .

(23)

where fR and fL represent the distribution functions of
right-handed and left-handed particles, respectively, and
n5 = nR � nL represents the chirality. This rotation-
induced spin alignment is intuitively understood in the
following way. For massless fermions the spin and the
momentum directions are locked up, so that, if we macro-
scopically move chiral matter with a velocity, u = !⇥x,
the spin should be tilted along u. In this sense the first
term of Eq. (21) or equivalently hSi? in Eq. (23) is a
unique result inherent in chiral fermions. Interestingly,
this transverse or troidal spin alignment requires a finite
chiral imbalance.

With simple algebra for the orbital angular momen-
tum, we can rewrite Eq. (22) into the following form,

hLi = x⇥ (! ⇥ x)
4

3

Z

p
p
⇥
fR(p) + fL(p)

⇤
� hSi?

= hLimech � hSi? . (24)

Spin

Momentum

Torque from gyromagnetic effect
Chen-Son-Stephanov, PRL (2015)
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Spin Expectation Value

3

It should be noted that Lij and S
ij have the same physi-

cal unit but ~ in L
ij is hidden in the momentum p which

is of order O(~0) in a quasi-particle picutre based on
which the kinetic description is. In this way, in a semi-
classical treatment, the spin is a quantum effect, while
the orbital angular momentum is not, as is consistent
with our intuition.

Unfortunately, this is not yet the end of the setup.
As we mentioned in Eq. (14) the spin is related to the
current on the operator level. The current expectation
value would pick up a contribution from the energy shift
by the magnetic moment coupling. With this taken into
account, the spin is

S ! ~�
✓
p̂� ~� p̂

2p
⇥r

◆
, (19)

where the second term would be vanishing for spatially
homogeneous distributions. As we see soon below, the
rotation induces inhomogeneity, and there will be a finite
contribution.

IV. ROTATING CHIRAL FERMIONS

In this work we shall treat the effect of rotation us-
ing bulk matter rotating at constant angular velocity !
instead of local fluid vorticity, and we turn off electro-
magnetic fields. In equilibrium without rotation the dis-
tribution function f is homogeneous in coordinate space
and isotropic in momentum space, and is a function of
single particle energy ", i.e., f = f("). Let us consider
what happens if we apply rotation at finite !. In a frame
co-moving with rotating matter, it is a natural assump-
tion that f = f("rot) is reached eventually in local equi-
librium, where "rot is a single particle energy in the co-
moving frame. Solving the Dirac equation in a rotating
frame, we can easily find,

"rot = p� ! ·
�
x⇥ p+ ~�p̂

�
, (20)

represented in terms of the original (non-rotating) coor-
dinates. It is worth mentioning that the second term is
nothing but a cranking term, �! · J . Now, f("rot) is
neither homogeneous in coordinate space nor isotropic
in momentum space due to the rotation effect, the spin
and the orbital angular momentum deduced from f("rot)
become nonvanishing. Let us first consider the spin ex-
pectation value;

hSi =
Z

p
�~

✓
p̂� �~ p̂

2p
⇥r

◆
f("rot)

= �~�(! ⇥ x)

Z

p

p

3
f
0(p)� ~2!

Z

p
f
0(p) (21)

up to the linear order of ! expansion, where f
0(p) repre-

sent a momentum derivative of f(p). The phase space
integral is performed only for momentum with

R
p =R

d
3
p/(2⇡~)3. Here, below, we make a remark about the

~ order. The kinetic theory implicitly assumed the ~ ex-
pansion, so there may be unknown terms of ~2 order.
Therefore, in the above expression, the first term involv-
ing x⇥! may receive higher order corrections of ~2 order.
The second term, however, does not have coordinate de-
pendence and, because the coordinate independent term
in Eq. (20) is already of order ~1, unknown corrections
for this term would start from ~3 order. In fact, this in-
trinsic term not referring to x correctly reproduces the
chiral vortical effect, as is expected from Eq. (14).

We next turn to the orbital angular momentum. In
the same way we can expand the distribution function in
terms of ! to get,

hLi =
Z

p
(x⇥ p) f 0(p)(�!) · (x⇥ p+ ~�p̂)

= �x⇥ (! ⇥ x)

Z

p

p
2

3
f
0(p) + ~�(! ⇥ x)

Z

p

p

3
f
0(p) .

(22)

These are our central results in this paper. In what fol-
lows below, we give physical interpretations for these re-
sults.

V. CHIRAL EINSTEIN–DE HAAS AND
BARNETT EFFECT

The physical meaning of Eq. (21) becomes evident once
we add both left-handed and right-handed contributions
up. Then, after the integration by parts, for the first
term, we find,

hSi? = �~
X

R,L

�(! ⇥ x)

Z

p

p

3
f
0
�(p)

=
~
2
(! ⇥ x)

Z

p

⇥
fR(p)� fL(p)

⇤
=

~
2
(! ⇥ x)n5 .

(23)

where fR and fL represent the distribution functions of
right-handed and left-handed particles, respectively, and
n5 = nR � nL represents the chirality. This rotation-
induced spin alignment is intuitively understood in the
following way. For massless fermions the spin and the
momentum directions are locked up, so that, if we macro-
scopically move chiral matter with a velocity, u = !⇥x,
the spin should be tilted along u. In this sense the first
term of Eq. (21) or equivalently hSi? in Eq. (23) is a
unique result inherent in chiral fermions. Interestingly,
this transverse or troidal spin alignment requires a finite
chiral imbalance.

With simple algebra for the orbital angular momen-
tum, we can rewrite Eq. (22) into the following form,

hLi = x⇥ (! ⇥ x)
4

3

Z

p
p
⇥
fR(p) + fL(p)

⇤
� hSi?

= hLimech � hSi? . (24)

Energy in a rotating fluid

3

It should be noted that Lij and S
ij have the same physi-

cal unit but ~ in L
ij is hidden in the momentum p which

is of order O(~0) in a quasi-particle picutre based on
which the kinetic description is. In this way, in a semi-
classical treatment, the spin is a quantum effect, while
the orbital angular momentum is not, as is consistent
with our intuition.

Unfortunately, this is not yet the end of the setup.
As we mentioned in Eq. (14) the spin is related to the
current on the operator level. The current expectation
value would pick up a contribution from the energy shift
by the magnetic moment coupling. With this taken into
account, the spin is

S ! ~�
✓
p̂� ~� p̂

2p
⇥r

◆
, (19)

where the second term would be vanishing for spatially
homogeneous distributions. As we see soon below, the
rotation induces inhomogeneity, and there will be a finite
contribution.

IV. ROTATING CHIRAL FERMIONS

In this work we shall treat the effect of rotation us-
ing bulk matter rotating at constant angular velocity !
instead of local fluid vorticity, and we turn off electro-
magnetic fields. In equilibrium without rotation the dis-
tribution function f is homogeneous in coordinate space
and isotropic in momentum space, and is a function of
single particle energy ", i.e., f = f("). Let us consider
what happens if we apply rotation at finite !. In a frame
co-moving with rotating matter, it is a natural assump-
tion that f = f("rot) is reached eventually in local equi-
librium, where "rot is a single particle energy in the co-
moving frame. Solving the Dirac equation in a rotating
frame, we can easily find,

"rot = p� ! ·
�
x⇥ p+ ~�p̂

�
, (20)

represented in terms of the original (non-rotating) coor-
dinates. It is worth mentioning that the second term is
nothing but a cranking term, �! · J . Now, f("rot) is
neither homogeneous in coordinate space nor isotropic
in momentum space due to the rotation effect, the spin
and the orbital angular momentum deduced from f("rot)
become nonvanishing. Let us first consider the spin ex-
pectation value;

hSi =
Z

p
�~

✓
p̂� �~ p̂

2p
⇥r

◆
f("rot)

= �~�(! ⇥ x)

Z

p

p

3
f
0(p)� ~2!

Z

p
f
0(p) (21)

up to the linear order of ! expansion, where f
0(p) repre-

sent a momentum derivative of f(p). The phase space
integral is performed only for momentum with

R
p =R

d
3
p/(2⇡~)3. Here, below, we make a remark about the

~ order. The kinetic theory implicitly assumed the ~ ex-
pansion, so there may be unknown terms of ~2 order.
Therefore, in the above expression, the first term involv-
ing x⇥! may receive higher order corrections of ~2 order.
The second term, however, does not have coordinate de-
pendence and, because the coordinate independent term
in Eq. (20) is already of order ~1, unknown corrections
for this term would start from ~3 order. In fact, this in-
trinsic term not referring to x correctly reproduces the
chiral vortical effect, as is expected from Eq. (14).

We next turn to the orbital angular momentum. In
the same way we can expand the distribution function in
terms of ! to get,

hLi =
Z

p
(x⇥ p) f 0(p)(�!) · (x⇥ p+ ~�p̂)

= �x⇥ (! ⇥ x)

Z

p

p
2

3
f
0(p) + ~�(! ⇥ x)

Z

p

p

3
f
0(p) .

(22)

These are our central results in this paper. In what fol-
lows below, we give physical interpretations for these re-
sults.

V. CHIRAL EINSTEIN–DE HAAS AND
BARNETT EFFECT

The physical meaning of Eq. (21) becomes evident once
we add both left-handed and right-handed contributions
up. Then, after the integration by parts, for the first
term, we find,

hSi? = �~
X

R,L

�(! ⇥ x)

Z

p

p

3
f
0
�(p)

=
~
2
(! ⇥ x)

Z

p

⇥
fR(p)� fL(p)

⇤
=

~
2
(! ⇥ x)n5 .

(23)

where fR and fL represent the distribution functions of
right-handed and left-handed particles, respectively, and
n5 = nR � nL represents the chirality. This rotation-
induced spin alignment is intuitively understood in the
following way. For massless fermions the spin and the
momentum directions are locked up, so that, if we macro-
scopically move chiral matter with a velocity, u = !⇥x,
the spin should be tilted along u. In this sense the first
term of Eq. (21) or equivalently hSi? in Eq. (23) is a
unique result inherent in chiral fermions. Interestingly,
this transverse or troidal spin alignment requires a finite
chiral imbalance.

With simple algebra for the orbital angular momen-
tum, we can rewrite Eq. (22) into the following form,

hLi = x⇥ (! ⇥ x)
4

3

Z

p
p
⇥
fR(p) + fL(p)

⇤
� hSi?

= hLimech � hSi? . (24)

Chiral Vortical Effect  
     ~ Barnett Effect

“Transverse” Barnett Effect

3

It should be noted that Lij and S
ij have the same physi-

cal unit but ~ in L
ij is hidden in the momentum p which

is of order O(~0) in a quasi-particle picutre based on
which the kinetic description is. In this way, in a semi-
classical treatment, the spin is a quantum effect, while
the orbital angular momentum is not, as is consistent
with our intuition.

Unfortunately, this is not yet the end of the setup.
As we mentioned in Eq. (14) the spin is related to the
current on the operator level. The current expectation
value would pick up a contribution from the energy shift
by the magnetic moment coupling. With this taken into
account, the spin is

S ! ~�
✓
p̂� ~� p̂

2p
⇥r

◆
, (19)

where the second term would be vanishing for spatially
homogeneous distributions. As we see soon below, the
rotation induces inhomogeneity, and there will be a finite
contribution.

IV. ROTATING CHIRAL FERMIONS

In this work we shall treat the effect of rotation us-
ing bulk matter rotating at constant angular velocity !
instead of local fluid vorticity, and we turn off electro-
magnetic fields. In equilibrium without rotation the dis-
tribution function f is homogeneous in coordinate space
and isotropic in momentum space, and is a function of
single particle energy ", i.e., f = f("). Let us consider
what happens if we apply rotation at finite !. In a frame
co-moving with rotating matter, it is a natural assump-
tion that f = f("rot) is reached eventually in local equi-
librium, where "rot is a single particle energy in the co-
moving frame. Solving the Dirac equation in a rotating
frame, we can easily find,

"rot = p� ! ·
�
x⇥ p+ ~�p̂

�
, (20)

represented in terms of the original (non-rotating) coor-
dinates. It is worth mentioning that the second term is
nothing but a cranking term, �! · J . Now, f("rot) is
neither homogeneous in coordinate space nor isotropic
in momentum space due to the rotation effect, the spin
and the orbital angular momentum deduced from f("rot)
become nonvanishing. Let us first consider the spin ex-
pectation value;

hSi =
Z

p
�~

✓
p̂� �~ p̂

2p
⇥r

◆
f("rot)

= �~�(! ⇥ x)

Z

p

p

3
f
0(p)� ~2!

Z

p
f
0(p) (21)

up to the linear order of ! expansion, where f
0(p) repre-

sent a momentum derivative of f(p). The phase space
integral is performed only for momentum with

R
p =R

d
3
p/(2⇡~)3. Here, below, we make a remark about the

~ order. The kinetic theory implicitly assumed the ~ ex-
pansion, so there may be unknown terms of ~2 order.
Therefore, in the above expression, the first term involv-
ing x⇥! may receive higher order corrections of ~2 order.
The second term, however, does not have coordinate de-
pendence and, because the coordinate independent term
in Eq. (20) is already of order ~1, unknown corrections
for this term would start from ~3 order. In fact, this in-
trinsic term not referring to x correctly reproduces the
chiral vortical effect, as is expected from Eq. (14).

We next turn to the orbital angular momentum. In
the same way we can expand the distribution function in
terms of ! to get,

hLi =
Z

p
(x⇥ p) f 0(p)(�!) · (x⇥ p+ ~�p̂)

= �x⇥ (! ⇥ x)

Z

p

p
2

3
f
0(p) + ~�(! ⇥ x)

Z

p

p

3
f
0(p) .

(22)

These are our central results in this paper. In what fol-
lows below, we give physical interpretations for these re-
sults.

V. CHIRAL EINSTEIN–DE HAAS AND
BARNETT EFFECT

The physical meaning of Eq. (21) becomes evident once
we add both left-handed and right-handed contributions
up. Then, after the integration by parts, for the first
term, we find,

hSi? = �~
X

R,L

�(! ⇥ x)

Z

p

p

3
f
0
�(p)

=
~
2
(! ⇥ x)

Z

p

⇥
fR(p)� fL(p)

⇤
=

~
2
(! ⇥ x)n5 .

(23)

where fR and fL represent the distribution functions of
right-handed and left-handed particles, respectively, and
n5 = nR � nL represents the chirality. This rotation-
induced spin alignment is intuitively understood in the
following way. For massless fermions the spin and the
momentum directions are locked up, so that, if we macro-
scopically move chiral matter with a velocity, u = !⇥x,
the spin should be tilted along u. In this sense the first
term of Eq. (21) or equivalently hSi? in Eq. (23) is a
unique result inherent in chiral fermions. Interestingly,
this transverse or troidal spin alignment requires a finite
chiral imbalance.

With simple algebra for the orbital angular momen-
tum, we can rewrite Eq. (22) into the following form,

hLi = x⇥ (! ⇥ x)
4

3

Z

p
p
⇥
fR(p) + fL(p)

⇤
� hSi?

= hLimech � hSi? . (24)

Vilenkin (1978)
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It should be noted that Lij and S
ij have the same physi-

cal unit but ~ in L
ij is hidden in the momentum p which

is of order O(~0) in a quasi-particle picutre based on
which the kinetic description is. In this way, in a semi-
classical treatment, the spin is a quantum effect, while
the orbital angular momentum is not, as is consistent
with our intuition.

Unfortunately, this is not yet the end of the setup.
As we mentioned in Eq. (14) the spin is related to the
current on the operator level. The current expectation
value would pick up a contribution from the energy shift
by the magnetic moment coupling. With this taken into
account, the spin is

S ! ~�
✓
p̂� ~� p̂

2p
⇥r

◆
, (19)

where the second term would be vanishing for spatially
homogeneous distributions. As we see soon below, the
rotation induces inhomogeneity, and there will be a finite
contribution.

IV. ROTATING CHIRAL FERMIONS

In this work we shall treat the effect of rotation us-
ing bulk matter rotating at constant angular velocity !
instead of local fluid vorticity, and we turn off electro-
magnetic fields. In equilibrium without rotation the dis-
tribution function f is homogeneous in coordinate space
and isotropic in momentum space, and is a function of
single particle energy ", i.e., f = f("). Let us consider
what happens if we apply rotation at finite !. In a frame
co-moving with rotating matter, it is a natural assump-
tion that f = f("rot) is reached eventually in local equi-
librium, where "rot is a single particle energy in the co-
moving frame. Solving the Dirac equation in a rotating
frame, we can easily find,

"rot = p� ! ·
�
x⇥ p+ ~�p̂

�
, (20)

represented in terms of the original (non-rotating) coor-
dinates. It is worth mentioning that the second term is
nothing but a cranking term, �! · J . Now, f("rot) is
neither homogeneous in coordinate space nor isotropic
in momentum space due to the rotation effect, the spin
and the orbital angular momentum deduced from f("rot)
become nonvanishing. Let us first consider the spin ex-
pectation value;

hSi =
Z

p
�~

✓
p̂� �~ p̂

2p
⇥r

◆
f("rot)

= �~�(! ⇥ x)

Z

p

p

3
f
0(p)� ~2!

Z

p
f
0(p) (21)

up to the linear order of ! expansion, where f
0(p) repre-

sent a momentum derivative of f(p). The phase space
integral is performed only for momentum with

R
p =R

d
3
p/(2⇡~)3. Here, below, we make a remark about the

~ order. The kinetic theory implicitly assumed the ~ ex-
pansion, so there may be unknown terms of ~2 order.
Therefore, in the above expression, the first term involv-
ing x⇥! may receive higher order corrections of ~2 order.
The second term, however, does not have coordinate de-
pendence and, because the coordinate independent term
in Eq. (20) is already of order ~1, unknown corrections
for this term would start from ~3 order. In fact, this in-
trinsic term not referring to x correctly reproduces the
chiral vortical effect, as is expected from Eq. (14).

We next turn to the orbital angular momentum. In
the same way we can expand the distribution function in
terms of ! to get,

hLi =
Z

p
(x⇥ p) f 0(p)(�!) · (x⇥ p+ ~�p̂)

= �x⇥ (! ⇥ x)

Z

p

p
2

3
f
0(p) + ~�(! ⇥ x)

Z

p

p

3
f
0(p) .

(22)

These are our central results in this paper. In what fol-
lows below, we give physical interpretations for these re-
sults.

V. CHIRAL EINSTEIN–DE HAAS AND
BARNETT EFFECT

The physical meaning of Eq. (21) becomes evident once
we add both left-handed and right-handed contributions
up. Then, after the integration by parts, for the first
term, we find,

hSi? = �~
X

R,L

�(! ⇥ x)

Z

p

p

3
f
0
�(p)

=
~
2
(! ⇥ x)

Z

p

⇥
fR(p)� fL(p)

⇤
=

~
2
(! ⇥ x)n5 .

(23)

where fR and fL represent the distribution functions of
right-handed and left-handed particles, respectively, and
n5 = nR � nL represents the chirality. This rotation-
induced spin alignment is intuitively understood in the
following way. For massless fermions the spin and the
momentum directions are locked up, so that, if we macro-
scopically move chiral matter with a velocity, u = !⇥x,
the spin should be tilted along u. In this sense the first
term of Eq. (21) or equivalently hSi? in Eq. (23) is a
unique result inherent in chiral fermions. Interestingly,
this transverse or troidal spin alignment requires a finite
chiral imbalance.

With simple algebra for the orbital angular momen-
tum, we can rewrite Eq. (22) into the following form,

hLi = x⇥ (! ⇥ x)
4

3

Z

p
p
⇥
fR(p) + fL(p)

⇤
� hSi?

= hLimech � hSi? . (24)

j5 = n5 v
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where we note that, as we mentioned above, we dropped
the CVE term of ~2 order. After all, the total magnetic
moment up to the ~ order is,

hµi = hµLi+ hµSi

= hµLimech � ~�qe
6
(! ⇥ x)

Z

p
f
0(p) . (33)

The microscopic structure of the above result is quite
intriguing. Actually, if one takes the expectation value
which also involves the spatial average, the second term
is vanishing, and then averaged hµi is directed along the
! direction which is the J direction too. This is how
the conventional argument for the Barnett effect works
in a sense of average. Equation (33) implies that the
differential structure of hµi has a richer content.

What is nontrivial in the relativistic case is the second
term. Since the second term is proportional to (! ⇥ x),
its direction is troidal around the rotation axis (that is
the direction of !). The magnetic moment is a source
for the magnetic field, and so we can then expect a gen-
eration of troidal magnetic field in rotating chiral media.
This is a very interesting observation and applications to
astrophysical objects will be reported elsewhere [33].

VI. HYDRODYNAMICS

In this section we briefly address the problem of cal-
culating the orbital angular momentum in hydrodynam-
ics. In the framework of anomalous hydrodynamics, the
energy-momentum tensor reads (see Ref. [34]),

T
µ⌫
hydro = (E+P )uµ

u
⌫�P g

µ⌫+~n5(u
µ
!
⌫+u

⌫
!
µ) , (34)

where E and P are the energy density and the pres-
sure, respectively, and the covariant fluid velocity is uµ =
(1, u), and the vorticity is !

⌫ = (1/2)✏⌫↵��u↵@�u� =
(0, r ⇥ u). If we use this energy-momentum tensor to
define the hydro angular momentum, we find,

L
ij
hydro = x

i
T

0j
hydro � x

j
T

0i
hydro

= x
i[(E + P )uj + ~n5!

j ]� (i $ j) . (35)

For a rotating fluid, u
µ = (1,! ⇥ x) and !

µ = (0,!),
which leads to

Lhydro = (E + P )(x⇥ u)� ~n5(! ⇥ x) . (36)

To see a connection to our kinetic expressions, we remind
that for massless systems P = E/3 holds, and E has the
following expression,

E =

Z

p
p (fR + fL) . (37)

Then, the hydro angular momentum eventually takes a
form of

Lhydro = x⇥ (! ⇥ x)
4

3

Z

p
p(fR + fL)� 2hSi? . (38)

This first term completely agrees with the previous result,
while the second term has a different coefficient from that
in hLi.

The discrepancy at the coefficients in hLi and Lhydro
can be traced back to the convention of the energy-
momentum tensor. If we use the symmetrized definition
in Eq. (11), as is suitable for hydrodynamics [19], the
corresponding angular momentum is [see Eq. (12)]

L̃
0µ⌫ =

1

2
L
0µ⌫ +

1

2
p (xµ

j
⌫ � x

⌫
j
µ) . (39)

The crucial difference between L
0µ⌫ and L̃

0µ⌫ is that the
latter contains the current jµ, i.e., the indices µ and ⌫ of
L
0µ⌫ appear from either xµ or @µ, while the index µ of jµ

appears from the Dirac matrix. Then, the requirement
of jµ to be covariant results in the side jump current as

j = p̂� ~� p̂

2p
⇥r . (40)

It is now straightforward to arrive at

hL̃symi =
Z

p


(x⇥ p)f � ~�

2
x⇥ (p̂⇥rf)

�
= Lhydro ,

(41)
where we take the sum over the right-handed and the left-
handed contributions in the last step. From the above
procedures we can clearly understand the source of the
problem. For the symmetrized energy-momentum ten-
sor, a contribution associated with the magnetized cur-
rent which is supposedly a part of the spin component is
inevitably mixed up with the orbital component.

This fact may look a bit strange at a first glance, but
we note that, if hSi is regarded as an approximately
conserved quantity, such a conserved quantity could be
added or subtracted not to change the conservation law.
In fact, this is the case if all fermions are massless and
the chiral anomaly is negligible, for example, in the ab-
sence of electromagneti fields, which is obvious from the
relation (14).

In hydrodynamics this approximate conservation law
of hSi follows explicitly from the expansions in terms of
~ and !. The axial current represented with the fluid
velocity vector, uµ, and the vorticity vector, !µ, is then
divergenceless as [11]

@µ

�
n5u

µ + ~ ⇠5 !µ
�
= 0 (42)

with a CVE coefficient ⇠5 fixed by the anomaly relation.
For a rotating fluid u

µ = (1,!⇥x) for small !, and then
we see,

d

dt
n5 = �r ·

�
n5! ⇥ x

�
+ ~ @µ(⇠5!µ) . (43)

Then, it is easy to confirm,

d

dt

Z

V
hSi = ~

2

Z

V

d

dt
(n5! ⇥ x) ⇡ 0 (44)

up to O(~1)
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FIG. 1. A schematic illustration for an intuitive picture to
understand the circular spin polarization and the associated
eddy magnetization µ in a rotating chiral system with the
angular velocity vector !. For simplicity we only consider
the right-handed fermions in the illustration. The red arrows
stand for the direction of particle momentum and spin.

we will consider a cylindrically symmetric system which
rotates rigidly around the z-axis, i.e., ! = !ẑ. Then in
such a setup the volume integration of hLimech yields

Z

V
hLimech = !ẑ

Z

V
r
2 4

3

Z

p
p
⇥
fR(p) + fL(p)

⇤
. (24)

Since p is the energy for chiral fermions, the p integra-
tion gives the energy density or the mass distribution,
together with which the volume integration leads to the
moment of inertia. To see this clearly, let us assume that
the distribution function features Fermi degeneracy to a
chemical potential µ, and then the energy density, E , is
calculated as E = 3

4µn where n is the number density.
Consequently, 4

3

R
p p

⇥
fR(p) + fL(p)

⇤
reduces to a rela-

tivistic counterpart of the mass density, µRnR + µLnL.
From this argument it is clear that hLimech corresponds
to the mechanically induced orbital angular momentum,
which is naturally of O(~0).

Next, we delve into the second term in hLi given by
�hSi?. This term has an intriguing interpretation as
the “Chiral Einstein–de Haas effect.” Let us consider the
following thinking experiment; we rotate the fermionic
system from the initial condition, hLi = hSi = 0. Ap-
parently, the total angular momentum carried by rotating
chiral matter should be hJi = hLimech. However, as men-
tioned above, due to the spin and momentum lock-up,
the transverse motion results in hSi? 6= 0. This nonzero
hSi? must be canceled by a change in the orbital part
so that the total angular momentum conservation can be
satisfied. In this way, a shift by �hSi? should arise in
hLi. Such a physical mechanism is comparable to the
Einstein–de Haas effect. In the nonrelativistic case the
spin is controlled by an external magnetic field, but it
can be changed by the momentum direction for chiral
fermions, which induces an orbital rotation.

We make two comments on the second term in Eq. (20).
The first one is that this term corresponding to the CVE
can be also exactly canceled in a finite size system by
surface states not to violate the angular momentum con-
servation [67]. The second comment is that, if we con-
sider the zero n5 limit, the second term in Eq. (20) would
dominate and lead to the local spin polarization proposed
in Ref. [33].

B. Chiral Barnett Effect

Along similar lines, we can apply our formula to ad-
dress the Barnett effect for chiral fermions. That is, a
finite magnetization is generated by rotation [1], which
can be quantified with our results. For this purpose we
need the gyromagnetic ratio to convert the angular mo-
mentum into the magnetic moment. For nonrelativis-
tic fermions, the gyromagnetic ratio is derived from the
Dirac equation as

µ = µL + µS = gL
qe

2m
L+ gS

qe

2m
S , (25)

where qe and m are, respectively, the electric charge and
the mass of the considered particle. For noninteracting
Dirac fermions the g-factors are gL = 1 and gS = 2. Since
gL 6= gS , the right-hand side of Eq. (25) is not parallel to
J = L+S. Once one takes an expectation value with the
J

2 and Jz eigenstates, however, one can show that the
right-hand side is projected onto the J direction, which
is guaranteed by the Wigner-Eckardt theorem, and the
effective g-factor becomes the Landé g-factor.

For chiral fermions Eq. (25) should be modified. In the
chiral limit Eq. (25) turns into (see Ref. [68])

µ = µL + µS = gL
qe

2p
L+ gS

qe

2p
S . (26)

The g-factors remain the same, and from now on we plug
gL = 1 and gS = 2 into µL and µS . We note that Eq. (26)
is a local relation, and so we compute the expectation
value as we did in the previous sections. The results up
to ~ order are

hµLi = �
qe

6
x⇥ (! ⇥ x)

Z

p
p f

0(p)

+ ~�qe
6
(! ⇥ x)

Z

p
f
0(p) , (27)

hµSi = �~�qe
3
(! ⇥ x)

Z

p
f
0(p) . (28)

We can immediately identify the first term of hµLi as the
mechanical contribution. The integration by parts makes
it more visible as

hµLimech =
1

2
x⇥ (! ⇥ x)ne , (29)

where ne represents the electric charge density. Given
that ! ⇥ x is the velocity vector associated with the ro-
tating motion, the above expression is exactly the one

Eddy magnetic moment
Fukushima-Pu-Qiu, PRA (2018)
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Possible Evidence for Free Precession of a Strongly Magnetized
Neutron Star in the Magnetar 4U 0142+61
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Magnetars are a special type of neutron stars, considered to have extreme dipole magnetic fields
reaching ∼ 1011 T. The magnetar 4U 0142+61, one of prototypes of this class, was studied in
broadband X-rays (0.5–70 keV) with the Suzaku observatory. In hard X-rays (15–40 keV), its 8.69
sec pulsations suffered slow phase modulations by ±0.7 sec, with a period of ∼ 15 hours. When
this effect is interpreted as free precession of the neutron star, the object is inferred to deviate from
spherical symmetry by ∼ 1.6× 10−4 in its moments of inertia. This deformation, when ascribed to
magnetic pressure, suggests a strong toroidal magnetic field, ∼ 1012 T, residing inside the object.
This provides one of the first observational approaches towards toroidal magnetic fields of magnetars.

PACS numbers: 97.60.Jd, 97.80.Jp, 97.10.Ld, 45.20.D-

Inroduction.— Neutron stars (NSs) are deemed to pos-
sess strong magnetic field (MF) of 104 − 1011 T [1–3].
Their MF is attributed to, e.g., proton superfluids [3],
or ferromagnetism in nuclear matter [4, 5], but without
clear consensus. When studying their magnetism, a sub-
class of importance is magnetars [3, 6, 7], isolated NSs
believed to have extreme dipole MFs of Bd = 1010−1011

T. Their persistent and burst-like X-rays are thought to
be powered by the MF energy, because their luminosity
much exceeds the rate of their rotational energy loss.

We expect magnetars to harbor even stronger toroidal
MF, Bt [3, 6, 8, 9], because differential rotation in their
progenitors will tightly wind up the MF lines during their
final collapse. We then expect some of the internal MF
lines to emerge from the stellar surface [9], to form mul-
tipoles therein. These expectations are supported by the
recently discovered low-Bd magnetar, SGR 0418+5729
[10], because its burst activity would require MFs exceed-
ing the measured Bd = 6 × 108 T, and it shows spectral
evidence for much stronger multipole surface MF [11].
However, more direct estimates of Bt remained difficult.

X-ray spectra of magnetars ubiquitously consist of a
black-body-like soft component and a distinct hard X-ray
tail [12, 13], dominant in energies below and above ∼ 10
keV, respectively, both pulsed strongly at the NS’s rota-
tion period. While the former must be thermal emission
from two magnetic poles, the latter may be non-thermal
photons from possibly different regions on or around the
NS [13]. The behavior of the two components will thus
provide clues to the magnetic structure of magnetars.

We conducted accordingly two observations of
4U 0142+61, one of the X-ray brightest magnetars. It has
a rotation period of 8.69 sec, and it allowed one of the first

detections of the hard component [12, 14, 15]. On the
2nd occasion, its 8.69 sec pulsation in hard X-rays were
found to exhibit a slow phase modulation. The effect
may be taken as evidence for free precession of this NS,
and suggests its magnetic deformation with Bt ∼ 1012 T.
Observation.— The two observations of 4U 0142+61

were conducted with a 2 year interval, using the Suzaku
X-ray observatory [16]. The soft and hard components
of magnetars match ideally with the two Suzaku instru-
ments; the X-ray Imaging Spectrometer (XIS) [17] sensi-
tive in 0.3–10 keV, and the Hard X-ray Detector (HXD)
[18] working in 10–600 keV. Following the first observa-
tion made in 2007 August [19], the 2nd one reported here
was performed on 2009 August 12–14, for a gross expo-
sure of 186 ksec (net 102 ksec). We operated the XIS in
1/4-frame mode and the HXD in normal mode, with a
time resolution of 2.0 sec and 61 µsec, respectively.
The source was detected at background-removed count

rates of 6.74±0.01 c s−1 with the XIS in 0.4–10 keV (per
camera), and (3.08± 0.28)× 10−2 c s−1 with the HXD in
15–70 keV; both agree within ∼ 15% with those in 2007
[19]. Converting each photon arrival time to that at the
Solar system barycenter, and analyzing the XIS data via
epoch folding analysis, we detected, as shown in Fig. 1
(a), the soft X-ray pulses at a barycentric period of

Psoft = 8.68891± 0.00010 sec . (1)

Together with the folded soft X-ray pulse profile in Fig. 1
(d), this reconfirms the previous measurements [20].
Results.— We also searched the 15–40 keV HXD data

for the expected hard X-ray pulsation [12, 15, 19]. Be-
cause of lower statistics, we employed the Z2

n
technique

[21] which is free from the event binning ambiguity. If

PRL112, 171102 (2014)
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demodulation search to three blank-sky HXD data sets,
and another for the Crab Nebula representing high count-
rate signals. However, these data sets all gave Z2

4 < 30.
Since the implied upper probability integral, Ψ8(30.0) =
2.0×10−4, is still much larger than Ψ9(39.5), the 55 ksec
modulation in 4U 0142+61 is unlikely to be instrumental.
We next re-analyzed the 2007 HXD data of 4U 0142+61
with the Z2

4 method, and reconfirmed the hard X-ray pul-
sation with a high significance of Z2

4 = 52.0, at 8.68878(5)
sec as in [19]. The 2007 data were further subjected to the
same demodulation search, over a range of T = 55 ± 10
ksec which is 2.5 times wider than the 2009 uncertainty.
However, the HXD data in 2007 were not very sensitive
to A or T , yielding a rather loose limit of A < 0.9. Since
this limit overlaps with the error range of A in 2009, the
2007 HXD data accommodate the hard X-ray modula-
tion, but do not give an independent support to it.

Finally, the same analysis was applied to the two (2007
and 2009) XIS data sets of 4U 0142+61. However, the
soft X-ray pulses on neither occasion exhibited evidence
for phase modulation over T = 55 ± 10 ksec, and the
highest pulse significance was obtained at A<

∼0.1 sec.
Through a simulation, we confirmed that this result is
not due to the insufficient time resolution (2.0 sec) of the
XIS data: a 55 ksec phase modulation with A = 0.7 sec
would have been detected within an error of ∆A ∼ ±0.2
sec (90% limits). We thus place an upper limit of A < 0.3
sec for the soft X-ray pulse-phase modulation at 55 ksec.

Discussion.— The pulse-phase variation in the 2009

FIG. 2: Results of the Z2
4 “demodulation” analysis, assuming

a periodic phase shift in the 15–40 keV HXD pulses in 2009.
(a) A two-dimensional color map, on the (φ,A) plane, of the
Z2

4 maximum found over the period range of eq.(1), for T =
55.0 ksec. (b) The projection of panel (a) onto the φ-axis,
where the vertical data scatter reflects differences in A. (c)
The same as panel (b), but projected onto the A axis. (d) The
maximum values of Z2

4 found in maps as panel (a), plotted
against T .
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FIG. 3: (a) Cross correlation (interpolated and shown with
offsets), in arbitrary unit, of the 2009 HXD profiles in Fig.1(f),
with those accumulated (without demodulation) in 6 phases
of T = 55 ksec. Arrows indicate predictions by the best de-
modulation parameters. (b) An illustration of free precession
of an axisymmetric rigid body [25, 26].

HXD data, which is rather sinusoidal (Fig. 3 a), could
be due to the presence of a binary companion to the
NS. From the observed values of T and A, and the
canonical NS mass of 1.4 M⊙ (M⊙ being the Solar
mass), the putative companion is estimated to have a
mass of 0.12M⊙/ sin i, where i is the orbital inclination.
Although the implied lower-limit mass of ∼ 0.1M⊙ is
broadly consistent with the optical R-band magnitude of
4U 0142+61, ∼ 25 mag [22], the optical emission, which
is pulsed [23, 24], is likely to emerge from a vicinity of the
NS, rather than from any companion star. Furthermore,
the absence of the same modulation in the soft X-rays
argues clearly against the binary interpretation.
As such, we consider that the pulse-phase modulation

in the 2009 HXD data is more likely to reflect intrinsic
dynamics of the NS in 4U 0142+61, especifically, free pre-
cession of an axisymmetric rigid body which can occur
without any external torque. In Fig. 3 (b) which illus-
trates an axisymmetric NS, let L⃗ be its angular momen-
tum vector fixed to the inertial frame, and x̂3 a unit vec-
tor describing its axis of symmetry which we may identify
with the dipolar magnetic axis. The star’s asphericity is
expressed by a quantity ϵ ≡ (I1 − I3)/I3, where I3 is the
moment of inertia around x̂3, and I1 that around axes
orthogonal to x̂3. If ϵ ≠ 0, the x̂3 axis rotates around
L⃗ at a constant period P1 = 2πI1/L, with a constant
“wobbling” angle α to L⃗ [25–27]. Likewise, the instanta-
neous rotation vector ω⃗, co-planar with L⃗ and x̂3, rotates
around L⃗, keeping a constant angle ≈ ϵ sinα to L⃗.
Suppose that the NS emits photons through which

we observe it, and express the direction of maximum
photon emissivity by a unit vector ξ̂ fixed to the NS.
When ξ̂ = x̂3, the photons will reach us in periodic
pulses with the period P1. However, if ξ̂ is tilted from
x̂3 by a finite angle γ, then ξ̂ will slowly rotate around
x̂3 relative to the L⃗-ω⃗-x̂3 plane, with a “slip period”

Precession has been measured

Spherically non-symmetric 
moment of inertia inferred

Deformation is assumed to be 
sustained by (toroidal) field energy

B ⇠ 1016 gauss
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where we note that, as we mentioned above, we dropped
the CVE term of ~2 order. After all, the total magnetic
moment up to the ~ order is,

hµi = hµLi+ hµSi

= hµLimech � ~�qe
6
(! ⇥ x)

Z

p
f
0(p) . (33)

The microscopic structure of the above result is quite
intriguing. Actually, if one takes the expectation value
which also involves the spatial average, the second term
is vanishing, and then averaged hµi is directed along the
! direction which is the J direction too. This is how
the conventional argument for the Barnett effect works
in a sense of average. Equation (33) implies that the
differential structure of hµi has a richer content.

What is nontrivial in the relativistic case is the second
term. Since the second term is proportional to (! ⇥ x),
its direction is troidal around the rotation axis (that is
the direction of !). The magnetic moment is a source
for the magnetic field, and so we can then expect a gen-
eration of troidal magnetic field in rotating chiral media.
This is a very interesting observation and applications to
astrophysical objects will be reported elsewhere [33].

VI. HYDRODYNAMICS

In this section we briefly address the problem of cal-
culating the orbital angular momentum in hydrodynam-
ics. In the framework of anomalous hydrodynamics, the
energy-momentum tensor reads (see Ref. [34]),

T
µ⌫
hydro = (E+P )uµ

u
⌫�P g

µ⌫+~n5(u
µ
!
⌫+u

⌫
!
µ) , (34)

where E and P are the energy density and the pres-
sure, respectively, and the covariant fluid velocity is uµ =
(1, u), and the vorticity is !

⌫ = (1/2)✏⌫↵��u↵@�u� =
(0, r ⇥ u). If we use this energy-momentum tensor to
define the hydro angular momentum, we find,

L
ij
hydro = x

i
T

0j
hydro � x

j
T

0i
hydro

= x
i[(E + P )uj + ~n5!

j ]� (i $ j) . (35)

For a rotating fluid, u
µ = (1,! ⇥ x) and !

µ = (0,!),
which leads to

Lhydro = (E + P )(x⇥ u)� ~n5(! ⇥ x) . (36)

To see a connection to our kinetic expressions, we remind
that for massless systems P = E/3 holds, and E has the
following expression,

E =

Z

p
p (fR + fL) . (37)

Then, the hydro angular momentum eventually takes a
form of

Lhydro = x⇥ (! ⇥ x)
4

3

Z

p
p(fR + fL)� 2hSi? . (38)

This first term completely agrees with the previous result,
while the second term has a different coefficient from that
in hLi.

The discrepancy at the coefficients in hLi and Lhydro
can be traced back to the convention of the energy-
momentum tensor. If we use the symmetrized definition
in Eq. (11), as is suitable for hydrodynamics [19], the
corresponding angular momentum is [see Eq. (12)]

L̃
0µ⌫ =
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2
L
0µ⌫ +
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2
p (xµ

j
⌫ � x

⌫
j
µ) . (39)

The crucial difference between L
0µ⌫ and L̃

0µ⌫ is that the
latter contains the current jµ, i.e., the indices µ and ⌫ of
L
0µ⌫ appear from either xµ or @µ, while the index µ of jµ

appears from the Dirac matrix. Then, the requirement
of jµ to be covariant results in the side jump current as

j = p̂� ~� p̂

2p
⇥r . (40)

It is now straightforward to arrive at

hL̃symi =
Z

p


(x⇥ p)f � ~�

2
x⇥ (p̂⇥rf)

�
= Lhydro ,

(41)
where we take the sum over the right-handed and the left-
handed contributions in the last step. From the above
procedures we can clearly understand the source of the
problem. For the symmetrized energy-momentum ten-
sor, a contribution associated with the magnetized cur-
rent which is supposedly a part of the spin component is
inevitably mixed up with the orbital component.

This fact may look a bit strange at a first glance, but
we note that, if hSi is regarded as an approximately
conserved quantity, such a conserved quantity could be
added or subtracted not to change the conservation law.
In fact, this is the case if all fermions are massless and
the chiral anomaly is negligible, for example, in the ab-
sence of electromagneti fields, which is obvious from the
relation (14).

In hydrodynamics this approximate conservation law
of hSi follows explicitly from the expansions in terms of
~ and !. The axial current represented with the fluid
velocity vector, uµ, and the vorticity vector, !µ, is then
divergenceless as [11]

@µ

�
n5u

µ + ~ ⇠5 !µ
�
= 0 (42)

with a CVE coefficient ⇠5 fixed by the anomaly relation.
For a rotating fluid u

µ = (1,!⇥x) for small !, and then
we see,

d

dt
n5 = �r ·

�
n5! ⇥ x

�
+ ~ @µ(⇠5!µ) . (43)

Then, it is easy to confirm,

d

dt

Z

V
hSi = ~

2

Z

V

d

dt
(n5! ⇥ x) ⇡ 0 (44)
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where we note that, as we mentioned above, we dropped
the CVE term of ~2 order. After all, the total magnetic
moment up to the ~ order is,

hµi = hµLi+ hµSi

= hµLimech � ~�qe
6
(! ⇥ x)

Z

p
f
0(p) . (33)

The microscopic structure of the above result is quite
intriguing. Actually, if one takes the expectation value
which also involves the spatial average, the second term
is vanishing, and then averaged hµi is directed along the
! direction which is the J direction too. This is how
the conventional argument for the Barnett effect works
in a sense of average. Equation (33) implies that the
differential structure of hµi has a richer content.

What is nontrivial in the relativistic case is the second
term. Since the second term is proportional to (! ⇥ x),
its direction is troidal around the rotation axis (that is
the direction of !). The magnetic moment is a source
for the magnetic field, and so we can then expect a gen-
eration of troidal magnetic field in rotating chiral media.
This is a very interesting observation and applications to
astrophysical objects will be reported elsewhere [33].

VI. HYDRODYNAMICS

In this section we briefly address the problem of cal-
culating the orbital angular momentum in hydrodynam-
ics. In the framework of anomalous hydrodynamics, the
energy-momentum tensor reads (see Ref. [34]),
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µ⌫
hydro = (E+P )uµ
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⌫�P g

µ⌫+~n5(u
µ
!
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µ) , (34)

where E and P are the energy density and the pres-
sure, respectively, and the covariant fluid velocity is uµ =
(1, u), and the vorticity is !

⌫ = (1/2)✏⌫↵��u↵@�u� =
(0, r ⇥ u). If we use this energy-momentum tensor to
define the hydro angular momentum, we find,

L
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hydro = x

i
T

0j
hydro � x

j
T

0i
hydro

= x
i[(E + P )uj + ~n5!

j ]� (i $ j) . (35)

For a rotating fluid, u
µ = (1,! ⇥ x) and !

µ = (0,!),
which leads to

Lhydro = (E + P )(x⇥ u)� ~n5(! ⇥ x) . (36)

To see a connection to our kinetic expressions, we remind
that for massless systems P = E/3 holds, and E has the
following expression,

E =

Z

p
p (fR + fL) . (37)

Then, the hydro angular momentum eventually takes a
form of

Lhydro = x⇥ (! ⇥ x)
4

3

Z

p
p(fR + fL)� 2hSi? . (38)

This first term completely agrees with the previous result,
while the second term has a different coefficient from that
in hLi.

The discrepancy at the coefficients in hLi and Lhydro
can be traced back to the convention of the energy-
momentum tensor. If we use the symmetrized definition
in Eq. (11), as is suitable for hydrodynamics [19], the
corresponding angular momentum is [see Eq. (12)]
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2
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The crucial difference between L
0µ⌫ and L̃

0µ⌫ is that the
latter contains the current jµ, i.e., the indices µ and ⌫ of
L
0µ⌫ appear from either xµ or @µ, while the index µ of jµ

appears from the Dirac matrix. Then, the requirement
of jµ to be covariant results in the side jump current as

j = p̂� ~� p̂

2p
⇥r . (40)

It is now straightforward to arrive at

hL̃symi =
Z

p


(x⇥ p)f � ~�

2
x⇥ (p̂⇥rf)

�
= Lhydro ,

(41)
where we take the sum over the right-handed and the left-
handed contributions in the last step. From the above
procedures we can clearly understand the source of the
problem. For the symmetrized energy-momentum ten-
sor, a contribution associated with the magnetized cur-
rent which is supposedly a part of the spin component is
inevitably mixed up with the orbital component.

This fact may look a bit strange at a first glance, but
we note that, if hSi is regarded as an approximately
conserved quantity, such a conserved quantity could be
added or subtracted not to change the conservation law.
In fact, this is the case if all fermions are massless and
the chiral anomaly is negligible, for example, in the ab-
sence of electromagneti fields, which is obvious from the
relation (14).

In hydrodynamics this approximate conservation law
of hSi follows explicitly from the expansions in terms of
~ and !. The axial current represented with the fluid
velocity vector, uµ, and the vorticity vector, !µ, is then
divergenceless as [11]

@µ

�
n5u

µ + ~ ⇠5 !µ
�
= 0 (42)

with a CVE coefficient ⇠5 fixed by the anomaly relation.
For a rotating fluid u

µ = (1,!⇥x) for small !, and then
we see,

d

dt
n5 = �r ·

�
n5! ⇥ x
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+ ~ @µ(⇠5!µ) . (43)

Then, it is easy to confirm,

d

dt
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d

dt
(n5! ⇥ x) ⇡ 0 (44)
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where we note that, as we mentioned above, we dropped
the CVE term of ~2 order. After all, the total magnetic
moment up to the ~ order is,

hµi = hµLi+ hµSi

= hµLimech � ~�qe
6
(! ⇥ x)

Z

p
f
0(p) . (33)

The microscopic structure of the above result is quite
intriguing. Actually, if one takes the expectation value
which also involves the spatial average, the second term
is vanishing, and then averaged hµi is directed along the
! direction which is the J direction too. This is how
the conventional argument for the Barnett effect works
in a sense of average. Equation (33) implies that the
differential structure of hµi has a richer content.

What is nontrivial in the relativistic case is the second
term. Since the second term is proportional to (! ⇥ x),
its direction is troidal around the rotation axis (that is
the direction of !). The magnetic moment is a source
for the magnetic field, and so we can then expect a gen-
eration of troidal magnetic field in rotating chiral media.
This is a very interesting observation and applications to
astrophysical objects will be reported elsewhere [33].

VI. HYDRODYNAMICS

In this section we briefly address the problem of cal-
culating the orbital angular momentum in hydrodynam-
ics. In the framework of anomalous hydrodynamics, the
energy-momentum tensor reads (see Ref. [34]),

T
µ⌫
hydro = (E+P )uµ

u
⌫�P g

µ⌫+~n5(u
µ
!
⌫+u

⌫
!
µ) , (34)

where E and P are the energy density and the pres-
sure, respectively, and the covariant fluid velocity is uµ =
(1, u), and the vorticity is !

⌫ = (1/2)✏⌫↵��u↵@�u� =
(0, r ⇥ u). If we use this energy-momentum tensor to
define the hydro angular momentum, we find,

L
ij
hydro = x

i
T

0j
hydro � x

j
T

0i
hydro

= x
i[(E + P )uj + ~n5!

j ]� (i $ j) . (35)

For a rotating fluid, u
µ = (1,! ⇥ x) and !

µ = (0,!),
which leads to

Lhydro = (E + P )(x⇥ u)� ~n5(! ⇥ x) . (36)

To see a connection to our kinetic expressions, we remind
that for massless systems P = E/3 holds, and E has the
following expression,

E =

Z

p
p (fR + fL) . (37)

Then, the hydro angular momentum eventually takes a
form of

Lhydro = x⇥ (! ⇥ x)
4

3

Z

p
p(fR + fL)� 2hSi? . (38)

This first term completely agrees with the previous result,
while the second term has a different coefficient from that
in hLi.

The discrepancy at the coefficients in hLi and Lhydro
can be traced back to the convention of the energy-
momentum tensor. If we use the symmetrized definition
in Eq. (11), as is suitable for hydrodynamics [19], the
corresponding angular momentum is [see Eq. (12)]

L̃
0µ⌫ =

1

2
L
0µ⌫ +

1

2
p (xµ

j
⌫ � x

⌫
j
µ) . (39)

The crucial difference between L
0µ⌫ and L̃

0µ⌫ is that the
latter contains the current jµ, i.e., the indices µ and ⌫ of
L
0µ⌫ appear from either xµ or @µ, while the index µ of jµ

appears from the Dirac matrix. Then, the requirement
of jµ to be covariant results in the side jump current as

j = p̂� ~� p̂

2p
⇥r . (40)

It is now straightforward to arrive at

hL̃symi =
Z

p


(x⇥ p)f � ~�

2
x⇥ (p̂⇥rf)

�
= Lhydro ,

(41)
where we take the sum over the right-handed and the left-
handed contributions in the last step. From the above
procedures we can clearly understand the source of the
problem. For the symmetrized energy-momentum ten-
sor, a contribution associated with the magnetized cur-
rent which is supposedly a part of the spin component is
inevitably mixed up with the orbital component.

This fact may look a bit strange at a first glance, but
we note that, if hSi is regarded as an approximately
conserved quantity, such a conserved quantity could be
added or subtracted not to change the conservation law.
In fact, this is the case if all fermions are massless and
the chiral anomaly is negligible, for example, in the ab-
sence of electromagneti fields, which is obvious from the
relation (14).

In hydrodynamics this approximate conservation law
of hSi follows explicitly from the expansions in terms of
~ and !. The axial current represented with the fluid
velocity vector, uµ, and the vorticity vector, !µ, is then
divergenceless as [11]

@µ

�
n5u

µ + ~ ⇠5 !µ
�
= 0 (42)

with a CVE coefficient ⇠5 fixed by the anomaly relation.
For a rotating fluid u

µ = (1,!⇥x) for small !, and then
we see,

d

dt
n5 = �r ·

�
n5! ⇥ x

�
+ ~ @µ(⇠5!µ) . (43)

Then, it is easy to confirm,

d

dt

Z

V
hSi = ~

2

Z

V

d

dt
(n5! ⇥ x) ⇡ 0 (44)

Is this consistent with kinetic theory results?
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where we note that, as we mentioned above, we dropped
the CVE term of ~2 order. After all, the total magnetic
moment up to the ~ order is,

hµi = hµLi+ hµSi

= hµLimech � ~�qe
6
(! ⇥ x)

Z

p
f
0(p) . (33)

The microscopic structure of the above result is quite
intriguing. Actually, if one takes the expectation value
which also involves the spatial average, the second term
is vanishing, and then averaged hµi is directed along the
! direction which is the J direction too. This is how
the conventional argument for the Barnett effect works
in a sense of average. Equation (33) implies that the
differential structure of hµi has a richer content.

What is nontrivial in the relativistic case is the second
term. Since the second term is proportional to (! ⇥ x),
its direction is troidal around the rotation axis (that is
the direction of !). The magnetic moment is a source
for the magnetic field, and so we can then expect a gen-
eration of troidal magnetic field in rotating chiral media.
This is a very interesting observation and applications to
astrophysical objects will be reported elsewhere [33].

VI. HYDRODYNAMICS

In this section we briefly address the problem of cal-
culating the orbital angular momentum in hydrodynam-
ics. In the framework of anomalous hydrodynamics, the
energy-momentum tensor reads (see Ref. [34]),

T
µ⌫
hydro = (E+P )uµ

u
⌫�P g

µ⌫+~n5(u
µ
!
⌫+u

⌫
!
µ) , (34)

where E and P are the energy density and the pres-
sure, respectively, and the covariant fluid velocity is uµ =
(1, u), and the vorticity is !

⌫ = (1/2)✏⌫↵��u↵@�u� =
(0, r ⇥ u). If we use this energy-momentum tensor to
define the hydro angular momentum, we find,

L
ij
hydro = x

i
T

0j
hydro � x

j
T

0i
hydro

= x
i[(E + P )uj + ~n5!

j ]� (i $ j) . (35)

For a rotating fluid, u
µ = (1,! ⇥ x) and !

µ = (0,!),
which leads to

Lhydro = (E + P )(x⇥ u)� ~n5(! ⇥ x) . (36)

To see a connection to our kinetic expressions, we remind
that for massless systems P = E/3 holds, and E has the
following expression,

E =

Z

p
p (fR + fL) . (37)

Then, the hydro angular momentum eventually takes a
form of

Lhydro = x⇥ (! ⇥ x)
4

3

Z

p
p(fR + fL)� 2hSi? . (38)

This first term completely agrees with the previous result,
while the second term has a different coefficient from that
in hLi.

The discrepancy at the coefficients in hLi and Lhydro
can be traced back to the convention of the energy-
momentum tensor. If we use the symmetrized definition
in Eq. (11), as is suitable for hydrodynamics [19], the
corresponding angular momentum is [see Eq. (12)]

L̃
0µ⌫ =

1

2
L
0µ⌫ +

1

2
p (xµ

j
⌫ � x

⌫
j
µ) . (39)

The crucial difference between L
0µ⌫ and L̃

0µ⌫ is that the
latter contains the current jµ, i.e., the indices µ and ⌫ of
L
0µ⌫ appear from either xµ or @µ, while the index µ of jµ

appears from the Dirac matrix. Then, the requirement
of jµ to be covariant results in the side jump current as

j = p̂� ~� p̂

2p
⇥r . (40)

It is now straightforward to arrive at

hL̃symi =
Z

p


(x⇥ p)f � ~�

2
x⇥ (p̂⇥rf)

�
= Lhydro ,

(41)
where we take the sum over the right-handed and the left-
handed contributions in the last step. From the above
procedures we can clearly understand the source of the
problem. For the symmetrized energy-momentum ten-
sor, a contribution associated with the magnetized cur-
rent which is supposedly a part of the spin component is
inevitably mixed up with the orbital component.

This fact may look a bit strange at a first glance, but
we note that, if hSi is regarded as an approximately
conserved quantity, such a conserved quantity could be
added or subtracted not to change the conservation law.
In fact, this is the case if all fermions are massless and
the chiral anomaly is negligible, for example, in the ab-
sence of electromagneti fields, which is obvious from the
relation (14).

In hydrodynamics this approximate conservation law
of hSi follows explicitly from the expansions in terms of
~ and !. The axial current represented with the fluid
velocity vector, uµ, and the vorticity vector, !µ, is then
divergenceless as [11]

@µ

�
n5u

µ + ~ ⇠5 !µ
�
= 0 (42)

with a CVE coefficient ⇠5 fixed by the anomaly relation.
For a rotating fluid u

µ = (1,!⇥x) for small !, and then
we see,

d

dt
n5 = �r ·

�
n5! ⇥ x

�
+ ~ @µ(⇠5!µ) . (43)

Then, it is easy to confirm,

d

dt

Z

V
hSi = ~

2

Z

V

d

dt
(n5! ⇥ x) ⇡ 0 (44)
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where we note that, as we mentioned above, we dropped
the CVE term of ~2 order. After all, the total magnetic
moment up to the ~ order is,

hµi = hµLi+ hµSi

= hµLimech � ~�qe
6
(! ⇥ x)

Z

p
f
0(p) . (33)

The microscopic structure of the above result is quite
intriguing. Actually, if one takes the expectation value
which also involves the spatial average, the second term
is vanishing, and then averaged hµi is directed along the
! direction which is the J direction too. This is how
the conventional argument for the Barnett effect works
in a sense of average. Equation (33) implies that the
differential structure of hµi has a richer content.

What is nontrivial in the relativistic case is the second
term. Since the second term is proportional to (! ⇥ x),
its direction is troidal around the rotation axis (that is
the direction of !). The magnetic moment is a source
for the magnetic field, and so we can then expect a gen-
eration of troidal magnetic field in rotating chiral media.
This is a very interesting observation and applications to
astrophysical objects will be reported elsewhere [33].

VI. HYDRODYNAMICS

In this section we briefly address the problem of cal-
culating the orbital angular momentum in hydrodynam-
ics. In the framework of anomalous hydrodynamics, the
energy-momentum tensor reads (see Ref. [34]),

T
µ⌫
hydro = (E+P )uµ

u
⌫�P g

µ⌫+~n5(u
µ
!
⌫+u

⌫
!
µ) , (34)

where E and P are the energy density and the pres-
sure, respectively, and the covariant fluid velocity is uµ =
(1, u), and the vorticity is !

⌫ = (1/2)✏⌫↵��u↵@�u� =
(0, r ⇥ u). If we use this energy-momentum tensor to
define the hydro angular momentum, we find,

L
ij
hydro = x

i
T

0j
hydro � x

j
T

0i
hydro

= x
i[(E + P )uj + ~n5!

j ]� (i $ j) . (35)

For a rotating fluid, u
µ = (1,! ⇥ x) and !

µ = (0,!),
which leads to

Lhydro = (E + P )(x⇥ u)� ~n5(! ⇥ x) . (36)

To see a connection to our kinetic expressions, we remind
that for massless systems P = E/3 holds, and E has the
following expression,

E =

Z

p
p (fR + fL) . (37)

Then, the hydro angular momentum eventually takes a
form of

Lhydro = x⇥ (! ⇥ x)
4

3

Z

p
p(fR + fL)� 2hSi? . (38)

This first term completely agrees with the previous result,
while the second term has a different coefficient from that
in hLi.

The discrepancy at the coefficients in hLi and Lhydro
can be traced back to the convention of the energy-
momentum tensor. If we use the symmetrized definition
in Eq. (11), as is suitable for hydrodynamics [19], the
corresponding angular momentum is [see Eq. (12)]
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1

2
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The crucial difference between L
0µ⌫ and L̃

0µ⌫ is that the
latter contains the current jµ, i.e., the indices µ and ⌫ of
L
0µ⌫ appear from either xµ or @µ, while the index µ of jµ

appears from the Dirac matrix. Then, the requirement
of jµ to be covariant results in the side jump current as

j = p̂� ~� p̂

2p
⇥r . (40)

It is now straightforward to arrive at

hL̃symi =
Z

p
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2
x⇥ (p̂⇥rf)

�
= Lhydro ,

(41)
where we take the sum over the right-handed and the left-
handed contributions in the last step. From the above
procedures we can clearly understand the source of the
problem. For the symmetrized energy-momentum ten-
sor, a contribution associated with the magnetized cur-
rent which is supposedly a part of the spin component is
inevitably mixed up with the orbital component.

This fact may look a bit strange at a first glance, but
we note that, if hSi is regarded as an approximately
conserved quantity, such a conserved quantity could be
added or subtracted not to change the conservation law.
In fact, this is the case if all fermions are massless and
the chiral anomaly is negligible, for example, in the ab-
sence of electromagneti fields, which is obvious from the
relation (14).

In hydrodynamics this approximate conservation law
of hSi follows explicitly from the expansions in terms of
~ and !. The axial current represented with the fluid
velocity vector, uµ, and the vorticity vector, !µ, is then
divergenceless as [11]
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n5u

µ + ~ ⇠5 !µ
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= 0 (42)

with a CVE coefficient ⇠5 fixed by the anomaly relation.
For a rotating fluid u

µ = (1,!⇥x) for small !, and then
we see,

d

dt
n5 = �r ·
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+ ~ @µ(⇠5!µ) . (43)

Then, it is easy to confirm,
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d

dt
(n5! ⇥ x) ⇡ 0 (44)
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where we note that, as we mentioned above, we dropped
the CVE term of ~2 order. After all, the total magnetic
moment up to the ~ order is,

hµi = hµLi+ hµSi

= hµLimech � ~�qe
6
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Z
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The microscopic structure of the above result is quite
intriguing. Actually, if one takes the expectation value
which also involves the spatial average, the second term
is vanishing, and then averaged hµi is directed along the
! direction which is the J direction too. This is how
the conventional argument for the Barnett effect works
in a sense of average. Equation (33) implies that the
differential structure of hµi has a richer content.

What is nontrivial in the relativistic case is the second
term. Since the second term is proportional to (! ⇥ x),
its direction is troidal around the rotation axis (that is
the direction of !). The magnetic moment is a source
for the magnetic field, and so we can then expect a gen-
eration of troidal magnetic field in rotating chiral media.
This is a very interesting observation and applications to
astrophysical objects will be reported elsewhere [33].

VI. HYDRODYNAMICS

In this section we briefly address the problem of cal-
culating the orbital angular momentum in hydrodynam-
ics. In the framework of anomalous hydrodynamics, the
energy-momentum tensor reads (see Ref. [34]),
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hydro = (E+P )uµ

u
⌫�P g

µ⌫+~n5(u
µ
!
⌫+u

⌫
!
µ) , (34)

where E and P are the energy density and the pres-
sure, respectively, and the covariant fluid velocity is uµ =
(1, u), and the vorticity is !

⌫ = (1/2)✏⌫↵��u↵@�u� =
(0, r ⇥ u). If we use this energy-momentum tensor to
define the hydro angular momentum, we find,

L
ij
hydro = x

i
T

0j
hydro � x

j
T

0i
hydro

= x
i[(E + P )uj + ~n5!

j ]� (i $ j) . (35)

For a rotating fluid, u
µ = (1,! ⇥ x) and !

µ = (0,!),
which leads to

Lhydro = (E + P )(x⇥ u)� ~n5(! ⇥ x) . (36)

To see a connection to our kinetic expressions, we remind
that for massless systems P = E/3 holds, and E has the
following expression,

E =

Z

p
p (fR + fL) . (37)

Then, the hydro angular momentum eventually takes a
form of

Lhydro = x⇥ (! ⇥ x)
4

3

Z

p
p(fR + fL)� 2hSi? . (38)

This first term completely agrees with the previous result,
while the second term has a different coefficient from that
in hLi.

The discrepancy at the coefficients in hLi and Lhydro
can be traced back to the convention of the energy-
momentum tensor. If we use the symmetrized definition
in Eq. (11), as is suitable for hydrodynamics [19], the
corresponding angular momentum is [see Eq. (12)]

L̃
0µ⌫ =

1

2
L
0µ⌫ +

1

2
p (xµ

j
⌫ � x

⌫
j
µ) . (39)

The crucial difference between L
0µ⌫ and L̃

0µ⌫ is that the
latter contains the current jµ, i.e., the indices µ and ⌫ of
L
0µ⌫ appear from either xµ or @µ, while the index µ of jµ

appears from the Dirac matrix. Then, the requirement
of jµ to be covariant results in the side jump current as

j = p̂� ~� p̂

2p
⇥r . (40)

It is now straightforward to arrive at

hL̃symi =
Z

p


(x⇥ p)f � ~�

2
x⇥ (p̂⇥rf)

�
= Lhydro ,

(41)
where we take the sum over the right-handed and the left-
handed contributions in the last step. From the above
procedures we can clearly understand the source of the
problem. For the symmetrized energy-momentum ten-
sor, a contribution associated with the magnetized cur-
rent which is supposedly a part of the spin component is
inevitably mixed up with the orbital component.

This fact may look a bit strange at a first glance, but
we note that, if hSi is regarded as an approximately
conserved quantity, such a conserved quantity could be
added or subtracted not to change the conservation law.
In fact, this is the case if all fermions are massless and
the chiral anomaly is negligible, for example, in the ab-
sence of electromagneti fields, which is obvious from the
relation (14).

In hydrodynamics this approximate conservation law
of hSi follows explicitly from the expansions in terms of
~ and !. The axial current represented with the fluid
velocity vector, uµ, and the vorticity vector, !µ, is then
divergenceless as [11]

@µ

�
n5u

µ + ~ ⇠5 !µ
�
= 0 (42)

with a CVE coefficient ⇠5 fixed by the anomaly relation.
For a rotating fluid u

µ = (1,!⇥x) for small !, and then
we see,

d

dt
n5 = �r ·

�
n5! ⇥ x

�
+ ~ @µ(⇠5!µ) . (43)

Then, it is easy to confirm,

d

dt

Z

V
hSi = ~

2

Z

V

d

dt
(n5! ⇥ x) ⇡ 0 (44)
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It should be noted that Lij and S
ij have the same physi-

cal unit but ~ in L
ij is hidden in the momentum p which

is of order O(~0) in a quasi-particle picutre based on
which the kinetic description is. In this way, in a semi-
classical treatment, the spin is a quantum effect, while
the orbital angular momentum is not, as is consistent
with our intuition.

Unfortunately, this is not yet the end of the setup.
As we mentioned in Eq. (14) the spin is related to the
current on the operator level. The current expectation
value would pick up a contribution from the energy shift
by the magnetic moment coupling. With this taken into
account, the spin is

S ! ~�
✓
p̂� ~� p̂

2p
⇥r

◆
, (19)

where the second term would be vanishing for spatially
homogeneous distributions. As we see soon below, the
rotation induces inhomogeneity, and there will be a finite
contribution.

IV. ROTATING CHIRAL FERMIONS

In this work we shall treat the effect of rotation us-
ing bulk matter rotating at constant angular velocity !
instead of local fluid vorticity, and we turn off electro-
magnetic fields. In equilibrium without rotation the dis-
tribution function f is homogeneous in coordinate space
and isotropic in momentum space, and is a function of
single particle energy ", i.e., f = f("). Let us consider
what happens if we apply rotation at finite !. In a frame
co-moving with rotating matter, it is a natural assump-
tion that f = f("rot) is reached eventually in local equi-
librium, where "rot is a single particle energy in the co-
moving frame. Solving the Dirac equation in a rotating
frame, we can easily find,

"rot = p� ! ·
�
x⇥ p+ ~�p̂

�
, (20)

represented in terms of the original (non-rotating) coor-
dinates. It is worth mentioning that the second term is
nothing but a cranking term, �! · J . Now, f("rot) is
neither homogeneous in coordinate space nor isotropic
in momentum space due to the rotation effect, the spin
and the orbital angular momentum deduced from f("rot)
become nonvanishing. Let us first consider the spin ex-
pectation value;

hSi =
Z

p
�~

✓
p̂� �~ p̂

2p
⇥r

◆
f("rot)

= �~�(! ⇥ x)

Z

p

p

3
f
0(p)� ~2!

Z

p
f
0(p) (21)

up to the linear order of ! expansion, where f
0(p) repre-

sent a momentum derivative of f(p). The phase space
integral is performed only for momentum with

R
p =R

d
3
p/(2⇡~)3. Here, below, we make a remark about the

~ order. The kinetic theory implicitly assumed the ~ ex-
pansion, so there may be unknown terms of ~2 order.
Therefore, in the above expression, the first term involv-
ing x⇥! may receive higher order corrections of ~2 order.
The second term, however, does not have coordinate de-
pendence and, because the coordinate independent term
in Eq. (20) is already of order ~1, unknown corrections
for this term would start from ~3 order. In fact, this in-
trinsic term not referring to x correctly reproduces the
chiral vortical effect, as is expected from Eq. (14).

We next turn to the orbital angular momentum. In
the same way we can expand the distribution function in
terms of ! to get,

hLi =
Z

p
(x⇥ p) f 0(p)(�!) · (x⇥ p+ ~�p̂)

= �x⇥ (! ⇥ x)

Z

p

p
2

3
f
0(p) + ~�(! ⇥ x)

Z

p

p

3
f
0(p) .

(22)

These are our central results in this paper. In what fol-
lows below, we give physical interpretations for these re-
sults.

V. CHIRAL EINSTEIN–DE HAAS AND
BARNETT EFFECT

The physical meaning of Eq. (21) becomes evident once
we add both left-handed and right-handed contributions
up. Then, after the integration by parts, for the first
term, we find,

hSi? = �~
X

R,L

�(! ⇥ x)

Z

p

p

3
f
0
�(p)

=
~
2
(! ⇥ x)

Z

p

⇥
fR(p)� fL(p)

⇤
=

~
2
(! ⇥ x)n5 .

(23)

where fR and fL represent the distribution functions of
right-handed and left-handed particles, respectively, and
n5 = nR � nL represents the chirality. This rotation-
induced spin alignment is intuitively understood in the
following way. For massless fermions the spin and the
momentum directions are locked up, so that, if we macro-
scopically move chiral matter with a velocity, u = !⇥x,
the spin should be tilted along u. In this sense the first
term of Eq. (21) or equivalently hSi? in Eq. (23) is a
unique result inherent in chiral fermions. Interestingly,
this transverse or troidal spin alignment requires a finite
chiral imbalance.

With simple algebra for the orbital angular momen-
tum, we can rewrite Eq. (22) into the following form,

hLi = x⇥ (! ⇥ x)
4

3

Z

p
p
⇥
fR(p) + fL(p)

⇤
� hSi?

= hLimech � hSi? . (24)OK Twice bigger !?
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where we note that, as we mentioned above, we dropped
the CVE term of ~2 order. After all, the total magnetic
moment up to the ~ order is,

hµi = hµLi+ hµSi

= hµLimech � ~�qe
6
(! ⇥ x)

Z

p
f
0(p) . (33)

The microscopic structure of the above result is quite
intriguing. Actually, if one takes the expectation value
which also involves the spatial average, the second term
is vanishing, and then averaged hµi is directed along the
! direction which is the J direction too. This is how
the conventional argument for the Barnett effect works
in a sense of average. Equation (33) implies that the
differential structure of hµi has a richer content.

What is nontrivial in the relativistic case is the second
term. Since the second term is proportional to (! ⇥ x),
its direction is troidal around the rotation axis (that is
the direction of !). The magnetic moment is a source
for the magnetic field, and so we can then expect a gen-
eration of troidal magnetic field in rotating chiral media.
This is a very interesting observation and applications to
astrophysical objects will be reported elsewhere [33].

VI. HYDRODYNAMICS

In this section we briefly address the problem of cal-
culating the orbital angular momentum in hydrodynam-
ics. In the framework of anomalous hydrodynamics, the
energy-momentum tensor reads (see Ref. [34]),

T
µ⌫
hydro = (E+P )uµ

u
⌫�P g

µ⌫+~n5(u
µ
!
⌫+u

⌫
!
µ) , (34)

where E and P are the energy density and the pres-
sure, respectively, and the covariant fluid velocity is uµ =
(1, u), and the vorticity is !

⌫ = (1/2)✏⌫↵��u↵@�u� =
(0, r ⇥ u). If we use this energy-momentum tensor to
define the hydro angular momentum, we find,

L
ij
hydro = x

i
T

0j
hydro � x

j
T

0i
hydro

= x
i[(E + P )uj + ~n5!

j ]� (i $ j) . (35)

For a rotating fluid, u
µ = (1,! ⇥ x) and !

µ = (0,!),
which leads to

Lhydro = (E + P )(x⇥ u)� ~n5(! ⇥ x) . (36)

To see a connection to our kinetic expressions, we remind
that for massless systems P = E/3 holds, and E has the
following expression,

E =

Z

p
p (fR + fL) . (37)

Then, the hydro angular momentum eventually takes a
form of

Lhydro = x⇥ (! ⇥ x)
4

3

Z

p
p(fR + fL)� 2hSi? . (38)

This first term completely agrees with the previous result,
while the second term has a different coefficient from that
in hLi.

The discrepancy at the coefficients in hLi and Lhydro
can be traced back to the convention of the energy-
momentum tensor. If we use the symmetrized definition
in Eq. (11), as is suitable for hydrodynamics [19], the
corresponding angular momentum is [see Eq. (12)]

L̃
0µ⌫ =

1

2
L
0µ⌫ +

1

2
p (xµ

j
⌫ � x

⌫
j
µ) . (39)

The crucial difference between L
0µ⌫ and L̃

0µ⌫ is that the
latter contains the current jµ, i.e., the indices µ and ⌫ of
L
0µ⌫ appear from either xµ or @µ, while the index µ of jµ

appears from the Dirac matrix. Then, the requirement
of jµ to be covariant results in the side jump current as

j = p̂� ~� p̂

2p
⇥r . (40)

It is now straightforward to arrive at

hL̃symi =
Z

p


(x⇥ p)f � ~�

2
x⇥ (p̂⇥rf)

�
= Lhydro ,

(41)
where we take the sum over the right-handed and the left-
handed contributions in the last step. From the above
procedures we can clearly understand the source of the
problem. For the symmetrized energy-momentum ten-
sor, a contribution associated with the magnetized cur-
rent which is supposedly a part of the spin component is
inevitably mixed up with the orbital component.

This fact may look a bit strange at a first glance, but
we note that, if hSi is regarded as an approximately
conserved quantity, such a conserved quantity could be
added or subtracted not to change the conservation law.
In fact, this is the case if all fermions are massless and
the chiral anomaly is negligible, for example, in the ab-
sence of electromagneti fields, which is obvious from the
relation (14).

In hydrodynamics this approximate conservation law
of hSi follows explicitly from the expansions in terms of
~ and !. The axial current represented with the fluid
velocity vector, uµ, and the vorticity vector, !µ, is then
divergenceless as [11]

@µ

�
n5u

µ + ~ ⇠5 !µ
�
= 0 (42)

with a CVE coefficient ⇠5 fixed by the anomaly relation.
For a rotating fluid u

µ = (1,!⇥x) for small !, and then
we see,

d

dt
n5 = �r ·

�
n5! ⇥ x

�
+ ~ @µ(⇠5!µ) . (43)

Then, it is easy to confirm,

d

dt

Z

V
hSi = ~

2

Z

V

d

dt
(n5! ⇥ x) ⇡ 0 (44)

The difference comes from the energy momentum tensor.  
In hydro the energy momentum tensor is a symmetrized one. 
Belinfante form?  Should be pseudo-gauge invariant…

Becattini-Florkowski-Speranza, PLB (2019)



Summary of the Talk

Rotation ~ Density 
□ Phase Diagram 
□ Finite-size System / Inhomogeneous Condensates 
Rotation ~ Magnetic Field 
□ Barnett Effect expected 
□ Chiral Vortical Effect is nothing but the Barnett Effect. 
□ Decomposition of L and S still assumed… 
□ Ideas testable in optics and electron vortex systems

!32

Works along these lines ongoing


