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• Intro / Motivation, Dileptons in HIC

• Spectral functions from analytically continued (aFRG) flows

• Vector and axial-vector spectral functions

• Fluctuating (axial-)vectors

• Summary and Outlook
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Photons and Dileptons in HIC
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T. Galatyuk et al., Physik Journal 17 (2018) no. 10

courtesy H. van Hees 

• from all stages of the collision

• measure temperature in QGP, 
   lifetime of fireball… 
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Dilepton Spectra
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dilepton rate (local thermal equilibrium):
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vector meson dominance 
& quark counting:

A. Drees, NPA 830 (2009) 435
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In-Medium Modifications

!5

10
-10

10
-9

10
-8

10
-7

10
-6

 0.5  1  1.5  2  2.5

In-In→ µ
+
µ

−
+X

Ti=235 MeV

Tc=170 MeV

D
im

u
o

n
 Y

ie
ld

 d
N

µ
µ
/d

M
µ

µ
 [

(2
0

 M
eV

)-1
]

Dimuon Invariant Mass Mµµ (GeV/c
2
)

NA60 Data
hadronic

QGP
total thermal

w/o DY

effective 
hadronic 
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deduce medium modifications to the vector spectral 
function, find signatures of chiral symmetry restoration

R. Rapp, H. van Hees, PLB 753 (2016) 586

currently  
accessible  
with lattice QCD 
in QGP phase 

early probes



17 September 2019  |  Lorenz von Smekal  |  p.

Spectral Functions
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commutator of interacting fields:
free fields

spectral function:

free fields (stable pion):
What is a Spectral Function?

w

rHwL
p

w= mp
October 24th, 2014 | Ralf-Arno Tripolt | Flow Equations for Spectral Functions | 4

finite lifetime/width:
What is a Spectral Function?

w

rHwL
p

w= mp

2 g

October 24th, 2014 | Ralf-Arno Tripolt | Flow Equations for Spectral Functions | 5

, p0 > 0
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Spectral Functions
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What is a Spectral Function?

w

rHwL
p

w= mp

2 g

p y y

w≥ 2my
October 24th, 2014 | Ralf-Arno Tripolt | Flow Equations for Spectral Functions | 6

σπ

mσ +mπ

two-particle thresholds:

D(p) =

Z 1

0
dm2 ⇢(m2)

1

p2 +m2

discontinuity at cut of propagator: 

mπ2

p2

p2 > 0

Euclidean space:  

D(t, ~p = 0) =

Z 1

0
dm ⇢(m2) exp{�mt}Euclidean data:

(inverse Laplace, try e.g. MEM,  
 but ill-posed numerical problem)

retarded, imaginary part: ⇢(p2) = � 1

⇡
ImDR(p)
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Functional RG (Flow) Equations
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Flow of Grand Potential
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280 4 Model descriptions of strongly interacting matter near deconfinement

expansion, except for some simple potentials. Thus, a precise determination
of the critical temperature of a first-order transition is very difficult within an
expansion scheme around only one potential minimum. Another important
advantage of the grid solution is that the potential is not fixed to a certain
truncation. During the evolution, arbitrary higher mesonic O(4)-symmetric
self-interactions in the potential are allowed to be generated numerically by
the RG evolution. By calculating higher potential derivatives it is possible
to extract and investigate the flow of these higher contributions. For these
reasons the grid solution is favored. For each grid point a flow equation is
obtained, which finally leads to a coupled closed system and can be solved
with standard numerical methods.

Fig. 4.36 Scale evolution of the grand canonical potential Ωk towards the infrared starting
at kφ. The dashed line shows the scale evolution of the nontrivial minimum of the potential
starting at kχ. For small values of k, the potential becomes more and more convex and the
minimum becomes scale-independent.

4.7.2.4 RG evolution towards the infrared

The RG evolution is started at the compositeness scale kφ and is displayed
in Fig. 4.36 where the k-evolution of the potential as a function of (posi-
tive) φ and its minimum φ0 (dashed line), starting at kχ, is visualized. The
dynamics at the beginning of the scale evolution just below the composite-
ness scale is almost entirely driven by quark fluctuations. These fluctuations
rapidly drive the squared scalar mass term in the action to negative values.
This then immediately leads to a potential minimum away from the origin

• e.g. quark-meson model:

(leading order derivative expansion)
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• flow of Landau free energy density:
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Flow of Effective Potential
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• extract mass parameters & running 3- and 4-point vertices 
(thermodynamically consistent & symmetry preserving)
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Euclidean Mass Parameters
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Jung et al., PRD95 (2017) 036020
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Analytically Continued aFRG Flows 
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p0 = �i(! + i") (retarded)

• continue to real time:

solve analytically continued flow equation
T = µ = 0:

K. Kamikado, N. Strodthoff, L.v.S. & 
J. Wambach, EPJC 74 (2014) 2806 

• compare:
Lattice: J. Engels & O. Vogt, NPB 832 (2010) 538
2-PI: D. Röder, J. Ruppert & D.H. Rischke, 
NPA 775 (2006) 127

!12

Classical-statistical: S. Schlichting, D. Smith 
& L.v.S., arXiv:1908.00912 
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Classical-Statistical Simulations
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• large boson occupancies, universal critical behavior
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aFRG Flow of Pion and Sigma
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• quark-meson model, T = µ = 0:
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aFRG Flow of Pion and Sigma
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• for " ! 0 :

p0 = �i(! + i")

4. Analytic continuation and spectral functions

Euclidean propagator,

DE(p0, ~p) =

Z 1

�1

⇢(!0, ~p)

!0 + ip0
d!0, (4.25)

which is defined with an overall minus sign. By comparing this with Eq. (4.22) and
Eq. (4.23), we find that the retarded and the advanced propagator can be obtained from
the Euclidean propagator by analytic continuation, i.e.

DR(!, ~p) = �DE(p0 ! i! � ✏, ~p), (4.26)

DA(!, ~p) = �DE(p0 ! i! + ✏, ~p). (4.27)

This is equivalent to the analytic continuation used in Eq. (4.13) for the retarded two-
point function. Similarly, the retarded and the advanced propagator can also be obtained
from the analytic continuation D(z) as follows,

DR(!, ~p) = D(z ! ! + i✏, ~p), (4.28)

DA(!, ~p) = D(z ! ! � i✏, ~p), (4.29)

cf. Eq. (4.24). By inserting these expression into Eq. (4.14), we can write the spectral
function as

⇢(!, ~p) =
i

2⇡
(D(z ! ! + i✏, ~p)�D(z ! ! � i✏, ~p)) , (4.30)

which makes it evident that there has to be a non-analyticity on the real !-axis in
order for the spectral function to be non-vanishing. Such a non-analyticity can either be
produced by a Dirac delta function, as for example in the case of a free particle, see also
Sec. 4.5, or by a branch cut along the real axis, which represents the existence of decay
channels for interacting particles, see also the discussion in Sec. 8.1. Such a branch cut
gives rise to a discontinuity in the imaginary part of D(z), while its real part does not
change when crossing the real !-axis. This can be seen from the following relations for
the real and the imaginary part of the retarded and the advanced propagator,

ImDR(!, ~p) = �ImDA(!, ~p), (4.31)

ReDR(!, ~p) = ReDA(!, ~p), (4.32)

which follow from Eq. (4.22) and Eq. (4.23). We also note that the retarded propagator
is analytic in the upper half of the complex !-plane, while the advanced propagator is
analytic in the lower half of the complex !-plane.
By means of Eq. (4.31) we can express the spectral function solely in terms of the

retarded propagator, i.e.

⇢(!, ~p) = � 1

⇡
ImDR(!, ~p). (4.33)

In terms of the retarded two-point function, �(2),R(!, ~p), which is essentially the inverse

31
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aFRG Flow at Finite Temperature
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• analytic continuation not unique:

Spectral Functions are not easy to calculate...

Analytical Continuation Problem: How to get back to real energies?

w

iw

?

?

October 24th, 2014 | Ralf-Arno Tripolt | Flow Equations for Spectral Functions | 9

Two-Step Analytical Continuation Procedure

1) Use periodicity in external energy p0 = n 2⇡T :

nB,F (E + ip0) ! nB,F (E)

2) Substitute p0 by continuous real frequency:

�(2),R(!) = � lim
✏!0

�(2),E (p0 = i! � ✏)

p p

p+q

q

[N. Landsman, C. v. Weert, Physics Reports 145, 3&4 (1987) 141]

[A. Das, R. Francisco, J. Frenkel, Phys. Rev. D 86 (2012) 047702]

October 24th, 2014 | Ralf-Arno Tripolt | Flow Equations for Spectral Functions | 14

exploit one-loop structure, 3-dim. regulators

Two-Step Analytical Continuation Procedure

1) Use periodicity in external energy p0 = n 2⇡T :

nB,F (E + ip0) ! nB,F (E)

2) Substitute p0 by continuous real frequency:

�(2),R(!) = � lim
✏!0

�(2),E (p0 = i! � ✏)

p p

p+q

q

[N. Landsman, C. v. Weert, Physics Reports 145, 3&4 (1987) 141]

[A. Das, R. Francisco, J. Frenkel, Phys. Rev. D 86 (2012) 047702]

October 24th, 2014 | Ralf-Arno Tripolt | Flow Equations for Spectral Functions | 14

⤳ Baym-Mermin physical b.c.’s satisfied

4. Analytic continuation and spectral functions

Euclidean propagator,

DE(p0, ~p) =

Z 1

�1

⇢(!0, ~p)

!0 + ip0
d!0, (4.25)

which is defined with an overall minus sign. By comparing this with Eq. (4.22) and
Eq. (4.23), we find that the retarded and the advanced propagator can be obtained from
the Euclidean propagator by analytic continuation, i.e.

DR(!, ~p) = �DE(p0 ! i! � ✏, ~p), (4.26)

DA(!, ~p) = �DE(p0 ! i! + ✏, ~p). (4.27)

This is equivalent to the analytic continuation used in Eq. (4.13) for the retarded two-
point function. Similarly, the retarded and the advanced propagator can also be obtained
from the analytic continuation D(z) as follows,

DR(!, ~p) = D(z ! ! + i✏, ~p), (4.28)

DA(!, ~p) = D(z ! ! � i✏, ~p), (4.29)

cf. Eq. (4.24). By inserting these expression into Eq. (4.14), we can write the spectral
function as

⇢(!, ~p) =
i

2⇡
(D(z ! ! + i✏, ~p)�D(z ! ! � i✏, ~p)) , (4.30)

which makes it evident that there has to be a non-analyticity on the real !-axis in
order for the spectral function to be non-vanishing. Such a non-analyticity can either be
produced by a Dirac delta function, as for example in the case of a free particle, see also
Sec. 4.5, or by a branch cut along the real axis, which represents the existence of decay
channels for interacting particles, see also the discussion in Sec. 8.1. Such a branch cut
gives rise to a discontinuity in the imaginary part of D(z), while its real part does not
change when crossing the real !-axis. This can be seen from the following relations for
the real and the imaginary part of the retarded and the advanced propagator,

ImDR(!, ~p) = �ImDA(!, ~p), (4.31)

ReDR(!, ~p) = ReDA(!, ~p), (4.32)

which follow from Eq. (4.22) and Eq. (4.23). We also note that the retarded propagator
is analytic in the upper half of the complex !-plane, while the advanced propagator is
analytic in the lower half of the complex !-plane.
By means of Eq. (4.31) we can express the spectral function solely in terms of the

retarded propagator, i.e.

⇢(!, ~p) = � 1

⇡
ImDR(!, ~p). (4.33)

In terms of the retarded two-point function, �(2),R(!, ~p), which is essentially the inverse

31

4. Analytic continuation and spectral functions

of the retarded propagator, cf. Eq. (B.21), the spectral function is then given by

⇢(!, ~p) =
1

⇡

Im�(2),R(!, ~p)
�
Re�(2),R(!, ~p)

�2
+
�
Im�(2),R(!, ~p)

�2 . (4.34)

This representation will be used in this thesis to calculate spectral functions based on
retarded two-point functions.
We now summarize further important properties of spectral functions. For example,

from the following relations for the retarded and the advanced propagator,

DR(!,�~p) = DR(!, ~p), (4.35)

DR(�!, ~p) = DA(!, ~p), (4.36)

we find that the following symmetry properties of the spectral function,

⇢(!,�~p) = ⇢(!, ~p), (4.37)

⇢(�!, ~p) = �⇢(!, ~p), (4.38)

⇢(�!,�~p) = �⇢(!, ~p). (4.39)

Moreover, the spectral function satisfies the sum rule
Z 1

�1
d! !⇢(!, ~p) = 1, (4.40)

which can be derived by considering the derivative of the Green’s function D(x), as
defined by Eq. (4.17), i.e.

lim
x0!0

@

@x0
D(x) = lim

x0!0

Z
d4p

(2⇡)4
(�i!)e�ipxD(p) = �

Z
d3p

(2⇡)3
ei~p~x

Z
d! !⇢(!, ~p), (4.41)

where we used Eq. (4.18). On the other hand, we can express D(x) in position space by
using Eq. (4.17), which gives

lim
x0!0

@

@x0
D(x) = lim

x0!0

@

@x0
(�ih[�(x),�(0)]i) = �

Z
d3p

(2⇡)3
ei~p~x, (4.42)

where we used the canonical commutation relation

ih[⇡̂(0, ~x), �̂(0,~0)]i = �(~x) =

Z
d3p

(2⇡)3
ei~p~x, (4.43)

which holds for free fields. By comparing Eq. (4.41) with Eq. (4.42) we then find the
sum rule given by Eq. (4.40).

We conclude this section by noting that spectral functions in general obeys the positivity

32

• for " ! 0 :

p0 = �i(! + i")
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In-Medium Spectral Functions
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• quark-meson model:

A. Tripolt, N. Strodthoff, L.v.S. & J. Wambach, PRD 89 (2014) 34010

µ = 0 ‒— sigma
‒— pion
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In-Medium Spectral Functions
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T = 10MeV
• quark-meson model:

A. Tripolt, N. Strodthoff, L.v.S. & J. Wambach, PRD 89 (2014) 34010
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Spectral functions
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analytically continued FRG                   • QM model                   

Slide for Lorenz
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1: �⇤ ! ��, 2: �⇤ ! ⇡⇡, 3: �⇤ !  ̄ , 4: ⇡⇤ ! �⇡, 5: ⇡⇤⇡ ! �, 6: ⇡⇤ !  ̄ 

[R.-A. Tripolt, N. Strodthoff, L. von Smekal and J. Wambach, arXiv:1311.0630 [hep-ph]]

November 15th, 2013 | TU Darmstadt | Jochen Wambach | Real Time Spectral Functions from the FRG | 1

[Kamikado, Strodthoff, LvS, Wambach, arXiv:1302.6199; Tripolt, Strodthoff, LvS, Wambach, arXiv:1311.0630]

finite T and µ
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Finite Momenta
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pion SF ⇢(!, ~p) below Tc

sigma meson SF ⇢(!, ~p) above Tc

A. Tripolt, L.v.S. & J. Wambach, PRD 90 (2014) 074031

⤳ transport coefficients
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Vector and Axial-Vector SFs
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• gauged linear-sigma model with quarks:

Ch. Jung, F. Rennecke, A. Tripolt, L.v.S. & J. Wambach, PRD95 (2017) 036020

 16

Modellierung von (Axial-)Vektormesonen

● EJek�ve Modelle mit hadronischen Freiheitsgeraden um QCD bei niedrigen Energien zu 

beschreiben

● Konstruk�on auf Basis des Konzepts chiraler Symmetry

● Vektor und Axial-Vektormesonen als Eichbosonen lokaler Symmetrien (Sakurai 1960)

● Invarianz unter lokaler chiraler Symmetry: Geeichtes lineares Sigma-Modell  mit Quarks

Quark-Meson Modell

 22

Mögliche Prozesse – ohne fluktuierende Vektormesonen

Mögliche Prozesse für das...

● ...ρ Meson: ● ...a1 Meson:

• aFRG flow equations for (axial-)vector mesons from:
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Vector and Axial-Vector SFs
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‒— ρ
‒— a1

Ch. Jung, F. Rennecke, A. Tripolt, L.v.S. & J. Wambach, PRD95 (2017) 036020
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Vector and Axial-Vector SFs
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Ch. Jung, F. Rennecke, A. Tripolt, L.v.S. & J. Wambach, PRD95 (2017) 036020
 24

2

ρ und a1 Spektralfunk�onen über Temperatur 
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• chiral restoration with temperature 
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Vector and Axial-Vector SFs
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Ch. Jung, F. Rennecke, A. Tripolt, L.v.S. & J. Wambach, PRD95 (2017) 036020
 25
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the vacuum in Sec. III B and finally spectral functions at
finite temperature and chemical potential in Sec. III C.
We conclude with a summary in Sec. IV. Technical details
concerning FRG flow equations and the analytic contin-
uation procedure are given in App. B and App. C.

II. THEORETICAL SETUP

A. Massive vector fields and covariant time
ordering

To describe massive vectors by fundamental fields in
an e↵ective theory is knwon to be problematic [39, 40], if
not impossible without Higgs mechanism. In the Proca
formalism the transversality of the corresponding Green
functions is maintained only on-shell which, among other
problems, leads to a pathological ultraviolet behavior.
While this is fixed in the Stueckelberg formalism, one
is then left with spurious massless single-particle con-
tributions to the vector Green functions when restoring
transversality in the Stueckelberg limit. Essentially the
same is true for Nakanishi’s B-field formalism.

There is of course no problem with massive vectors
in Abelian-Higgs or Fradkin-Shenker models, for exam-
ple, or in the Standard Model for that matter. However,
the physical and hence gauge-invariant vectors are then
necessarily described by composite fields [41, 42]. Here
we adopt a somewhat simpler approach to describe fluc-
tuations due to (axial-)vector mesons within our FRG
framework below. It starts from the fairly general point
of view, describing massive vectors as single-particle con-
tributions, which may well be composites, to the corre-
sponding conserved vector-current correlation functions.
In order to understand their spectral representations, on
the other hand, it is important to remember the subtlety
in defining covariant time ordering for vector or higher-
rank tensor field operators [43–46].

Our brief review here follows the discussion in [39] for
the simplest example of the correlation function of a con-
served U(1) current jµ(x). As for any Feynman propaga-
tor, its causal Green function must be covariant while the
naive time-ordered product is not. One therefore defines
covariant time ordering,
⌦
Tcov jµ(x)j⌫(0)

↵
= (1)

✓(x0)
⌦
jµ(x)j⌫(0)

↵
+ ✓(�x

0)
⌦
j⌫(0)jµ(x)

↵
+ ⌧µ⌫(x) ,

which di↵ers from naive time ordering by a seagull term
⌧µ⌫(x) proportional to a delta distribution at x = 0. Such
a seagull term must occur whenever the corresponding
equal-time commutators between di↵erent current com-
ponents contain a Schwinger term [47]. In our example
this is the case for

⌦⇥
j0(x), ji(0)

⇤↵���
x0=0

= i@i�
3(~x)

Z 1

0
ds

⇢(s)

s
, (2)

where ⇢(s) � 0 is the spectral function of the current-
current correlators. Together with the covariance of their

causal Green functions, the requirement that Schwinger
terms are canceled from Ward identities [48] then fixes
the seagull term uniquely, in the present case,

⌧µ⌫(x) = i
�
gµ0g⌫0 � gµ⌫

�
�
4(x)

Z 1

0
ds

⇢(s)

s
, (3)

with metric and other conventions as in [39], where it is
explicitly demonstrated that this leads to a spectral rep-
resentation of the causal Green function, with covariant
time ordering,

⌦
Tcov jµ(x)j⌫(0)
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= (4)
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Z 1

0
ds
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s

Z
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e�ipx p

2
gµ⌫ � pµp⌫

p2 � s+ i✏
.

This is manifestly transverse and covariant as it should
be, with a measure given by the semi-positive spectral
density ⇢(s). This is the spectral function of the con-
served U(1) current per charge squared. Assuming a
(minimal) first-order interaction gv jµV

µ of the current
with a vector field Vµ(x), with coupling gv, it is related
to the vector field’s spectral function ⇢v(s) by

g
2
v⇢(s) = s

2
⇢v(s) . (5)

A massive single-particle contribution of strength Z in
⇢v(s), corresponding to a stable vector meson of massmv,
will therefore contribute to the current spectral function
with a term

⇢(s) =
m

4
v

g2v

Z �(s�m
2
v) + . . . . (6)

In order to describe such a possibly composite state by
a single-particle contribution to the vector-meson field
Vµ in the spirit of vector-meson dominance, i.e. with a
current-field identity

jµ(x) =
m

2
v

gv
Vµ(x) , (7)

we therefore need to arrive at a transverse vector-meson
propagator DV

µ⌫ with a single-particle contribution of the
form (here still in Minkowski space),

D
V
µ⌫(p) = �i

Z

m2
v

p
2
gµ⌫ � pµp⌫

p2 �m2
v + i✏

+ . . . . (8)

This is not of the form of a massive Proca propagator,
and it di↵ers by a factor p2/m2

v from the transverse prop-
agator that results in the Stueckelberg limit. In par-
ticular, it does therefore not come along with massless
single-particle contributions. The price, however, is the
poor ultraviolet behavior when viewed as the propaga-
tor of an elementary field. Although we have therefore
obviously not succeeded to describe an o↵-shell vector
meson by an elementary field, this form is still useful
for our e↵ective description of vector-meson fluctuations.
The correct low-energy e↵ective Lagrangian for a mas-
sive transverse propagator of this form, in fact, starts

2

the vacuum in Sec. III B and finally spectral functions at
finite temperature and chemical potential in Sec. III C.
We conclude with a summary in Sec. IV. Technical details
concerning FRG flow equations and the analytic contin-
uation procedure are given in App. B and App. C.

II. THEORETICAL SETUP

A. Massive vector fields and covariant time
ordering

To describe massive vectors by fundamental fields in
an e↵ective theory is knwon to be problematic [39, 40], if
not impossible without Higgs mechanism. In the Proca
formalism the transversality of the corresponding Green
functions is maintained only on-shell which, among other
problems, leads to a pathological ultraviolet behavior.
While this is fixed in the Stueckelberg formalism, one
is then left with spurious massless single-particle con-
tributions to the vector Green functions when restoring
transversality in the Stueckelberg limit. Essentially the
same is true for Nakanishi’s B-field formalism.

There is of course no problem with massive vectors
in Abelian-Higgs or Fradkin-Shenker models, for exam-
ple, or in the Standard Model for that matter. However,
the physical and hence gauge-invariant vectors are then
necessarily described by composite fields [41, 42]. Here
we adopt a somewhat simpler approach to describe fluc-
tuations due to (axial-)vector mesons within our FRG
framework below. It starts from the fairly general point
of view, describing massive vectors as single-particle con-
tributions, which may well be composites, to the corre-
sponding conserved vector-current correlation functions.
In order to understand their spectral representations, on
the other hand, it is important to remember the subtlety
in defining covariant time ordering for vector or higher-
rank tensor field operators [43–46].

Our brief review here follows the discussion in [39] for
the simplest example of the correlation function of a con-
served U(1) current jµ(x). As for any Feynman propaga-
tor, its causal Green function must be covariant while the
naive time-ordered product is not. One therefore defines
covariant time ordering,
⌦
Tcov jµ(x)j⌫(0)
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which di↵ers from naive time ordering by a seagull term
⌧µ⌫(x) proportional to a delta distribution at x = 0. Such
a seagull term must occur whenever the corresponding
equal-time commutators between di↵erent current com-
ponents contain a Schwinger term [47]. In our example
this is the case for
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where ⇢(s) � 0 is the spectral function of the current-
current correlators. Together with the covariance of their

causal Green functions, the requirement that Schwinger
terms are canceled from Ward identities [48] then fixes
the seagull term uniquely, in the present case,
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with metric and other conventions as in [39], where it is
explicitly demonstrated that this leads to a spectral rep-
resentation of the causal Green function, with covariant
time ordering,
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This is manifestly transverse and covariant as it should
be, with a measure given by the semi-positive spectral
density ⇢(s). This is the spectral function of the con-
served U(1) current per charge squared. Assuming a
(minimal) first-order interaction gv jµV

µ of the current
with a vector field Vµ(x), with coupling gv, it is related
to the vector field’s spectral function ⇢v(s) by

g
2
v⇢(s) = s

2
⇢v(s) . (5)

A massive single-particle contribution of strength Z in
⇢v(s), corresponding to a stable vector meson of massmv,
will therefore contribute to the current spectral function
with a term

⇢(s) =
m

4
v

g2v

Z �(s�m
2
v) + . . . . (6)

In order to describe such a possibly composite state by
a single-particle contribution to the vector-meson field
Vµ in the spirit of vector-meson dominance, i.e. with a
current-field identity

jµ(x) =
m

2
v

gv
Vµ(x) , (7)

we therefore need to arrive at a transverse vector-meson
propagator DV

µ⌫ with a single-particle contribution of the
form (here still in Minkowski space),

D
V
µ⌫(p) = �i

Z

m2
v

p
2
gµ⌫ � pµp⌫

p2 �m2
v + i✏

+ . . . . (8)

This is not of the form of a massive Proca propagator,
and it di↵ers by a factor p2/m2

v from the transverse prop-
agator that results in the Stueckelberg limit. In par-
ticular, it does therefore not come along with massless
single-particle contributions. The price, however, is the
poor ultraviolet behavior when viewed as the propaga-
tor of an elementary field. Although we have therefore
obviously not succeeded to describe an o↵-shell vector
meson by an elementary field, this form is still useful
for our e↵ective description of vector-meson fluctuations.
The correct low-energy e↵ective Lagrangian for a mas-
sive transverse propagator of this form, in fact, starts

• spectral representation of conserved current:
3

from describing left and right-handed vectors in terms of
(anti-)self-dual field strengths [49] which can then be re-
expressed in terms of conserved 4-vectors to yield prop-
agators of the form in (8) as we describe in App. A.

The introduction of a regulator function Rk(p) to sup-
press fluctuations of momentum modes p < k in the FRG
framework requires to modify Ward identities accord-
ingly [50]. We will therefore use an Ansatz for fluctuat-
ing vector mesons which contains additional longitudinal
terms that vanish with k ! 0 in a way such that a trans-
verse vector-meson propagator of the form as in Eq. (8) is
obtained in the infrared as explained in Sec. II C below.

In order to extract spectral functions from the results
of integrating the analytically continued FRG flow equa-
tions we also need the imaginary parts of the retarded
(axial-)vector propagators. This is slightly subtle for the
same reasons, Schwinger and seagull terms, but the result
will luckily be just as one would naively expect:

The spectral function ⇢v(s) is originally defined from
the commutator of the vector field. Via Eq. (7) this is
essentially the same as that of the currents jµ(x) which,
however, includes the Schwinger term in Eq. (2),

⌦⇥
Vµ(x), V⌫(0)

⇤↵
= �

Z 1

0
ds

s
2
⇢v(s)

m4
v
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gµ⌫+

@µ@⌫

s

⌘
i�(x; s) ,

written in terms of the invariant delta function

i�(x;m2) =
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2 �m
2) e�ipx

.

As usual, its Fourier transform therefore essentially de-
fines the spectral function. In particular, we obtain here,
Z

d
4
x eipx
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Vµ(x), V⌫(0)

⇤↵
= (9)
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2
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2
gµ⌫ � pµp⌫

⌘
.

Expressing the invariant delta function by the imaginary
part of the retarded Green function,

i�(x;m2) = �2 Im�R(x;m
2) ,

we can therefore write
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2) p2⇢v(p
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2
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2
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s

⌘
Im

�1

(p0 + i✏)2 � ~p2 � s
.

This is not quite the imaginary part of the retarded prop-
agator corresponding to Eq. (4) yet. However, because
the imaginary part of the Fourier transform of �R(x,m2)
has support only at p

2 = m
2 we can trade powers of p2

for matching powers of s in this spectral integral to write

✏(p0)✓(p
2) ⇢v(p
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(p0 + i✏)2 � ~p2 � s
.

This confirms that we can safely extract also a vector
spectral function from the discontinuity along the cut of
the transversally projected vector propagator with spec-
tral representation as in Eq. (4), i.e. for the transverse
part of the full Feynman propagator of the form,

D
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s

Z
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(2⇡)4
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p2 � s+ i✏
.

(12)

B. Gauged linear sigma model with quarks and the
FRG

In this section we briefly introduce the e↵ective model
we employ, a detailed discussion of the model is not pur-
pose of this work and we therefore refer to [37] and [32].
Starting point is the linear sigma model with quarks,

often used as e↵ective low-energy model for two-flavor
QCD to study the chiral phase transition. It contains
the isotriplet ~⇡ and the isosinglet � as chiral partners in
the scalar sector which are coupled to quark-antiquark
fields with a Yukawa-type interaction. In these type of
models one has a CEP at low termperture and large
quark chemical potential, dividing a crossover transition
for larger temperatures and a first oder phase transition
for lower temperatures. As the critical mode, the � field
becomes exactly massless at the CEP. Its expectation
value �0 serves as an order parameter for (spontaneous)
chiral symmetry breaking.
In such models vector mesons are usually introduced as

the gauge fields of a local flavor symmetry, first proposed
by Sakurai [51] and later extended to the full chiral group
to introduce the vector and axial-vector isotriplets ~⇢ and
~a1 as the gauge fields of a local chiral symmetry SU(2)L⇥
SU(2)R [52]. This idea of local gauge invariance was
also the origin of the concept of vector meson dominance
(VMD) [8]. Alternatively, one sometimes imposes only a
global chiral symmetry rather than a local one [38, 53].
In this work we employ the gauged linear sigma model

with quarks based on the assumption of VMD within
the framework of the functional renormalization group.
The idea of the FRG is to introduce a momentum scale
k and to integrate out fluctuations with momenta larger
than this scale. To this end one defines the so-called
e↵ective average action �k which interpolates between
the classical action S ⌘ �k!⇤ at some chosen ultraviolet
(UV) cuto↵ scale ⇤ and the full quantum e↵ective action
�k!0 at the infrared (IR) scale k ! 0. Technically this is
archived by implementing a regulator function Rk which
suppresses low-momentum fluctuations. The change of
�k when changing the scale k is described by the so-called
Wetterich equation [54],

@k�k =
1

2
Tr


@kR

�
k

⇣
�(2)
k [�] +R

�
k

⌘�1
�
. (13)

One hence starts with an Ansatz for the e↵ective av-
erage action �k=⇤ at the UV scale and integrates out

• current-field identity, transverse vector propagator:
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FIG. 10: (color online) Spectral functions of the ⇢ (solid blue)
and a1 meson (dashed red) as a function of external frequency
! for T = 0 MeV (dark) and T = 150 MeV (light).

and T = 150 MeV are shown, plotted in linear scales. An
increasing temperature leads to a decreasing of the a1

pole mass, whereas the peak of the ⇢ meson only slightly
shrinks but does not move. This e↵ect gets stronger by
further increasing the temperature until both spectral
functions are fully degenerate.

IV. SUMMARY AND CONCLUSION

In this paper we aimed at computing in-medium vec-
tor and axial-vector meson spectral functions including
fluctuations of these vector mesons within an e↵ective
low-energy theory, extending the study in [32]. As non-
perturbative method we used the functional renormal-
ization group approach which enabled us to perfom the
analytic continuation towards the real-time framework
on the level of the flow equations.

To this end we first discussed how to describe mas-
sive vector mesons by fundamental fields in an e↵ective
theory. In this discussion we used the current-field iden-
tity of the vector meson dominance model to rewrite
the expression for a covariant time-ordered product of
a conserved U(1) current, derived in [39], into the single-
particle contribution for a massive vector field. This ex-
pression was then implemented into the FRG framework
where we had to include longitudinal components to the
vector two-point function which were constructed in a
way that they turn o↵ themselves in the propagator in
the limit k ! 0. Within an e↵ective theory inspired
by the gauged linear sigma model with quarks, we then
studied the RG flow of the Euclidean parameters and
verified the expected ordering of the vector meson mass
parameters m2

v and m
2
0.

Spectral functions of the ⇢ and a1 meson were then
computed at finite temperature and chemical potential,
for the reason of comparability at the same combinations

as in [32]. Qualitatively we observed similar e↵ects, but
in this study we have more possible processes involving
the ⇢ and a1 meson as fluctuating fields which we could
identify in the spectral functions. For increasing temper-
ature we saw the various new capture processes becoming
possible, ⇢⇤ + ⇡ ! a1, a⇤1 + ⇡ ! ⇢ and a

⇤
1 + � ! a1. At

T = 300 MeV both spectral functions got completely de-
generate. As a function of chemical potential towards
the CEP of the model, the a1 spectral functions shows
a dropping of the threshold a

⇤
1 ! � + ⇡ as signature for

the chiral CEP.
All in all we succeeded in describing fluctuations due

to the ⇢ and a1 meson, expressed as single-particle con-
tribution via the related time-ordered product of a con-
served U(1) current. From a phenomenological point of
view, an important next step is to implement not only
single-particle contribution into the flow equations but
an enhanced ansatz which reflects the non-trivial spec-
tral properties of the specific particles, or even a complete
self-consistent solution. This is an important step in or-
der to finally identify signatures for features of the QCD
phase diagram like a CEP in the associated electromag-
netic spectral functions [34] which could give hints also
to actual measured dilepton spectra.
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Appendix A: Massive spin-1 particles from
anti-symmetric rank-2 tensor fields

Gasser and Leutwyler have proposed to describe the ⇢-
meson in terms of an anti-symmetric rank-2 tensor field
⇢µ⌫ when constructing an e↵ective Lagrangian [49] start-
ing with a free kinetic Lagrangian plus mass term of the
form

L⇢
0 = �1

2
(@µ⇢µ⌫)@�⇢�⌫ +

1

4
m

2
v ⇢µ⌫⇢µ⌫ . (A1)

We are considering just a single flavor component without
gauging for simplicity. All we want to point out here is
that this Lagrangien, when the components of ⇢µ⌫ are re-
expressed in terms of a conserved 4-vector field, leads to
a transverse tree-level two-point function for this vector
field in momentum space of the form

�(2)T
µ⌫ (p) = �m

2
v

p4
(p2 +m

2
v)

�
p
2
�µ⌫ � pµp⌫

�
, (A2)
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Euclidean (curvature) mass parameters. Since the setting
used here in wide parts parallels that of Ref. [32] we keep
the discussion brief and refer to this reference as well as
our Appendix B for further details.

We start with solving the flow equation for the e↵ec-
tive potential Uk(�2) which contains scalars and pseudo-
scalars as well as quarks and antiquarks as fluctuating
fields. Because the Euclidean mass parameters of the
(axial-)vector mesons are relatively heavy, of the order of
the UV cuto↵ ⇤ = 1500 MeV, they are expected to con-
tribute very little to the Euclidean flow of the e↵ective
potential and are therefore neglected. The flow equation
for Uk(�2) is then solved with standard procedures by
discretizing its argument in field space, and using the
following simple form of the linear-sigma model in the
symmetric phase at the UV scale ⇤ as initial condition,

Uk=⇤(�
2
i ) = b1 �

2
i + b2 �

4
i . (34)

Storing the k-dependent e↵ective potential, we solve
the flow equations for the vector-meson mass parameters
m

2
v,k and m

2
0,k next, see App. B for more details. With

the parameters listed in Tab. I (Set 1), we obtain follow-
ing values for the chiral order parameter �0 and the Eu-
clidean mass parameters at the IR scale of k = 40 MeV,

�0 = 93.0 MeV , m� = 557.1 MeV ,

m⇡ = 140.4 MeV , m = 300.0 MeV ,

m⇢ = 868.1 MeV , ma1 = 1363.1 MeV ,

m0 = 1294.3 MeV . (35)

Note that the mesonic mass parameters here are not di-
rectly the physical meson masses. They are determined
from the zero-momentum limit of the respective Eu-
clidean two-point functions �(2),E(p). For the (pseudo-)
scalars they agree with the corresponding curvatures in
the ⇡ and � directions of the e↵ective potential in our
thermodynamically consistent and symmetry-preserving
truncation scheme.

FIG. 2: (color online) Flow of the Euclidean mass parameters
in (35) with the RG scale k in the vacuum (parameter Set 1).

Set # b1 [⇤2] b2 c [⇤3] hs = hv g mv,⇤ [⇤]

1 0.381 0.2 0.5401·10�3 3.226 11.3 0.7067

2 11.8 0.684

3 10.5 0.74

TABLE I: Di↵erent UV parameter sets resulting in roughly
the same pole masses, close to the physical ones of ⇢ and a1,
all with the same quark-meson model parameters.

The analogous Euclidean masses of vector and axial-
vector meson, on the other hand, then essentially re-
sult from tuning their coupling g and UV mass parame-
ter mv,⇤ so that the corresponding pole masses m

p
⇢ and

m
p
a1

assume the approximate mass values of the phys-
ical ⇢(770) and the a1(1260) mesons. Since the ⇢ and
a1 are resonances, we estimate their pole masses from
the zeros of the real parts of the respective retarded two-

point functions, �(2),R
⇢/a1

(p), which is a fairly good approx-
imation as long as the widths of the resonances, i.e. the

imaginary parts of �(2),R
⇢/a1

in the resonance region, are
su�ciently small. In our present qualitative study we
are content with this approximation and obtain the pole
masses listed in Tab. II which are all reasonably close to
the physical masses of ⇢ and a1 for our representative UV
parameters of Table I. For a more precise determination
of masses and widths one would have to study the ana-

lytic structure of �(2),R
⇢/a1

and look for the resonance poles
on the unphysical second Riemann sheet, see for example
Refs. [56, 57].

Set # mp
⇢ [MeV] mp

a1
[MeV]

1 776.3 1242.6

2 774.9 1266.2

3 770.2 1258.6

PDG 775.26±0.25 1230±40

TABLE II: Pole masses of (axial-)vector mesons for the pa-
rameter sets of Table I compared to the estimates for ⇢(770)
and a1(1260) from the Review of Particle Properties (2019).

The k-flow of the Euclidean masses and of the mass
parameter m0,k, all evaluated at the k-dependent mini-
mum �

2
0,k of Uk(�2), is plotted in Fig. 2. Starting at the

UV scale where chiral symmetry is restored, the masses
of the chiral partners ⇡-� and ⇢-a1 are degenerate, the
quark mass has its very small bare value. Taking fluc-
tuations into account by successively lowering the scale
k, the mass parameter m0,k immediately splits from its
counterpart mv,k because their flow is not independent
but in fact opposite in sign. In particular, one has

@km
2
0,k

m2
0,k

= �
@km

2
v,k

m2
v,k

, (36)

cf. App. B. Moreover, the relation m
2
0,k � m

2
v,k discussed

in Sec. II C with m
2
0,⇤ = m

2
v,⇤ therefore holds by con-
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Z
T
k and both to be independent of �k instead, would es-

sentially lead back to the Proca propagator for �k ! 0
in the infrared (i.e. up to the factor ZT

k ). In the present
setup on the other hand, longitudinal and transverse
components start out equally at the ultraviolet cuto↵
scale for k = ⇤ so that the two-point function is alto-
gether proportional to �µ⌫ (as in Feynman gauge). Rel-
ative to the transverse mass, the longitudinal mass be-
comes heavier and heavier and the unphysical longitudi-
nal fluctuations switch themselves o↵ automatically dur-
ing the flow.

Finally, for the transverse part to correctly model the
single-particle contribution to the vector correlator (8),
cf. Eq. (21) with scale dependent mass mv,k and strength
Zk, all we have now left to do, is to set

Z
T
k (p

2) = �Z
�1
k m

2
v,k/p

2 ⌘ �m
2
0,k/p

2
, (27)

with an independent mass parameter m
2
0,k = m

2
v,k/Zk

which for Zk < 1 we expect to be larger than the scale
dependent (pole-)mass of the vecor mesonm

2
v,k, in partic-

ular for k ! 0 in the infrared. We will start the flow with
the boundary condition at the ultraviolet cuto↵ k = ⇤
with Z⇤ = 1, corresponding to the full spectral strength
initially contained in this single-particle contribution.

Note that the somewhat ambiguous details in the treat-
ment of the unphysical longitudinal fluctuations are ir-
relevant here: Just as the vector-meson mass parameter,
the longitudinal mass starts out at a rather large initial
value of about

ml,⇤ = mv,⇤ ⇡ 1GeV (28)

as compared to a UV cuto↵ for which we typically use
⇤ = 1.5 GeV. Because the longitudinal mass

ml,k =
⇤

k
mv,k (29)

increases rapidly with lower k from there on, these lon-
gitudinal fluctuations are strongly suppressed during the
flow. In principle, their suppression can be further con-
trolled by the initial value of the Stueckelberg parameter
�⇤. One then verifies that the results are in fact inde-
pendent of this parameter for su�ciently small �⇤. Our
choice of �⇤ = 1 seems rather natural but is by no means
mandatory, it simply turns out to be su�ciently small for
the parameters used here at least at low temperatures.
For the higher temperatures, e.g. for the results presented
in the next section with T = 100 MeV and above, we in
fact observe that longitudinal fluctuations can occasion-
ally still produce small spurious contributions to capture
processes during the flow, when their initial mass is not
large enough for �⇤ = 1. In such cases we simply reduce
�⇤ further, until we observe no noticeable dependence on
�⇤ any more.

In contrast, we have been very careful in modeling the
transverse fluctuations to correctly describe the single-
particle contributions to the full (axial-)vector correla-
tors, including momentum and field independent wave-
function renormalization in form of the scale-dependent

strength Zk. This treatment of the (axial-)vector fluctu-
ations thus in this sense parallels what has been called
the LPA’ tuncation for the (pseudo-)scalar sector in the
literature.
Choosing a transverse and longitudinal regulator func-

tions of the same form,

R
T,L
µ⌫,k(p) = Z

T,L
k (p2) k2 rk(p)⇧

T,L
µ⌫ (p) , (30)

with a suitable dimensionless regulator function rk(p),
and using (25)–(27) in Eq. (23), the Ansatz for the scale-
depended vector propagator with regulator becomes,

D
E
µ⌫,k(p) ⌘

⇣
�(2),E
k (p) +Rk(p)

⌘�1

µ⌫
(31)

=
�p

2

m2
0,k (p

2 + k2 rk(p) +m2
v,k)

⇧T
µ⌫(p)

� p
2

m2
0,k (p

2 + k2 rk(p) +
⇤2

k2 m
2
v,k)

⇧L
µ⌫(p) .

For k ! 0 we recover Eq. (24), and the transverse part
reduces to the desired single-particle contribution of a
massive vector state as in Eq. (21). The flow of the mass
parameter m

2
0,k = m

2
v,k/Zk is in general di↵erent from

that of the LPA’ vector-meson mass m2
v,k, of course. As

mentioned above, we will assume their initial values to
be the same at the UV cuto↵, with Z⇤ = 1, i.e.

m
2
0,⇤ = m

2
v,⇤ . (32)

Due to the fluctuations in the interacting theory one then
expects Zk < 1 and, with �k = k

2
/⇤2, therefore the

overall ordering

m
2
l,k > m

2
0,k > m

2
v,k , for k < ⇤ . (33)

This behaviour is confirmed explicitly in the numerical
calculations as described in the next section, Sec. III A.
As mentioned above, the LPA’ Ansatz in Eq. (31) is

used to describe the fluctuations due to the single-particle
contributions of massive vectors on the right hand side
of the FRG flow equations in Fig. 1, in our present trun-
cation. The result of the integrated flow on the left hand
side yields the corresponding full two-point functions in-
cluding widths and various thresholds whose transverse
parts will have a spectral representation as in Eq. (12). In
a fully self-consistent calculation one would have to feed
these back into the flow equations, recompute and iterate
until convergence [36]. As in our previous studis [30–32]
here we perform the first step in such an approach, thus
neglecting the fluctuations due to the continuous contri-
butions from the two-point functions inside the flow.

III. NUMERICAL RESULTS

A. Euclidean FRG flow and mass paramters

In this section we discuss the numerical procedure for
solving the flow equations and the resulting flow of the

• Euclidean two-point function, single-particle contribution:
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Flow of Euclidean 
(curvature) masses
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• physical pole masses:
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• new processes/imaginary parts contribute to SFs:

rho meson a1 meson
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Spektralfunktionen über T – mit fluktuierenden Vektormesonen

a1*→ρ+π

a1*→ρ+π

a1*+σ→a1

a1*+π→ρ

ρ*+π→a1

ρ*→a1+π

a1*+π→ρ

a1*+σ→a1

a1*→ρ+π
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Spektralfunktionen über μ – mit fluktuierenden Vektormesonen

a1*→σ+π

a1*→σ+π
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• Vector and axial-vector SFs at finite T and µ

melting-rho scenario     

R.-A. Tripolt, J. Weyrich , L. v. S.  
& J. Wambach, Phys. Rev. D98 (2018) 094002 

• Fermionic spectral functions

effective theories (chiral, linear)
�
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• Spectral functions from analytically contd. aFRG flows 

a1

• Electromagnetic spectral function
R.-A. Tripolt, Ch. Jung, N. Tanji, L. v. S. 
& J. Wambach, Nucl. Phys. A982 (2019) 775  
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Vektormeson-Spektralfunktionen mit Nukleonen

ρ*→π+π

a1*→σ+π

ρ*→N1+N1

ρ*,a1*+N1→N2

ρ*,a1*→N+N

ρ*,a1*+N1→N2

Verbreiterung durch 
fallende σ-Schwellen 

• SFs in nuclear matter, parity doubling

Ch. Jung, PhD thesis, JLU 2019  
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Vektormeson-Spektralfunktionen mit Nukleonen

ρ*→π+π

a1*→σ+π

ρ*→N1+N1

ρ*,a1*+N1→N2

ρ*,a1*→N+N

ρ*,a1*+N1→N2

Verbreiterung durch 
fallende σ-Schwellen 
critical broadening

• SFs in nuclear matter, parity doubling
Ch. Jung, PhD thesis, JLU 2019  

• Self-consistent spectral functions
O(4)-model, Ch. Jung, N. Wink, J. Pawlowski, 
& L.v.S., in preparation   
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Resultate im O(4) Modell

σ*→π+π

π*→π+σ=3π


