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Maximally Supersymmetric Gauge
Theories: New Theoretical Playground
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Maximal SYM

D=4 N=4
D=6 N=2
D=8 N=1
D=10 N=1

Motivation

Theories in D-dimensions where maximal possible
number of super symmetries in realized

It is believed that these theories possess
distinguished properties:

 integrability,

e exact solutions,

e can provide break through into non-perturbative

phenomena,
e can solve the problem of UV divergences in

quantum gravity
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number of super symmetries in realized
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é Motivation

Maximal SYM Theories in D-dimensions where maximal possible
number of super symmetries in realized

D=4 N=4 It is believed *"om‘\o

distinguisth _\al"*".
D=6 N=2 o i’ : an ©° O:G\\‘\ca\\o“

ca
D=8 N—“gjot " “‘;‘b\j coMtons,

D=1\ s“pefs“ an provide break through into non-perturbative
phenomena,

e can solve the problem of UV divergences in
quantum gravity

.eories possess

D=4 N=8 Supergravity
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B Motivation

Maximal SYM Theories in D-dimensions where maximal possible
number of super symmetries in realized

: : : (1) :
D=4 N=4 It is believed aﬂom\()‘i‘oms ‘'eories possess
distinguist ataln®= 1 on @

D=6 N=2 ~ R ‘\Ga“o“

D=8 N"N\ of ‘\'f‘i‘;b\j Go.‘:\gons,
D=1\ s“pefs‘f,an provide break through into non-perturbative

phenomena,

e can solve the problem of UV divergences in
quantum gravity

D=4 N=8 Su perg ravity - O_n-§hell fin_ite up tf) 8 loops
¢ Similar to higher dim SYM
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D) Motivation

Maximal SYM Theories in D-dimensions where maximal possible
number of super symmetries in realized

: : : (1) :

D=4 N=4 't is believed aﬂom\()‘i‘oms ‘'eories possess
distinguish 12", one

D=6 N=2 ... O™ afical'®

D=8 N"N\ of ‘\'f‘i‘;b\j Go.‘:\gons,
D=1\ s“pefs‘f,an provide break through into non-perturbative

phenomena,

e can solve the problem of UV divergences in
quantum gravity

D=4 N=8 Su perg ravity - O_n-§hell fin_ite up tf) 8 loops
¢ Similar to higher dim SYM

Study of higher dim SYM gives insight into quantum gravity
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Maximal SYM
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D=4 N=4 ¢ Partial or total cancellation of UV divergences ¢¢" aer e
D=6 N=2 (all bubble and triangle diagrams cancel) mood@so\‘

¢ First UV divergent diagrams at L=6/(D-4) Ve 0t
D=8 N=1 ¢ Conformal or dual conformal symmetry Ko Ko
D=10 N=1 ¢ Common structure of the integrands N

Obiject: Helicity Amplitudes on mass shell
with arbitrary number of legs and loops

The case: Planar limit N, — 00, gé-; — 0 and g% ,, N, - fixed

The aim: to get all loop (exact) result




@/ New approach to gauge theories

Spinor-helicity formalism: S-matrix elements

Any light-like vector If)?ﬂ =0 can be presented in the form

Rev.in (

"o py () — ()3 0)
BernDixonKosower 96 p“ — (0 >a“p,“ >\&f /\ /\a: = SL(Q:C)

e IANDNY = (i) = \/ (pi +pj)?e'™ =

olutions to massless Dirac equation

Polarization vectors

Amplitudes . N AR L B AP \E
e, (p) = €.4(p) Tk e, (p) = €,4(p) NG
ot (12)* Classification
{ MHV,, = Mot =n — 4
* t Aulgigigr) ~ 12 k u
pi € C POV 12)[23]31] NPMHV, = Ay = 1 — 2k

There is no need in Faddeev-Popov ghosts, gauge fixing, BRST,
Batalin-Vilkovistsky formalism,etc in this approach!



Z.Bern
Erice Lectures

Tree-level example: Five gluons

Force carriers in QCD are gluons. Similar to photons of QED
except they self interact.

Consider the five-gluon amplitude:

9 3
4+ + + -
1 5

Used in calculation of pp — 3 jets at CERN

If you evaluate this following textbook Feynman
rules you find... 7



Result of evaluation (actually only a small
part of it):
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Reconsider Five-Gluon Tree

With a little Chinese magic, 1.e. helicity states:
ALree(1%= 21T 3T 4T 51) =0

Xu, Zhang and Chang
and many others

AFee(17,27,31,41,57) = 2

> T (12)(23)(34)(45)(51)
Atree(l— 2‘|‘ 3~ 4_"‘ 5"‘) — <13>4

5 soT T (12)(23)(34)(45)(51)

Use a better organization of color charges:
Ag = Z Tr(TT92T93T4TY%) Ag(1,2,3,4,5)
perms

Motivated by the color organization of open string amplitudes.

Mangano and Parke



Recent progress in multi-leg FD calculations

NLO timeline | - R
G. Salam, La Thuile 2012 i3
More precision at LHC =
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Recent progress in multi-leg FD calculations

NLO timeline

More precision at LHC

- prec
- mult

T

G. Salam. La Thuile 2012

pp 2 W+ n jets
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(just amplitudes with most gluons)

Current limit with
Feynman diagrams

Current limit with

# of jets # 1-loop Feynman diagrams
S o B
2 O . 110
3 O 1,253
4 O"‘- 16.648
5 O 256,265

on-shell methods




UV divergences in all Loops

D=4 N=4 No UV div IR div on shell
D=6 N=2 UV div from 3 loops No IR div
D=8 N=1 UV divfrom1loop NolIRdiv

D=10 N=1 UV divfrom1loop NolIRdiv

All these theories are non-renormalizable by power counting

2] L 1
- AMD—4

The aim: to get all loop (exact) result for the leading (at least) divs

The coupling g~ has dimension [g




Colour decomposition

Colour ordered amplitude

AGon(pit pyr) = Y Trlo(T* . T)] A (o(py .. pp™)) + O(1/Ne)

O'ESn/Zn \

Planar Limit N.— oo, ¢%,; — 0 and g%, N, - fixed This is what we
calculate
Four-point
amplitude

AsDPhYS. 123 4) = TIAD 1 23 4HMDst) + T2A:O0 (1 2 4 3MD(s.0) + T3ALO (1 42 3MD(t ).

T! = Tr(TalTa2T33T84) TY(TRITA4TA3TA2)
T2 = Tr(TalTA2TA4Ta3) L Tr( Tl TA3TR4TAZ),
T3 = Tr(Ta 1 Ta4Ta2Ta3)+Tr(Ta 1Ta3 TaZTa4)

Tree level amplitude usually has a simple universal form proportional to
the delta function (conservation of momenta), in SUSY case -

conservation of supercharge in on shell momentum superspace
10



Perturbation Expansion for the
Amplitudes for any D

tree .
Ay/AL 1
94 s°t + S f: 2
No bubbles
No Tr|ang|es 46 JEl . & . o — + s’ 4
First UV div at 98 KA + &t 1 + §t ; st
L=[6/(D-4)] loops — 15
b st v
IR finite
910 s"'r B st 1 + sjt + + st
4 60
+ st + St
T. Dennen Yu-yin Huang 10, T

S.Caron-Huot D.O'Connell 10

Universal expansion for any D in maximal SYM due to Dual conformal invarian<1:1e
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No bubbles
No Triangles

First UV div at
L=[6/(D-4)] loops

IR finite

T. Dennen Yu-yin Huang 10,
S.Caron-Huot D.O'Connell 10

Perturbation Expansion for the
Amplitudes for any D

_o10

st

st

3
st

st

st

st

2
st

st

st

st

st

st

st

+ St

1 + st

15

60

Universal expansion for any D in maximal SYM due to Dual conformal invarian<1:1e
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Leading Divergences from Generalized
«Renormalization Group»

* |n renormalizable theories the leading divergences can be found
from the 1-loop term due to the renormalization group, in particular,
for a single coupling theory the coefficient of 1/c" in nloops in

given by a?(ln) _ (agl))n

12
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Leading Divergences from Generalized
«Renormalization Group»

* |n renormalizable theories the leading divergences can be found
from the 1-loop term due to the renormalization group, in particular,
for a single coupling theory the coefficient of 1/c" in nloops in

given by a?(ln) _ (agl))n

* In non-renormalizable theories the leading divergences can be also
found from 1-loop due to locality and R-operation

R'G=1-) KR+ KR.KR. — ..,
8

v,

12



SO, Leading Divergences from Generalized
«Renormalization Group»

795g . 20'°

* |n renormalizable theories the leading divergences can be found
from the 1-loop term due to the renormalization group, in particular,
for a single coupling theory the coefficient of 1/c" in nloops in

given by a?(ln) _ (agl))”

* In non-renormalizable theories the leading divergences can be also
found from 1-loop due to locality and R-operation

R'G=1-) KR+ KR.KR. — ..,
8

5y
A(n)( Z)ne A(n) ( 2)(n—1)€ A(n)( 2)e
/ L n \W n—1\M | | 1 v
BT(L"”/) 2\ne B(n_) 2\(n—1)e B(n) 2\€
Leading pole + n(’l_il) 4 n 1(26_)1 441 n(_ﬁi )
€ € €
/ +lower order terms
SubLeading pole Agn), B§n> 1-loop graph

Bé”) 2-loop graph

12



$OR N U\C\
& ‘&
i~ ; ?
s \ 2
L m
5 (B
P
'T,; -y
ol‘
"9sg . 20

3/ R-operation and Recurrence Relation

8 N=1

Horizontal boxes

D=

n-2

n-1-k

\—
n-2-k-I

n-2-k

n-2

R’:

13



Horizontal boxes
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Horizontal boxes

8 N=1
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Perturbation Expansion for the Amplitudes

D=6 N=2

Leading Divergences

Result up to 5 loops

oS+t 4874 st+t? Ig683+§82t+§8t2+t3
216€3

L.P. =2stg* |¢g




Perturbation Expansion for the Amplitudes

Result up to 5 loops

D=6 N=2
Leading Divergences
L.P. = 2stg* {g

9 S

t 48t +st+t? Ig683+§82t+§8t2+t3
216¢°

= e

Geom progression !?

14



Perturbation Expansion for the Amplitudes

D=6 N=2

Leading Divergences

Result up to 5 loops

s+ 1 s2 + st + t2 s3 + 252 + 2 st2 4¢3
LP — 9 / 4 2 4 | §) 5 5
= {9 7 21663

= e

Geom progression !?
Leading powers of s >0

00 2 n g°s Pole!
() -
6e _1_923 ) N e — +0

n=1

be

14



Perturbation Expansion for the Amplitudes

D=6 N=2

Leading Divergences

Result up to 5 loops

s+t s + st + t2 s3 + 252t + 2512 4¢3
L.P. = 2stg* {92 4 0 & 0

"9 21663

=L e

Geom progression !?

Leading powers of s >0
g°s Pole!

—~ 6e _1_928 \ & e — +0

Leading powers of t <0

o0 2 n gt
Pt _ & -1
Z(g) =1 o —> e — +0

n=1

14



Perturbation Expansion for the Amplitudes

Result up to 5 loops

D=6 N=2
Leading Divergences
t 52
L.P. = 2stg* |22 4 4
stg {9 6e g

(383-+-§82t-+-§8t2-+-t3}
- g

216¢€3

Leading powers of s >0

— Oe N i

Leading powers of t <0

o0 mn 2
3 s\ %
Ge 1 g

n=1

=L e

Geom progression !?

Pole!
\ e — +0
> 1

e — +0

Compare D=4 YM g2 = 9B

14



Perturbation Expansion for the Amplitudes

D=6 N=2

Leading Divergences

Result up to 5 loops

s+t s + st + t2 s3 + 252t + 2512 4¢3
L.P. = 2stg* {92 4 0 & 0

"9 21663

=L e

Geom progression !?

Leading powers of s >0
g°s Pole!

—~ 6e _1_928 \ & e — +0

Leading powers of t <0

o0 2 n 2¢
gt & -1
Z(g) =1 & > 40

n=1

Compare D=4 YM g2 = 9B
1 — g2k General case will be given

below
14



Perturbation Expansion for the Amplitudes

8 N=1 Leading Divergences Result up to 4 loops
1 2 412 4 155* — s3t + s%t? — st3 + 154
L.P. —st g2——|—g48 T + g% G SU
3le 31412 3 31415!1€3
¢ 1 16770s% — 5365°t + 4125%t? — 3845313 + 4125%t* — 536st° + 16770t°
763 31415161 ¢4

15
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i Perturbation Expansion for the Amplitudes

Leading Divergences Result up to 4 loops

L.P. =

, 1 (S22 41568 — 3t + %t — st? + 15t
—st |9 =— +g 5 T35 3

3le 314le 3 31415!e
¢ 1 16770s% — 5365°t + 4125%t? — 3845313 + 4125%t* — 536st° + 16770t°

I 63 314151614

D=10 N=1

Leading Divergences Result up to 4 loops

L.P. =

_|_

—st | g

g

g

oS +1 —|—g4884 + 255t + 2st3 + 8t
5le 5!7!e2
62(2095s" + 1155% + 33s°t% — 11s%3 — 1153t* + 33s%t> + 115s5t° + 2095¢7)
5ITI7145¢€3
2 32(2112188805'% + 75349057t — 139509655¢% + 112576357t — 9169165°¢*
13171715!5¢4

+8436305°t° — 916916s5%° + 112576353t — 139509652t° + 7534905t + 211218880t17)

131717151564

15



FOR Nug..
F >

s

2\ Perturbation Expansion for the Amplitudes

Leading Divergences Result up to 4 loops

L.P. =

+9g

g [ 5 1 L S2+ 12 415s% — st + s%t? — st? + 15t*

g

T3 79 3 93 3141513
¢ 1 16770s% — 5365°t + 4125%t? — 3845313 + 4125%t* — 536st° + 16770t°
63 31415164

D=10 N=1

Leading Divergences Result up to 4 loops

L.P. =

_|_

—st | g

g

g

oS +1 —|—g4884 + 255t + 2st3 + 8t
5le 5!7!e2
62(2095s" + 1155% + 33s°t% — 11s%3 — 1153t* + 33s%t> + 115s5t° + 2095¢7)
5ITI7145¢€3
2 32(2112188805'% + 75349057t — 139509655¢% + 112576357t — 9169165°¢*
13171715!5¢4

+8436305°t° — 916916s5%° + 112576353t — 139509652t° + 7534905t + 211218880t17)

131717151564

Doesn’t look like Geom progression anymore,
however, coefficients grow slowly

15



R-operation and Recurrence Relation

D=6 N=2 Horizontal boxes + tennis court
/TN sy e,
e [LIHI - D : q
\/ ................................................
An An—l
n 2 n
nAn = _An—l — An = (—1) E (-gQS)

16



R-operation and Recurrence Relation

D=6 N=2 Horizontal boxes + tennis court
eI HT-D Al H -l H (i -
An An—l
2 2

nd, = -A,_, —> A, =(-1)" (—g2s)"

Horizontal boxes + double tennis court

n!

16



R-operation and Recurrence Relation

D=6 N=2 Horizontal boxes + tennis court
eI HT-D Al H -l H (i -
An An—l
2 2

nd, = -A,_, —> A, =(-1)" (—g2s)"

Horizontal boxes + double tennis court

n!

1 . 1
nqu, — _gAz—la nAn — _An—l + gAfz—l
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R-operation and Recurrence Relation

D=6 N=2 Horizontal boxes + tennis court
R': (__ __) - [> - q ..
An An—l
n 2 n
nAn = _An—l — An = (—1) E (-gQS)

Horizontal boxes + double tennis court

1
nA; = —gAfz—l» l nA, =—-A, 1+ §AZ—1
(=11 s (=11 1 n 1
_ _ - _Z(_1yr =
An 3n—=3 pl’ 4y 2 3n=3 p 2( ) n!

(—g%s)" " (—g°t)
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R-operation and Recurrence Relation

D=6 N=2 Horizontal boxes + tennis court
eI HT-D Al H -l H (i -
An An—l
2 2

nd, = -A,_, —> A, =(-1)" (—g2s)"

Horizontal boxes + double tennis court

n!

1 < . 1
nqu, — _gAz—la l nAn — _An—l + gAfz—l
(=)™ 1 s 1(=p*1 1 1
An = 3n—3 nl’ An = 2 3n—3 pl 2( 1 n!
(—g%s)" H(—g°t) (—g°s)"

16



R-operation and Recurrence Relation

D=6 N=2 Horizontal boxes + tennis court
/TN s e,
An An—l
n2 2 _\n
nAn:—An_l — An:(—l) E (—g S)

Horizontal boxes + double tennis court

1 < . 1
nqu, — _gAz—la l nAn — _An—l + gAfz—l
¢ (=)™ 1 s 1(=np*1 1 1
An = 3n=3 pl’ An = 2 3n=3 nl 2( 1 n!
(—g%s)" 1 (—g%t) (—g°s)"

- Similar relations one can get for all other series
 All of them have 1/n! behavior

* Number of these series group as n! 16



) Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes A = gn=1 4,
9 9 n—2
nAn=—SAn 1+ 5 ) ArAnk, n>3 Ay =1/6 1 loop box
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k=1
Summation S (2) = Z Ap(—2)"
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) Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes A = gn=1 4,
9 9 n—2
ndn = -1+ o Y ApAp_1p, n>3 A =1/6 1 loop box
k=1
Summation S (2) = Z Ap(—2)"
d 2 2 1 1
S LNy =S SNTL =it Az- AP =Dt A= g A= o
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2 Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes AP = gn=1 g
9 9 n—2
nA, = _ZAn—l + o ]; AgAp—1-k, n=3 A1 =1/6 1 loop box
Summation Son(2) = Z Ap(=2)"
d 2 2 1 1
S ESy= T4 ST Ta=Ti4diz- A’ Dp=Tit Az A= g A= o
DA =20 : d 1 2 2
Diff eqn il 3 S E ) S — 3 2= g°s? /e
d2-AT T3 Tt pA g5/
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OR Ny,
..«e/—\‘?\e
ko ~

<.

25) Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes AP = gn=1 g
9 9 n—2
nA, = _IAn—l + o ]; AgAp—1-k, n=3 A1 =1/6 1 loop box
Summation Son(2) = Z Ap(=2)"
d 2 2 1 1
S ESy= T4 ST Ta=Ti4diz- A’ Dp=Tit Az A= g A= o
DA =20 : d 1 2 2
Diff eqn il 3 S E ) S — 3 2= g°s? /e
d2-AT T3 Tt pA g5/

o 4tan(z/(8v/15)) B sin(z/(8v/15))
zalz) = \/%1 — tan(z/(8v15))1/5/3 msin(z/(&/ﬁ) — 2p)

N(2) = —(2/6 + 2°/144 + 2° /2880 + 72* /414720 + .. .) 7o = arcsin(y/3/8)
17



All loop Exact Recurrence Relation
D=6 N=2
s-channelterm S (s,¢) t-channel term Th(s,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

n > 4

1 X
nS, (5.1) = —2s / i / dy (Sp_1(s.t') + Tu_1(s.t)) |
0 0 t =tlx —y) — sy

Sg — —8/3, T3 = —t/g
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All loop Exact Recurrence Relation
D=6 N=2
s-channelterm S (s,¢) t-channel term Th(s,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 x
nSy(s,t) = —2s d:):/ dy (Sn—1(s,t") + Tr1(s,1"))
0 0
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Summation Sk(s,t,2) = Y (—2)"Sn(s,1)
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nSy(s,t) = —2s d:):/ dy (Sn—1(s,t") + Tr1(s,1"))
0 0

Sg — —8/3, T3 = —t/g
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All loop Exact Recurrence Relation
D=6 N=2
s-channelterm S (s,¢) t-channel term Th(s,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 T
nS, (5.1) = —2s / da / dy (Sp_1(5,") + Tu_1(s,t'))
0 0
S

3 = —8/3, T3 = —t/g

Summation Sk(s,t,2) = Y (—2)"Sn(s,1)
n=k
: d
Diff eqn d—24(8 t,2) = 23/ dx/ dy (Xs(s,t',2) + X3(t', s, 2)) |t/ =attyu
2
Ya(s,t,z) = Xs(s,t,z) + Ss(s,t)z° (s, t,2) = 2 %85(s, t, 2)
d

2
Ly(s,t,2) = 5= 20(s,1,2) + 25 / iz / dy (S(s,t',2) + S(t',5,2)) sty
y <




D=8 N=1

s-channel term

S,(s,t) tchannelterm T(s

)

T, (s,t)

All loop Exact Recurrence Relation

= Sp(t, s)

Exact relation for ALL diagrams

1 T
nSy(s,t) = _252/ dx/ dy y(1 —x) (Sn_l(s,t/) + Tn—l(sat/))|t’=tx+yu

n—22k—2 AP
-+ / dz 1—9;23‘;‘ +2' o (Sk(5,t) + Ti(s, 1)) x
k=1 p=0 p
1 1 a’ / /
S = E, T = E X dt'p (Sn_l_k(87 t ) + Tn_l—k(87 t ))‘t’:—SfE (tSI‘(l o x))p




D=8 N=1

s-channel term

S,(s,t) tchannelterm T(s

)

T, (s,t)

All loop Exact Recurrence Relation

= Sp(t, s)

Exact relation for ALL diagrams

1 T
nSy(s,t) = _252/ dx/ dy y(1 —x) (Sn_l(s,t/) + Tn—l(sat/))|t’=tx+yu

n—22k—2 AP
-+ / dz 1—9;23‘;‘ +2' o (Sk(5,t) + Ti(s, 1)) x
k=1 p=0 p
1 1 a’ / /
S = E, T = E X dt'p (Sn_l_k(87 t ) + Tn_l—k(87 t ))‘t’:—SfE (tSI‘(l o x))p

summation




D=8 N=1
s-channelterm S, (s,t) tchannelterm 1, (s,?)

Exact relation for ALL diagrams

T, (s,t)

All loop Exact Recurrence Relation

= Sp(t, s)

n—22k—2

1 T
nSy(s,t) = _252/ dx/ dy y(1 —x) (Sn_l(s,t/) + Tn—l(sat/))|t’=tx+yu

AP
dr z%(1 — x)? Se(s.t) + Ti(s, t')) x
+ / x x? ) YY p—I—Q'dt/(k(Sa ) + T (s,17))
k=1 p=0
1 1 dP S / T / p
summation  S;(s,t,2) = S1(s,t,2) — Sa(s,t)2> + S1(s, 1)z, Sa(s,t,2) = 1(s,t,2) + S1(s,t)2




D=8 N=1

s-channel term

i\ loop Exact Recurrence Relation

S,(s,t) tchannelterm T(s,?) T, (s,t) = Su(t,s)

Exact relation for ALL diagrams

1 x
nSy(s,t) = _252/ dx/ dy y(1 —x) (Sn_l(s,t/) + Tn—l(sat/))lt’zteryu
n—22k—2 AP
2
+ /d:ca: (1—2)> > = p+2' o (Sk(5,t) + Ti(s, 1)) x
k=1 p=0
1 1 a? S / / p
summation  S;(s,t,2) = S1(s,t,2) — Sa(s,t)2> + S1(s, 1)z, Sa(s,t,2) = 1(s,t,2) + S1(s,t)2
Diff egn
dilzz(s t,2) = —— —|—23 / da:/ dy y(1 —x) (X(s,t',2) + X(t, 8, 2)) |t =tetyu

e 562(1—@“)22 i G (St 2) + (5,2 oan)? (h32(1 = )"

p—O




All loop Solution (leading divs
D=6 N=2

PT (15 terms)

Ladder

—  PT[15]

Sigma
—_ Pade[7/7] 100

—_ Ladder 80 [

60 I 100
—_— Ladder+Ladd r

40:

20

IR — 10 X
PT and Pade versus Lad+Lad?
ladder for t=s
Ladder Lddder 2
2 §2 2
Yr(s,z) = e’ —1— sz —
(5,2) = -5 S)

Numerical solution of the full equation is close to the ladder approx



PT and Pade versus
ladder for t=s

Yr(s,2) =—+/5/3 4tan(232/(8\/ﬁ))

L - tan(252/(8V/15))
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