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Form factor
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Light-front components

er =egte eizO er-e_ =2

xi:x-ei:xoqixl

x = 3 (r_ey +aye )+ o = (v, 2_,7,)




Light-front components

er =egte eizO er-e_ =2

xi:x-ei:xoqixl

x = 3 (r_ey +aye )+ o = (v, 2_,7,)

e_

1 - S
roy=s(Tpy- +ry) =Ty

2
P=x,2_ — 1?2



Light-front components

Lorentz transformation
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Light-front components
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Matching

Effective theory

>

Write the most general Lagrangian up to some order
with unknown coefficients

Calculate some scattering amplitudes in the full
theory; if necessary, expand in small parameters up to
some order

Calculate the same amplitudes in the effective theory

Equate, find the coefficients
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For example, the ¢, collinear interaction
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e (@ treYpe, (@ + tae)pe_ (x4 1'ey) + (+ ¢ —)

+ + (1 +2)
j2) 2 D1 D /
— + 03
D1 2 ] D2 !



J3: tree level

On-shell b1 = (Oaplfa 6)7 b2 = (Oap277 6)7 p/ - (pl+/ 07 6)

C3(p1—7p2—7p/+) - + (1 A 2)
) P /



J3: tree level

On-shell b1 = (Oaplfa 6)7 b2 = (Oap277 6)7 p/ - (pl+/ 07 6)

C3(p1—7p2—7p/+) - + (1 A 2)
) P /

9
=———FF+ (12
p2_p’+—20 ( )



J3: tree level

On-shell b1 = (Oaplfa 6)7 b2 = (Oap277 6)7 p/ - (p/+/ 07 6)

by p )/
- /L + (14 2)
p2—p+ - ZO
/
Cg(tl t2 t/) — / dpl_ dpidz?_"'_efipl_tlfip2_t2+ip/+t/
o 2r 2w 27w

x Cy(pro,pa—s 1) = g8(11)0(—t2)0(1) + (1 ¢ 2)



J3: coordinate space

0

Jg(x):ggo6+(a:)/ dt¢0+(x+te_)/ dt' . (x+1tey)
—00 0

1 (z) 1
e \ T : :
Per —i0, — 10

Incoming p_ — 10—, outgoing p/, — —id,

= g, () 5 ¢ ()

_ — 10



J3: coordinate space

0

hie) =g @) [ dtocarte) [Cdto (wrten
—00 0

1 1

= g ¢c, () P Pe, (1) msﬁcf (x)

_ —10

Incoming p_ — 10—, outgoing p/, — —id,

0 k. - 0 .
/ dt o(x 4 te_) :/(2 )de_’k'xgo(k:)/ dt e~ k=110t
m

kP . - i Ak . 7
_/(27r)dk:_—i—i06 SO(k)_z‘a_+z'o/(27r)de o (k)
- o)

o0
% —z'
/0 dhipla+ tey) = ——o(a)



J3: coordinate space

T+ e
o

<

F(z) = /_ dt p(x + te_)
F(z+ae ) = F(z) + ad_F(x)
= /_ dt p(x +te_) = F(x) + ap(x)

0_F(x) = ¢()



Form factor

Off_SheH p= (p+>p—7 6)7 p, - (p/-|-7p/—a 6)7




Form factor

k+

1 g / dik Cs(k_+p_,—k_,p,)
2 (4m)d/2 | ird/2 (—k? —i0)(—(k + p)? — i0)

_ g2 / ddk 1
()72 | w2 (<R — i0)(—(k + p)* — 0)(—p k- — i0)
2
= G



Form factor

b= (p+7p—76>7 p/ - (pl+7p,776)7 k= (k—‘rak—aEL)

(b +P+’P_76 Pk —|—p’_,6)

Momentum conservation up to O(\)

g* dk
(Am) @2 | inir?
1

(= = i0)(=p— (ks + ps) — 90)(—p/ (k- +pl) —i0)
__9
(4m)d/2"*



QCD

kc ~ <)\27 17 )‘)Qa ks ~ ()‘27 )‘27 )‘2>Q

Y=+, AP — AR+ A



QCD

ke ~ (A1, 0)Q, ks ~ (A2 02 0)Q
Y= P+1p, AP — AL+ AN
Soft

d*k . zk
<Ts . ik-x
Bain(0)> = [ et
Ak, ' v
T AH v _ —ik-x ! 0% K"k
Ta A0 = [ et g 5 o

Yy~ AN AR~ AT DR = G0F 4 gAF ~ N2

u]
&)
I
i
it



Collinear fields

be=€+n  e=Tlu  n=TT

'k e Y- -
T _ —ik-x + + )\2
<Te(@)e(0)> /(2@46 i 1 L

Shovt

d'k i Y VY-
T — —ik-x ~ )\4
<Tn(x)n(0)> / ooi¢ Erao 1

E~vA N



Collinear fields

be=€+n  e=Tlu  n=TT
A R V-Vt 2
_ ik-x =i+ )\
<TE(@)e(0)> / 2ri¢ K+ 4 X
Skt
T R VY= 4
— ik-x ~ \
<Tn@)n(0)> / ooi¢ Erao 1
%k+’}/,
£~ N
ko i Kkl
o v — —ik-x 7
<TAH(x)AY(0)> /(2@46 k2+i0{ g+ £ 12 ]

<A A > ~ M <A, A, >~1 <A Au >~ N2
Ao~ (A 1,0) iDF =00" + gAF ~ (A% 1,0)



Soft Lagrangian

Ly = iDth, — —F“’“’F“ igF" = [iD",iDY]

spv



Collinear quark Lagrangian

L=i(+7) (%Dw_ + %D_% + LDL) (€+m)

7 - 7 = .
= §§D+7—§ + 577D—7+77 +ilpin + i€



Collinear quark Lagrangian

1

L=i£+7) <§D+7_ + %D_% + EL> (€+m)

7 - 7 = .
= §§D+7—§ + 577D—7+77 +ilpin + i€

Equations of motion

2 2
Y+ =2D 6+ Din=0
Y- =2D_n+1P,£=0

Ppe = (lDw_ +ip g LDL) E+n)=0



Collinear quark Lagrangian

1

L=i£+7) <§D+7_ + %D_% + EL> (€+m)

(- 7 _ = -
= §§D+7—§ + 577D—7+77 +iPin+inlhp. &
Equations of motion

LD¢C = (%D—F’Y— + %D_’er + DL) (5 —|—7]) =0

V4o =2D, E+ Din=0
Y-IPp. = 2D_ ?7 +D.£=0

1 ~
n==37-75 HOZ%& n= __élfLZ _+@O




Collinear quark Lagrangian

Substituting n via £ = integrating out n
(= 1- - . I -
L=—-¢D.~ &—= = _ -
FED1-E = S iDL — SEP i
1 v_ , v_
- D o~ 1=
+ 8&%? L { ’Y+D Dig

= SED £ il il €



Leading-order Lagrangian

iD_ — iDc_ =i0_ —|—gAc_, Z.DJ_ — Z'.DCJ_ = laJ_ —i—gAcL

:w LD % - 7FaMVFsaw/

1-
1 D D ip |
25[ Lo Py e ot
101 +gAcr+gAsy(Z-)
1
4F“’“’FCW T_ = §x_ei



Leading-order Lagrangian

iD_ — iDc_ =i0_ —|—gAC_, Z.DJ_ — Z'.DCJ_ = laJ_ —i—gAcL

= YsilD s — fFa’“’Fa

suv
+ =£ i D +1 c —_— c —
26{ - Z'DLZDC,—HOZIPL 7-¢
10y +gAct+gAsi (Z-)
1 apy - 1 o
4F FC[LV xr_ = §$_6+

igF" = [i1D" iD"]

1 1
1DV = —iD+€li + =

5 22’Dc,e’fr + DY



Soft gauge transformations

Usz) = 5@ v A2 0707) 0 0~ (W05 0)
wS(JE) — US(x)wS(x> .
Al(w) = Uy (2) AL (2)US (x) — g(aﬂvsm)vsl(a:)



Soft gauge transformations



Soft gauge transformations

Uz) = U (z_) — 1 - 0, U (T_) +O(N?)
oW



Soft gauge transformations

Uz) = U (z_) — 1 - 0, U (T_) +O(N?)
o)
(0"U,)U; " ~ A?: not needed for A._ and A,
Ay only appears in D
Ac(w) + Agi(7-) —
Us(7-) [Aer (2) + A (22)] U ()

LU (207 (7))



Soft gauge transformations

Uz) = U (z_) — 1 - 0, U (T_) +O(N?)
oW

(0"U,)U; " ~ A?: not needed for A._ and A,
Ay only appears in D

Ac(w) + Agi(7-) —
Us(z-) [Act (@) + A (2)] U (32)

+ §Us<f>(a+vsl<f>>
iDy — Uz )iD U (7.)



Collinear gauge transformations

U,(z) = efé@t v~ (LATEA O~ (N 1,))
bs(x) = o) Al(z) = AL(x)



Collinear gauge transformations

U.(z) = elé @t e~ (L,A2 AT D~ (N, 1,)
(x) = Ys(x)  Al(x) > A¥(x)

() AL () U (@)
i+ Lg A, (z)e", UM ()]

1
=

S\—/
/—\
\_/
l_|



Collinear gauge transformations



Collinear gauge transformations

Aet () = Ud(w) Apy (2)U7 () + ch(a:) (0.U; Y (2))
A (2) = U2)Ae_(2)U () + ch(x) (0_U " (z))

c
1

Aci (@) = Ue@)Acs (2)U, (2) + ch(w) [Dss(2-), U7 (2)]

iDy — Ud(z)iD, U (x)



Reparametrization invariance

ey = (L+e)ey ee = (1—¢)e
ky = (14+e)ky ko= (1 —e)k_

Lorentz boost



Reparametrization invariance

ey = (L+e)ey ee = (1—¢)e
ky = (14+e)ky k- — (1 —e)k_

Lorentz boost

e — €e4 e_ —>e_+¢e)
k. — k_ +k5'8L

N~~~ SN——

o(1) O\

1 1
k, =k— §(k ceq)e_ — 5(/{; ce_)ey

1
— kJ_ —§k’+EJ_—§(k"EJ_)€+
ey v v
O(»?) oM



Reparametrization invariance

er — ey + A e. —e_
ke — ky + Mgl
S~ N——

0N 0(\?)

A A
k‘L—> kl ——(k’-é—fL)tﬁ_——k_SL
~—~ 2 2
oM —_— —

O2) o)

Mixes defferent orders in A



Wilson lines

’

[2',2] = Pexpig / dy, A" (y)



Wilson lines

[/, x] = Pexpig /r dy, A*(y)
Gauge transformation
1+ igA*(x)dx, —
Lig [V 400 ) = L @0 ) U o)
=U(z + dz)U ' (z) + igU(z) A" (z)u"" (z) dz,,
= e+ do)[1 + igA"(2) dz,] U (2)
[/, 7] — U(2)[2, 2)U () Y(2')[2, 2] (x) = gauge invariant

x/



Wilson lines
/
0
W(z) = [z,x — cov] = Pexp ig/ dt A*(z + vt)

U(x —oov) =1 W(z) = U(x)W(z)
W) (x), ¥(x)W(z) = gauge invariant



Wilson lines

r+ovdt

W(z) = [z,x — cov] = Pexp ig/ dt A*(z + vt)
U(xr — oov) = 1_ W(z) = U(x)W(z)

W (z)y(z), ¥(x)W (x) = gauge invariant

Wi(x +wvdt) =[1+igv- A(x)dt) W(x)

v- W (x) =igv- A(x) W(z) v-DW(x)=0



Collinear—soft interaction: quarks

1o .
Ly = §§($)@D+’Y—§(x)
iD+ = 7,8+ + gAC+(x) + gAs+<i',) = iDC+ + gALH,(i',)



Collinear—soft interaction: quarks

1o .
Lg= §§(x)@D+7_§(x)
Z'_D_i_ = Za+ + gAC+(fE> + gAs+(Z[_7,) = iDC+ + gAS+(i‘,>

0
S(x) = Pexp ig/ dt Agi (v + eqt) Dy S(x) =0

g(@) =S )6o(x)  Alr) = S(z-)Al(x)S ™ (7-)




Collinear—soft interaction: quarks

iD&(x)
= [S(z)idy + ((101 + gAs(2))S(2)) + g5 (7 ) Acoy ()] o ()
= S(Z-)iDeo1&o(7)

Ly = 56(x)iDeosol)



Collinear—soft interaction: gluons

1 v . v . - v
L, = ~3 Tr F,, F¥ igF!" = [iD*,iD"|

1 1
’L.D“ = §ZD+€li + §iDc—€i + ZDgJ_
iDy =004 + gAci(7) + gAs (7-)
Au(z) = S(z_)Ap(z)S H(z)



Collinear—soft interaction: gluons
Ly= —STrE F™  igF™ — [iD,iD¥
g—_ircm/c ch _[Z , 2 ]
1 1
1DH = §ZD+€li + §Z.Dc_€i + ZDgJ_

iDy =004 + gAci(7) + gAs (7-)
Auz) = S(7 ) Ap(z)S H(7)

iDo = i0_ + gS(7_)Aw_(2)S1(7_) = S(7_)iDe_ S~ (7

c0
0S(z_)
because 0_S(r_) =2 o 0
'LDCJ_ = Z({)J_ + gS(f: )ACOJ_ J?)S_l(f_)



Collinear—soft interaction: gluons

iDy = 8(2-)i0 S (1) — S(z-
+ 940 (72) + 95(7-) Aoy ()5
= S(7-)iDepy S (2-)

)(28+ ( 7))
Hzo)

because

Sz (10251 (7)) = — (104 S(2-)) S (2-) = gA.. (7).
iDy S = (i0, + gA,)S =0



Collinear—soft interaction: gluons

iDy = S(2-)idy S™ () = S(2-)(i0:.97' (7))
b gA (7)1 9S(2) Age (2)5~ (7_)
= 55 )iDeor S (i)

because

Sz (10251 (7)) = — (104 S(2-)) S (2-) = gA.. (7).
iDy S = (i0, + gA,)S =0

1
FE=S@)Fy s (z)  Ly=—5Tr Fou



Collinear fields

0
W(z) = Pexpz'g/ dt Ae_(x +te_)




Collinear fields

0
W(z) = Pexpz'g/ dt Ae_(x +te_)

(x) =W(a)x(z)  Az) =W (z)(iDiW (z))
A_=0 Al ~\? A~ A
iDF = W (x)iD*W (z) = 0" + A"



Collinear quark Lagrangian

1

1D._ 410

1 1 1
:__.DC — —X1 cl ™ .
QXZ 7 X+2XﬂpL13_+@O
0

1. i .
= XiDery-X — §X’YJZ7)cL 3 dt (1DPeiX)yite.

1. 1.
Lq = §€ZD0+’7—£ + §€ZIDCJ_ ZLDCJ_’Y 6

Z.DCJ_/Y— X



Collinear quark Lagrangian

1_- 1_- 1
Ly = §§ZDc+7—5 + 554ch T

1 1 1
:__.DC — —X1 cl ™ .
QXZ 7 X+2XﬂpL13_+@O
0

1. i .
= XiDery-X — §X’YJZ7)cL dt (1DPeiX)yite.

ZLDCJ_’Y 6

Z.DCJ_/Y— X

Nonlocality in e_ direction ~ Q!

W Hx)iD. W (x) = i0_
1 1

—1 - - -
=W 0"V =



Collinear gluon Lagrangian

1
WIF,W=F,, = ; (0, A, — 0,A, —i[A,, A))

1 1
Lg = —5 TI‘FCMVF(?V = —2—92 Tr}—ul,]'—“”



Quark vector current

JH (@) = ¥(z)y") (@)
Kinematics: ¢ — ¢y

P(x) = S (T4)x-(2) (T4 = jrre, y-x- = 0)

() = SL(T-)x+(2) (T- = 3r-es, Vx4 = 0)

T (z) = / dt dt' C(t, )X ( + te_)ST (7)S ()

P+ tes) + -



Quark vector current

at ~ (1,1, AR

Jh(z) = / dt d' Cy (£, )%+ (T4 + z1 + te_)ST(0)S_(0)

ViX-(T- +z+tep)+ -



Factorization




Matching coefficient

-,

On-shell p = (p.,0.0), p’ = (0,p_,0)
Tree level

W/Z C’V(er,pl_)/%\

CP(pep) =1 YY) = 3(1)(F)



Matching coefficient

-,

On-shell p = (p.,0.0), p’ = (0,p_,0)
Tree level

W/Z C~’v(p+,pl_)/\

CP(pep) =1 YY) = 3(1)(F)

pAu’ =G0 A

SCET loops vanish



Matching coefficient: 1 loop

ot [ P+ P+ )
T ] i (R = 0)[= (k) — 0]+ ) — 0]



Matching coefficient: 1 loop

d'k VELINE+ D

2
o 90
Cr (4m)d/2 / ir?/? (—k2? —i0)[—(k + p)? — i0][—(k + p')? — 0]
Numerator
VY K + 29k 4 2K+ 2papl o

= —(d = 2)k¥ k+ 20 k' 4 20 kA + 2ppl AN
= [(d—2)k* — 2k% +2pk_ + 20 Ky + 2p4p ]



Matching coefficient: 1 loop

_c 9% /ddk V(PP
"m) 7 | o (= 0)[= (k + p)? — ][~ (k + ) — 0
Numerator

VRV By + 29 R+ 2pFY 4 2pp” Y
= —(d = 2)k¥ k+ 20 k' 4 20 kA + 2ppl AN
= [(d—2)k* — 2k% +2pk_ + 20 Ky + 2p4p ]

/ d'k  2(=¢*) — (d = 8)(=k*) + 2(—k*)*/(—¢*)
w2 (—k2 = i0)(—k? — pk_ — i0)(—k® — p/_k, — i0)



~@-9) [

2

g
— —(JF—Od/2 {2(_(12)[;1

(47)
d'k

2 = (k + p)? — i0]

1
[—

(k+p')? —i0]

L2 / 'k —k?
—q¢* ) in?? [=(k +p)* = i0][=(k + p')* — i0]



/ d?k 1
/2 [—(k + p)? — i0][—(k + p')? — i0]

[ d% 1

B / imd/2 (—k2 —40)[—(k + ¢)? — 40]
_FE*1-¢),

= T@-2 1)

O



/ % —k?
i/ [—(k + p)2 — i0]|— (k + p/)2 — 40]
_ / d'k —(k — p)?

w2 (—k2 — i0)[—(k + q)% — 0]

. / d?k k

im®/2 (—k2 —i0)[—(k + ¢)% — 0]
_2p-q dk k-q
e / imd/2 (—k2 —i0)[—(k + q)? — i0]

= / dk 1
2 ) w2 (—k2 —i0)[—(k + )2 — i0]



Result

P) (1 +e)?(1—¢) [2 3+ 2¢
(47T)d/2 T(1 — 2) {_ e(1— 25)]

2\—¢e 3 2
:1_CF9( )" - (§+g—%+8)



Renormalized matching coefficient




Renormalized matching coefficient

2

_ 2 7T2 a,
Cy(—¢* p) =1+ Cp (—log2 M—Z + 310gu_‘§ + - 8) 4(:)




RG equation

dlog Cy (—¢?) oo _dlogZ N dlog Cv(—=q*, 1)
dlog dlog dlog p

%ﬁ;ﬁm = —2¢ + O(ay)

e = T(au) log ;—q + v (@s(k))

dlogglxz)(g;q2>u) — (o)) log _u_q; + v (as(w)

Qg %s
() = 4CFE wlas) = _6CFE



Solution

Cv(=¢*, 1) = Ulpo, 1t)Cv(—¢, 1o)

dlog U(po, pr) _ —q
leg/L - F(as(ﬂ))IOgF_}_’yV(as(M))
2

['(as) = F04 +F1<47r +

(crs) + (C“S)+
4T —’7V04 V1 .



Solution

Cv(=¢*, 1) = Ulpo, 1t)Cv(—¢, 1o)

dlog U(puo, p1) —q?
dlog = Dlas () log 2 + v (as(w)

« a2
Iag)=Tg— +T <_S>
(a> 04 + 1y e +
(as) = + (Oés> +
Qg) =
v 7V04 Rl =

dlogas(n) _
dlogp

“2B(n()  Bla) = o+ B (2



Solution

Cv(—=q% 1) = U(po, £)Cv (=%, po)
dlog U(po, pr) _ —q
leg/L - F(QS(M)) log ,u2 + ’7V<Oés(/$))

Qg g\ 2
['(as) = 1104— +1 <E> +

() = + (C“S) +
Qg ) =
947 7\/04 V1 .

dlog as (1) o g\ 2
2o Ts\ 9 = B,—=
Tomn Blas)  Blas) = hos + 61 (72) +
dlog U (o, 1) 1 — f
= L] A r log —2— — 2]og =
dlog o 206(as) (@) { log 145 o8 Ho T vla)
log »_ /QS(H) dog 1
Ho (o) Qs 20(as)



Solution

— Ar (ko)
U(,u07 :U’) = €xp [S(,u()a :u) - A’VV (/,L(), :U’)] (7)
0

A W da (as) B
A’Y(ﬂﬂ?ﬂ’) - /as(#o a, 2ﬁ< 250 lOgT+ O(as)
s g .
S(MO,M)Z—/ (j 23(a )/ o Blal
(ko) s (ko) s
F() 4
:253[%( )( —logr <———> (1 —r—+logr)
B
-I—ZBOlog r}—i—(’)( s)

o (1)
O‘S(/LO)

T =



Soft function

k+p k+p

d
i
S1=Cr | —igo€
! F/ (27r)ngOeJr er-(k+p)+i0e
—1
k% 4 i0
= —2CF(—q2>IS

(k+p)+i0



Soft function

S(A%) = 2CF%F(1 —e)(e)

as(p) (A 1 7
—1-2 - — 4+
CF A\ p? g2 N 4
= Z5'S(A% 1)

1 1 A?
ZS—1+20F<———1 z)ﬂ
g2 " 4

A2 2
S(AZ, ) =1-Cp (Iog M; + W—) 2p)

2 4
dlog S(A% 1) A?
= S N T s

vs(as) = 04+ O(a?)



Resummed form factor

F(—¢*, —p*, —p?) = Cy(=¢*, u)J(—p°, 1) J(—p*, ) S(AZ, )

dlog F(—q¢*,—p*, —p?) 0— dlog Cy(—¢?, 1)
dlog - dlog
dlog J(—p*, i) | dlog J(=p” p)  dlog S(AZ, )
+ + ‘
dlog dlog dlog




Resummed form factor

F(=¢*,—p*, =p"®) = Cy(=¢*, w) J (—p”, ) J (—=p™, 1) S(AZ, 1)

S _q2
dlog F(—q¢*,—p*, —p?) 0— dlog Cy(—¢?, 1)
dlog - dlog
dlog J(—p*, i) | dlog J(=p” p)  dlog S(AZ, )
+ + ‘
dlog dlog dlog
dlog Cv(—¢* 1) —q°
pu— F —
leg,U (ozs(y))log ,u2 +’7V(a8(ﬂ))
dlog J(—p*, 11) —p’
=T s log —- — s
log /1 (as(p)) log 2 Valas(p))
dlog S(AZ, jt) A?

dlog,u - F(as(:u)) log ,u_; + 75'(0‘8(/0)



Resummed form factor

+ v (as(p) = 275(as(p)) +ys(as(pn)) =0



Resummed form factor
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