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Method of regions

I = Ih + Is

hard k ∼M

soft k ∼ m



Hard region
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Infrared divergence
Taylor series in m
Loop integrals with a single scale M ⇒ M−2ε



Soft region

k ∼ m
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Ultraviolet divergence
Taylor series in 1/M
Loop integrals with a single scale m ⇒ m−2ε



Proof

m� Λ�M

I =

∫
k>Λ

ddk

πd/2
1

(k2 +M2)(k2 +m2)

+

∫
k<Λ

ddk

πd/2
1

(k2 +M2)(k2 +m2)

=

∫
k>Λ

ddk

πd/2
Th

1

(k2 +M2)(k2 +m2)

+

∫
k<Λ

ddk

πd/2
Ts

1

(k2 +M2)(k2 +m2)

= Ih + Is −∆I



∆I =

∫
k<Λ

ddk

πd/2
Th

1

(k2 +M2)(k2 +m2)

+

∫
k>Λ

ddk

πd/2
Ts

1

(k2 +M2)(k2 +m2)

=

∫
k<Λ

ddk

πd/2
TsTh

1

(k2 +M2)(k2 +m2)

+

∫
k>Λ

ddk

πd/2
ThTs

1

(k2 +M2)(k2 +m2)

=

∫
ddk

πd/2
TsTh

1

(k2 +M2)(k2 +m2)



TsTh
1

(k2 +M2)(k2 +m2)
= ThTs

1

(k2 +M2)(k2 +m2)

=
1

M2k2

[
1− m2

k2 +
m4

k4 − · · ·
] [

1− k2

M2
+

k4

M4
− · · ·

]
∆I = 0

No scale



Form factor

Massless ϕ3 theory d = 4
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Regions

λ2 ∼ −p
2

−q2
∼ −p

′2

−q2
� 1

hard h k ∼ (1, 1, 1)Q
collinear c+ k ∼ (1, λ2, λ)Q
collinear c− k ∼ (λ2, 1, λ)Q
soft s k ∼ (λ2, λ2, λ2)Q

k+1λ2

k−
1

λ2

hc+

c−s



Light-front components

e± = e0 ± e1 e2
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Light-front components

Lorentz transformation
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Light-front components
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Kinematics
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Hard

k ∼ (1, 1, 1)Q p ∼ (λ2, 1, 0)Q p′ ∼ (1, λ2, 0)Q ddk ∼ O(1)

− k2 = −k+k− + ~k 2
⊥ = O(1)

− (k + p)2 = −(k+ + p+)(k− + p−) + ~k 2
⊥

= −k2 − p−k+︸ ︷︷ ︸
O(1)

− p+(k− + p−)︸ ︷︷ ︸
O(λ2)

− (k + p′)2 = −(k+ + p′+)(k− + p′−) + ~k 2
⊥

= −k2 − p′+k−︸ ︷︷ ︸
O(1)

− p′−(k+ + p′+)︸ ︷︷ ︸
O(λ2)
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∫
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iπd/2
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(−k2 − i0)(−k2 − p−k+ − i0)(−k2 − p′+k− − i0)

On-shell external legs
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Hard

Ih =
Γ(1 + ε)

Γ(1− 2ε)
Γ2(−ε)(−q2)−1−ε

Infrared and collinear divergences
Single scale −q2



Collinear c+

k ∼ (λ2, 1, λ)Q p ∼ (λ2, 1, 0)Q p′ ∼ (1, λ2, 0)Q

ddk ∼ O(λd)

− k2 = −k+k− + ~k 2
⊥ = O(λ2)

− (k + p)2 = −(k+ + p+)(k− + p−) + ~k 2
⊥ = O(λ2)

− (k + p′)2 = −(k+ + p′+)(k− + p′−) + ~k 2
⊥

= − p′+k−︸ ︷︷ ︸
O(1)

− (k2 + p′+p
′
−)︸ ︷︷ ︸

O(λ2)

− p′−k+︸ ︷︷ ︸
O(λ4)
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1

p′+
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iπd/2
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(−k2 − i0)(−(k + p)2 − i0)(−k− − i0)



Collinear c+

p p′

k + p k + p′

k

q
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Collinear c+

Feynman parametrization

Ic+ = Γ(3)

∫
dx1dx2δ(x1 + x2 − 1)dy

ddk

iπd/2
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D3

D = −x1k
2 − x2(k + p)2 − yk− − i0

= −k2 − (2x2p+ ye−) · k + x2 − i0
= −k′2 + x2(1− x2 + y)− i0

k′ = k + x2p+
1

2
ye−

Ic+ = Γ(3− d/2)

∫
dxdy[x(1− x+ y)]d/2−3



Collinear c+

y = (1− x)z∫
=

∫ ∞
0

dz (1 + z)d/2−3 ·
∫ 1

0

dx xd/2−3(1− x)d/2−2

Ic+ =
Γ(2− d/2)Γ(d/2− 2)Γ(d/2− 1)

Γ(d− 3)

Ic+ =
Γ(d/2− 1)

Γ(d− 3)
Γ(2− d/2)Γ(d/2− 2)

(−p+p−)d/2−2

p−p′+

Ic+ =
Γ(1− ε)
Γ(1− 2ε)

Γ(ε)Γ(−ε)(−p2)−ε

−q2



Collinear c+

y = (1− x)z∫
=

∫ ∞
0

dz (1 + z)d/2−3 ·
∫ 1

0

dx xd/2−3(1− x)d/2−2

Ic+ =
Γ(2− d/2)Γ(d/2− 2)Γ(d/2− 1)

Γ(d− 3)

Ic+ =
Γ(d/2− 1)

Γ(d− 3)
Γ(2− d/2)Γ(d/2− 2)

(−p+p−)d/2−2

p−p′+

Ic+ =
Γ(1− ε)
Γ(1− 2ε)

Γ(ε)Γ(−ε)(−p2)−ε

−q2



Soft

k ∼ (λ2, λ2, λ2)Q p ∼ (λ2, 1, 0)Q p′ ∼ (1, λ2, 0)Q

ddk ∼ O(λ2d)

− k2 = −k+k− + ~k 2
⊥ = O(λ4)

− (k + p)2 = −(k+ + p+)(k− + p−) + ~k 2
⊥

= −p−(k+ + p+)︸ ︷︷ ︸
O(λ2)

− (k2 + p+k−)︸ ︷︷ ︸
O(λ4)

− (k + p′)2 = −(k+ + p′+)(k− + p′−) + ~k 2
⊥

= −p′+(k− + p′−)︸ ︷︷ ︸
O(λ2)

− (k2 + p′−k+)︸ ︷︷ ︸
O(λ4)

Is =
1

p−p′+

∫
ddk

iπd/2
1

(−k2 − i0)(−k+ − p+ − i0)(−k− − p′− − i0)



Soft

p p′

k + p k + p′

k

q

Off-shell collinear legs. Ultraviolet divergence.

Single scale

(−p2)(−p′2)

−q2
= p+p

′
−︸ ︷︷ ︸

O(λ4)

+O(λ6)

k+ = (−p+)k+ k− = (−p′−)k− ~k⊥ =
√

(−p+)(−p′−)~k⊥

Is =
(p+p

′
−)d/2−2

p−p′+

∫
ddk

iπd/2
1

(−k2 − i0)(−k+ + 1− i0)(−k− + 1− i0)



Soft

p p′

k + p k + p′

k

q

Off-shell collinear legs. Ultraviolet divergence.
Single scale

(−p2)(−p′2)

−q2
= p+p

′
−︸ ︷︷ ︸

O(λ4)

+O(λ6)

k+ = (−p+)k+ k− = (−p′−)k− ~k⊥ =
√

(−p+)(−p′−)~k⊥

Is =
(p+p

′
−)d/2−2

p−p′+

∫
ddk

iπd/2
1

(−k2 − i0)(−k+ + 1− i0)(−k− + 1− i0)



Soft

p p′

k + p k + p′

k

q

Off-shell collinear legs. Ultraviolet divergence.
Single scale

(−p2)(−p′2)

−q2
= p+p

′
−︸ ︷︷ ︸

O(λ4)

+O(λ6)

k+ = (−p+)k+ k− = (−p′−)k− ~k⊥ =
√

(−p+)(−p′−)~k⊥

Is =
(p+p

′
−)d/2−2

p−p′+

∫
ddk

iπd/2
1

(−k2 − i0)(−k+ + 1− i0)(−k− + 1− i0)



Soft

Feynman parametrization

Is = Γ(3)

∫
dy1dy2

ddk

iπd/2
1

D3

D = −k2 + y1(−k+ + 1) + y2(−k− + 1)− i0
= −k2 − (y1e+ + y2e−) · k + y1 + y2 − i0
= −k′2 + y1 + y2 + y1y2 − i0

k′ = k +
1

2
(y1e+ + y2e−)

Is = Γ(3− d/2)

∫
dy1dy2(y1 + y2 + y1y2)d/2−3



Soft

y1 = yx y2 = y(1− x)∫
=

∫ ∞
0

dy yd/2−2

∫ 1

0

dx [1 + yx(1− x)]d/2−3

yx(1− x) = z

=

∫ ∞
0

dz zd/2−2(1 + z)d/2−3 ·
∫ 1

0

dx [x(1− x)]1−d/2

1 + z = 1/u

=

∫ 1

0

du u3−d(1− u)d/2−2 ·
∫ 1

0

dx [x(1− x)]1−d/2

Γ(d/2− q)
Γ(3− d/2)

Γ2(2− d/2)



Soft

y1 = yx y2 = y(1− x)∫
=

∫ ∞
0

dy yd/2−2

∫ 1

0

dx [1 + yx(1− x)]d/2−3

yx(1− x) = z

=

∫ ∞
0

dz zd/2−2(1 + z)d/2−3 ·
∫ 1

0

dx [x(1− x)]1−d/2

1 + z = 1/u

=

∫ 1

0

du u3−d(1− u)d/2−2 ·
∫ 1

0

dx [x(1− x)]1−d/2

Γ(d/2− q)
Γ(3− d/2)

Γ2(2− d/2)



Soft

y1 = yx y2 = y(1− x)∫
=

∫ ∞
0

dy yd/2−2

∫ 1

0

dx [1 + yx(1− x)]d/2−3

yx(1− x) = z

=

∫ ∞
0

dz zd/2−2(1 + z)d/2−3 ·
∫ 1

0

dx [x(1− x)]1−d/2

1 + z = 1/u

=

∫ 1

0

du u3−d(1− u)d/2−2 ·
∫ 1

0

dx [x(1− x)]1−d/2

Γ(d/2− q)
Γ(3− d/2)

Γ2(2− d/2)



Soft

y1 = yx y2 = y(1− x)∫
=

∫ ∞
0

dy yd/2−2

∫ 1

0

dx [1 + yx(1− x)]d/2−3

yx(1− x) = z

=

∫ ∞
0

dz zd/2−2(1 + z)d/2−3 ·
∫ 1

0

dx [x(1− x)]1−d/2

1 + z = 1/u

=

∫ 1

0

du u3−d(1− u)d/2−2 ·
∫ 1

0

dx [x(1− x)]1−d/2

Γ(d/2− q)
Γ(3− d/2)

Γ2(2− d/2)



Soft

Is = Γ(d/2− 1)Γ2(2− d/2)
(p+p

′
−)d/2−2

p−p′+

= Γ(1− ε)Γ2(ε)
1

−q2

(
(−p2)(−p′2)

−q2

)−ε



Result

I =
Γ(1 + ε)

Γ(1− 2ε)
Γ2(−ε)(−q2)−1−ε

+
Γ(1− ε)
Γ(1− 2ε)

Γ(ε)Γ(−ε)(−q2)−1
[
(−p2)−ε + (−p′2)−ε

]
+ Γ(1− ε)Γ2(ε)(−q2)−1

(
(−p2)(−p′2)

−q2

)−ε
=

Γ(1 + ε)

Γ(1− 2ε)
Γ2(−ε)(−q2)−1−ε

[
1−

(
−p2

−q2

)−ε
−
(
−p′2

−q2

)−ε
+

Γ(1 + ε)Γ(1− 2ε)

Γ(1− ε)

(
−p2

−q2

)−ε(−p′2
−q2

)−ε]
I =

1

−q2

(
log
−p2

−q2
log
−p′2

−q2
+
π2

3

)
Divergences cancel



Other regions?

Let’s try

k ∼ (λ, λ, λ)Q p ∼ (λ2, 1, 0)Q p′ ∼ (1, λ2, 0)Q

− k2 = −k+k− + ~k 2
⊥ = O(λ2)

− (k + p)2 = −(k+ + p+)(k− + p−) + ~k 2
⊥

= − p−k+︸ ︷︷ ︸
O(λ)

+O(λ2)

− (k + p′)2 = −(k+ + p′+)(k− + p′−) + ~k 2
⊥

= − p′+k−︸ ︷︷ ︸
O(λ)

+O(λ2)

Ish =
1

p−p′+

∫
ddk

iπd/2
1

(−k2 − i0)(−k+ − i0)(−k− − i0)
= 0



Effective theory
k k2

k+1λ2

k−
1

λ2

hc+

c−s

Hard (1, 1, 1)Q Q2

Collinear c+ (λ2, 1, λ)Q Q2λ2

Collinear c− (1, λ2, λ)Q Q2λ2

Soft (λ2, λ2, λ2)Q Q2λ4

ϕ→ ϕc+ + ϕc− + ϕs

L = Lc+ + Lc− + Ls + Lcs

Lc+ =
1

2
(∂µϕc+)(∂µϕc+)− g

3!
ϕ3
c+

Lc− =
1

2
(∂µϕc−)(∂µϕc−)− g

3!
ϕ3
c−

Ls =
1

2
(∂µϕs)(∂

µϕs)−
g

3!
ϕ3
s



Effective theory
k k2

k+1λ2

k−
1

λ2

hc+

c−s

Hard (1, 1, 1)Q Q2

Collinear c+ (λ2, 1, λ)Q Q2λ2

Collinear c− (1, λ2, λ)Q Q2λ2

Soft (λ2, λ2, λ2)Q Q2λ4

ϕ→ ϕc+ + ϕc− + ϕs

L = Lc+ + Lc− + Ls + Lcs

Lc+ =
1

2
(∂µϕc+)(∂µϕc+)− g

3!
ϕ3
c+

Lc− =
1

2
(∂µϕc−)(∂µϕc−)− g

3!
ϕ3
c−

Ls =
1

2
(∂µϕs)(∂

µϕs)−
g

3!
ϕ3
s



Effective theory
k k2

k+1λ2

k−
1

λ2

hc+

c−s

Hard (1, 1, 1)Q Q2

Collinear c+ (λ2, 1, λ)Q Q2λ2

Collinear c− (1, λ2, λ)Q Q2λ2

Soft (λ2, λ2, λ2)Q Q2λ4

ϕ→ ϕc+ + ϕc− + ϕs

L = Lc+ + Lc− + Ls + Lcs

Lc+ =
1

2
(∂µϕc+)(∂µϕc+)− g

3!
ϕ3
c+

Lc− =
1

2
(∂µϕc−)(∂µϕc−)− g

3!
ϕ3
c−

Ls =
1

2
(∂µϕs)(∂

µϕs)−
g

3!
ϕ3
s



Power counting

Soft
ks ∼ λ2 ∂s ∼ λ2 xs ∼ λ−2

<Tϕs(x)ϕs(0)> =

∫
ddk

(2π)d
e−ik·x

i

k2 + i0

ϕs ∼ λd−2

Ls ∼ (∂µϕs)(∂
µϕs) ∼ λ2d Ss =

∫
ddxLs ∼ 1



Power counting

Soft
ks ∼ λ2 ∂s ∼ λ2 xs ∼ λ−2

<Tϕs(x)ϕs(0)> =

∫
ddk

(2π)d
e−ik·x

i

k2 + i0

ϕs ∼ λd−2

Ls ∼ (∂µϕs)(∂
µϕs) ∼ λ2d Ss =

∫
ddxLs ∼ 1



Power counting

Soft
ks ∼ λ2 ∂s ∼ λ2 xs ∼ λ−2

<Tϕs(x)ϕs(0)> =

∫
ddk

(2π)d
e−ik·x

i

k2 + i0

ϕs ∼ λd−2

Ls ∼ (∂µϕs)(∂
µϕs) ∼ λ2d Ss =

∫
ddxLs ∼ 1



Power counting

Collinear c+ (k+x− ∼ 1, k−x+ ∼ 1, k⊥x⊥ ∼ 1)

kc+ ∼ (λ2, 1, λ) ∂c+ ∼ (λ2, 1, λ) xc+ ∼ (1, λ−2, λ−1)

<Tϕc+(x)ϕc+(0)> =

∫
ddk

(2π)d
e−ik·x

i

k2 + i0

ϕc+ ∼ λd/2−1

Lc+ ∼ (∂+ϕc+)(∂−ϕc+) ∼ λd S =

∫
ddxL ∼ 1



Power counting

Collinear c+ (k+x− ∼ 1, k−x+ ∼ 1, k⊥x⊥ ∼ 1)

kc+ ∼ (λ2, 1, λ) ∂c+ ∼ (λ2, 1, λ) xc+ ∼ (1, λ−2, λ−1)

<Tϕc+(x)ϕc+(0)> =

∫
ddk

(2π)d
e−ik·x

i

k2 + i0

ϕc+ ∼ λd/2−1

Lc+ ∼ (∂+ϕc+)(∂−ϕc+) ∼ λd S =

∫
ddxL ∼ 1



Power counting

Collinear c+ (k+x− ∼ 1, k−x+ ∼ 1, k⊥x⊥ ∼ 1)

kc+ ∼ (λ2, 1, λ) ∂c+ ∼ (λ2, 1, λ) xc+ ∼ (1, λ−2, λ−1)

<Tϕc+(x)ϕc+(0)> =

∫
ddk

(2π)d
e−ik·x

i

k2 + i0

ϕc+ ∼ λd/2−1

Lc+ ∼ (∂+ϕc+)(∂−ϕc+) ∼ λd S =

∫
ddxL ∼ 1



Interactions

− g
3!
ϕ3
s

(λ2, λ2, λ2) + (λ2, λ2, λ2) = (λ2, λ2, λ2)

− g
3!
ϕ3
c+

(λ2, 1, λ) + (λ2, 1, λ) = (λ2, 1, λ)

Lcs = −g
2
ϕ2
c+
ϕs −

g

2
ϕ2
c−ϕs

(λ2, 1, λ) + (λ2, λ2, λ2) = (λ2, 1, λ)

Other interactions (ϕc+
2ϕc− , ϕc+ϕc−ϕs, ϕc+

2ϕs, . . . ) are
not allowed by momentum conservation



Interactions

− g
3!
ϕ3
s

(λ2, λ2, λ2) + (λ2, λ2, λ2) = (λ2, λ2, λ2)

− g
3!
ϕ3
c+

(λ2, 1, λ) + (λ2, 1, λ) = (λ2, 1, λ)

Lcs = −g
2
ϕ2
c+
ϕs −

g

2
ϕ2
c−ϕs

(λ2, 1, λ) + (λ2, λ2, λ2) = (λ2, 1, λ)

Other interactions (ϕc+
2ϕc− , ϕc+ϕc−ϕs, ϕc+

2ϕs, . . . ) are
not allowed by momentum conservation



Interactions

− g
3!
ϕ3
s

(λ2, λ2, λ2) + (λ2, λ2, λ2) = (λ2, λ2, λ2)

− g
3!
ϕ3
c+

(λ2, 1, λ) + (λ2, 1, λ) = (λ2, 1, λ)

Lcs = −g
2
ϕ2
c+
ϕs −

g

2
ϕ2
c−ϕs

(λ2, 1, λ) + (λ2, λ2, λ2) = (λ2, 1, λ)

Other interactions (ϕc+
2ϕc− , ϕc+ϕc−ϕs, ϕc+

2ϕs, . . . ) are
not allowed by momentum conservation



Interactions

− g
3!
ϕ3
s

(λ2, λ2, λ2) + (λ2, λ2, λ2) = (λ2, λ2, λ2)

− g
3!
ϕ3
c+

(λ2, 1, λ) + (λ2, 1, λ) = (λ2, 1, λ)

Lcs = −g
2
ϕ2
c+
ϕs −

g

2
ϕ2
c−ϕs

(λ2, 1, λ) + (λ2, λ2, λ2) = (λ2, 1, λ)

Other interactions (ϕc+
2ϕc− , ϕc+ϕc−ϕs, ϕc+

2ϕs, . . . ) are
not allowed by momentum conservation



Multipole expansion

Scs =
g

2

∫
ddxϕ2

c+
(x)ϕs(x)

x ∼ (1, λ−2, λ−1)Q−1

x ∼ (λ−2, λ−2, λ−2)Q−1

∂ ∼ (λ2, λ2, λ2)Q

ϕs(x) = ϕs(x̄−)− ~x⊥ · ~∂⊥︸ ︷︷ ︸
O(λ)

ϕs(x̄−) +
1

2
x+∂−︸ ︷︷ ︸
O(λ2)

ϕs(x̄−)

+
1

2
x⊥ix⊥j∂⊥i∂⊥j︸ ︷︷ ︸

O(λ2)

ϕs(x̄−) +O(λ3) x̄− ≡
1

2
x−e

µ
+

Scs =
g

2

∫
ddxϕ2

c+
(x)ϕs(x̄−) +O(λ)



Multipole expansion

Scs =
g

2

∫
ddxϕ2

c+
(x)ϕs(x)

=
g

2

∫
ddx

ddk1

(2π)d
ddk2

(2π)d
ddks
(2π)d

e−i(k1+k2+ks)·xϕ̃c+(k1)ϕ̃c+(k2)ϕ̃s(ks)

k1 + k2 + ks = (λ2, 1, λ)Q x ∼ (1, λ−2, λ−1)Q−1

ks ∼ (λ2, λ2, λ2)Q

ks · x =
1

2
ks+x−︸ ︷︷ ︸
O(1)

+
1

2
ks−x+︸ ︷︷ ︸
O(λ2)

−~ks⊥ · ~x⊥︸ ︷︷ ︸
O(λ)

ϕs when interacting with ϕc+ carries ks = (ks+, 0,~0)∫
ddks
(2π)d

eiks+x−ϕ̃s(ks) = ϕs(x̄−)



SCET Lagrangian

L =
1

2
(∂µϕc+(x))(∂µϕc+(x))− g

3!
ϕ3
c+

(x)

+
1

2
(∂µϕc−(x))(∂µϕc−(x))− g

3!
ϕ3
c−(x)

+
1

2
(∂µϕs(x))(∂µϕs(x))− g

3!
ϕ3
s(x)

− g

2
ϕ2
c+

(x)ϕs(x̄−)− g

2
ϕ2
c−(x)ϕs(x̄+) +O(λ)

Translation invariant up to O(λ)



Matching

Effective theory

I Write the most general Lagrangian up to some order
with unknown coefficients

I Calculate some scattering amplitudes in the full
theory; if necessary, expand in small parameters up to
some order

I Calculate the same amplitudes in the effective theory

I Equate, find the coefficients



Matching
For example, the c+ collinear interaction

Lc+ = − g
3!
Cϕ3

c+
C = 1 + C1g

2 + · · ·

All 3 external momenta c+

+ = C +

+ + + + · · ·

All external momenta ‖ e+ ⇒ all loop diagrams = 0

C = 1



Current

J(x) =
1

2
ϕ2(x)→ J2(x) + J3(x) + · · ·

Kinematics: c+ → c−

J2 = C2ϕc+ϕc− J3 =
1

2
C3

[
ϕ2
c+
ϕc− + ϕc+ϕ

2
c−

]

t ∼ 1/Q

t′ ∼ 1/Q

ϕc+(x+ te−) = ϕc+(x) + t∂−︸︷︷︸
O(1)

ϕc+(x) +
1

2
t2∂2
−︸︷︷︸

O(1)

ϕc+(x) + · · ·

ϕc−(x+ t′e+) = ϕc−(x) + t′∂+︸︷︷︸
O(1)

ϕc−(x) +
1

2
t′2∂2

+︸︷︷︸
O(1)

ϕc−(x) + · · ·



Current

J(x) =
1

2
ϕ2(x)→ J2(x) + J3(x) + · · ·

Kinematics: c+ → c−

J2 = C2ϕc+ϕc− J3 =
1

2
C3

[
ϕ2
c+
ϕc− + ϕc+ϕ

2
c−

]
t ∼ 1/Q

t′ ∼ 1/Q

ϕc+(x+ te−) = ϕc+(x) + t∂−︸︷︷︸
O(1)

ϕc+(x) +
1

2
t2∂2
−︸︷︷︸

O(1)

ϕc+(x) + · · ·

ϕc−(x+ t′e+) = ϕc−(x) + t′∂+︸︷︷︸
O(1)

ϕc−(x) +
1

2
t′2∂2

+︸︷︷︸
O(1)

ϕc−(x) + · · ·



J2: tree level

J2(x) =

∫
dt dt′C2(t, t′)ϕc+(x+ te−)ϕc−(x+ t′e+)

On-shell p = (0, p−,~0), p′ = (p′+, 0,~0)

p p′
= C̃2(p−, p

′
+)

C̃2(p−, p
′
+) =

∫
dt dt′ eip−t−ip

′
+t
′
C2(t, t′)

C̃
(0)
2 (p−, p

′
+) = 1 C

(0)
2 (t, t′) = δ(t)δ(t′)



J2: tree level

J2(x) =

∫
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p p′
= C̃2(p−, p

′
+)

C̃2(p−, p
′
+) =

∫
dt dt′ eip−t−ip

′
+t
′
C2(t, t′)

C̃
(0)
2 (p−, p

′
+) = 1 C

(0)
2 (t, t′) = δ(t)δ(t′)



J2: tree level

J2(x) =

∫
dt dt′C2(t, t′)ϕc+(x+ te−)ϕc−(x+ t′e+)

On-shell p = (0, p−,~0), p′ = (p′+, 0,~0)

p p′
= C̃2(p−, p

′
+)

C̃2(p−, p
′
+) =

∫
dt dt′ eip−t−ip

′
+t
′
C2(t, t′)

C̃
(0)
2 (p−, p

′
+) = 1 C

(0)
2 (t, t′) = δ(t)δ(t′)



J2: 1 loop

On-shell p = (0, p−,~0), p′ = (p′+, 0,~0)

p p′
= C̃

(1)
2 (p−, p

′
+) +

SCET loop vanishes

C̃
(1)
2 (p−, p

′
+) =

g2

(4π)d/2
Ih(p−p

′
+)



J3: tree level

J3(x) =
1

2

∫
dt1 dt2 dt

′C3(t1, t2, t
′)

ϕc+(x+ t1e−)ϕc+(x+ t2e−)ϕc−(x+ t′e+) + (+↔ −)

p1 p2 p′

+

p1 p2 p′

+ (1↔ 2)

=

p1 p2 p′

+ C̃3

p1 p2 p′



J3: tree level

J3(x) =
1

2

∫
dt1 dt2 dt

′C3(t1, t2, t
′)

ϕc+(x+ t1e−)ϕc+(x+ t2e−)ϕc−(x+ t′e+) + (+↔ −)

p1 p2 p′

+

p1 p2 p′

+ (1↔ 2)

=

p1 p2 p′

+ C̃3

p1 p2 p′



J3: tree level

On-shell p1 = (0, p1−,~0), p2 = (0, p2−,~0), p′ = (p′+, 0,~0)

C̃3(p1−, p2−, p
′
+) =

p1 p2 p′

+ (1↔ 2)

=
g

p2−p
′
+ − i0

+ (1↔ 2)

C3(t1, t2, t
′) =

∫
dp1−

2π

dp2−

2π

dp′+
2π

e−ip1−t1−ip2−t2+ip′+t
′

× C̃3(p1−, p2−, p
′
+) = gδ(t1)θ(−t2)θ(t′) + (1↔ 2)



J3: tree level

On-shell p1 = (0, p1−,~0), p2 = (0, p2−,~0), p′ = (p′+, 0,~0)

C̃3(p1−, p2−, p
′
+) =

p1 p2 p′

+ (1↔ 2)

=
g

p2−p
′
+ − i0

+ (1↔ 2)

C3(t1, t2, t
′) =

∫
dp1−

2π

dp2−

2π

dp′+
2π

e−ip1−t1−ip2−t2+ip′+t
′

× C̃3(p1−, p2−, p
′
+) = gδ(t1)θ(−t2)θ(t′) + (1↔ 2)



J3: tree level

On-shell p1 = (0, p1−,~0), p2 = (0, p2−,~0), p′ = (p′+, 0,~0)

C̃3(p1−, p2−, p
′
+) =

p1 p2 p′

+ (1↔ 2)

=
g

p2−p
′
+ − i0

+ (1↔ 2)

C3(t1, t2, t
′) =

∫
dp1−

2π

dp2−

2π

dp′+
2π

e−ip1−t1−ip2−t2+ip′+t
′

× C̃3(p1−, p2−, p
′
+) = gδ(t1)θ(−t2)θ(t′) + (1↔ 2)



J3: coordinate space

J3(x) = g ϕc+(x)

∫ 0

−∞
dt ϕc+(x+ te−)

∫ ∞
0

dt′ ϕc−(x+ t′e+)

= g ϕc+(x)
1

i∂− − i0
ϕc+(x)

1

−i∂+ − i0
ϕc−(x)

Incoming p− → i∂−, outgoing p′+ → −i∂+

∫ 0

−∞
dt ϕ(x+ te−) =

∫
ddk

(2π)d
e−ik·x ˜ϕ(k)

∫ 0

−∞
dt e−ik−t+0t

=

∫
ddk

(2π)d
i

k− + i0
e−ik·x ˜ϕ(k) =

i

i∂− + i0

∫
ddk

(2π)d
e−ik·x ˜ϕ(k)

=
i

i∂− + i0
ϕ(x)∫ ∞

0

dt ϕ(x+ te+) =
−i

i∂+ − i0
ϕ(x)



J3: coordinate space

J3(x) = g ϕc+(x)

∫ 0

−∞
dt ϕc+(x+ te−)

∫ ∞
0

dt′ ϕc−(x+ t′e+)

= g ϕc+(x)
1

i∂− − i0
ϕc+(x)

1

−i∂+ − i0
ϕc−(x)

Incoming p− → i∂−, outgoing p′+ → −i∂+∫ 0

−∞
dt ϕ(x+ te−) =

∫
ddk

(2π)d
e−ik·x ˜ϕ(k)

∫ 0

−∞
dt e−ik−t+0t

=

∫
ddk

(2π)d
i

k− + i0
e−ik·x ˜ϕ(k) =

i

i∂− + i0

∫
ddk

(2π)d
e−ik·x ˜ϕ(k)

=
i

i∂− + i0
ϕ(x)∫ ∞

0

dt ϕ(x+ te+) =
−i

i∂+ − i0
ϕ(x)



J3: coordinate space

x
x+ αe−

F (x) =

∫ 0

−∞
dt ϕ(x+ te−)

F (x+ αe−) = F (x) + α∂−F (x)

=

∫ α

−∞
dt ϕ(x+ te−) = F (x) + αϕ(x)

∂−F (x) = ϕ(x)



Form factor

Off-shell p = (p+, p−,~0), p′ = (p′+, p
′
−,~0),

p p′
= C̃

(1)
2

+ C̃
(0)
3 + C̃

(0)
3 +

C̃
(1)
2 =

g2

(4π)d/2
Ih



Form factor

p p′

k + p

−k

1

2

g2

(4π)d/2

∫
ddk

iπd/2
C̃3(k− + p−,−k−, p′+)

(−k2 − i0)(−(k + p)2 − i0)

=
g2

(4π)d/2

∫
ddk

iπd/2
1

(−k2 − i0)(−(k + p)2 − i0)(−p′+k− − i0)

=
g2

(4π)d/2
Ic+



Form factor

p = (p+, p−,~0), p′ = (p′+, p
′
−,~0), k = (k+, k−, ~k⊥)

p p′
k

(k+ + p+, p−,~0) (p′+, k− + p′−,~0)

Momentum conservation up to O(λ)

g2

(4π)d/2

∫
ddk

iπd/2

1

(−k2 − i0)(−p−(k+ + p+)− i0)(−p′+(k− + p′−)− i0)

=
g2

(4π)d/2
Is



QCD

kc ∼ (λ2, 1, λ)Q, ks ∼ (λ2, λ2, λ2)Q

ψ → ψc + ψs Aµ → Aµc + Aµs

Soft

<Tψs(x)ψ̄s(0)> =

∫
d4k

(2π)4
e−ik·x

i/k

k2 + i0
∼ λ6

<TAµs (x)Aνs(0)> =

∫
d4k

(2π)4
e−ik·x

i

k2 + i0

[
−gµν + ξ

kµkν

k2

]
∼ λ4

ψs ∼ λ3 Aµs ∼ λ2 iDµ
s = i∂µs + gAµs ∼ λ2



QCD

kc ∼ (λ2, 1, λ)Q, ks ∼ (λ2, λ2, λ2)Q

ψ → ψc + ψs Aµ → Aµc + Aµs

Soft

<Tψs(x)ψ̄s(0)> =

∫
d4k

(2π)4
e−ik·x

i/k

k2 + i0
∼ λ6

<TAµs (x)Aνs(0)> =

∫
d4k

(2π)4
e−ik·x

i

k2 + i0

[
−gµν + ξ

kµkν

k2

]
∼ λ4

ψs ∼ λ3 Aµs ∼ λ2 iDµ
s = i∂µs + gAµs ∼ λ2



Collinear fields

ψc = ξ + η ξ =
γ+γ−

4
ψc η =

γ−γ+

4
ψc

<Tξ(x)ξ(0)> =

∫
d4k

(2π)4
e−ik·x

i

k2 + i0

γ+γ−
4

/k︸︷︷︸
1
2
k−γ+

γ−γ+

4
∼ λ2

<Tη(x)η(0)> =

∫
d4k

(2π)4
e−ik·x

i

k2 + i0

γ−γ+

4
/k︸︷︷︸

1
2
k+γ−

γ+γ−
4
∼ λ4

ξ ∼ λ η ∼ λ2

<TAµc (x)Aνc (0)> =

∫
d4k

(2π)4
e−ik·x

i

k2 + i0

[
−gµν + ξ

kµkν

k2

]
<Ac+Ac+> ∼ λ4 <Ac−Ac−> ∼ 1 <Ac⊥Ac⊥> ∼ λ2

Ac ∼ (λ2, 1, λ) iDµ
c = i∂µc + gAµc ∼ (λ2, 1, λ)



Collinear fields

ψc = ξ + η ξ =
γ+γ−

4
ψc η =

γ−γ+

4
ψc

<Tξ(x)ξ(0)> =

∫
d4k

(2π)4
e−ik·x

i

k2 + i0

γ+γ−
4

/k︸︷︷︸
1
2
k−γ+

γ−γ+

4
∼ λ2

<Tη(x)η(0)> =

∫
d4k

(2π)4
e−ik·x

i

k2 + i0

γ−γ+

4
/k︸︷︷︸

1
2
k+γ−

γ+γ−
4
∼ λ4

ξ ∼ λ η ∼ λ2

<TAµc (x)Aνc (0)> =

∫
d4k

(2π)4
e−ik·x

i

k2 + i0

[
−gµν + ξ

kµkν

k2

]
<Ac+Ac+> ∼ λ4 <Ac−Ac−> ∼ 1 <Ac⊥Ac⊥> ∼ λ2

Ac ∼ (λ2, 1, λ) iDµ
c = i∂µc + gAµc ∼ (λ2, 1, λ)



Soft Lagrangian

Ls = ψ̄si /Dsψs −
1

4
F aµν
s F a

sµν igF µν
s = [iDµ

s , iD
ν
s ]



Collinear quark Lagrangian

L = i(ξ̄ + η̄)

(
1

2
D+γ− +

1

2
D−γ+ + /D⊥

)
(ξ + η)

=
i

2
ξ̄D+γ−ξ +

i

2
η̄D−γ+η + iξ̄ /D⊥η + iη̄ /D⊥ξ

Equations of motion

/Dψc =

(
1

2
D+γ− +

1

2
D−γ+ + /D⊥

)
(ξ + η) = 0

γ+ /Dψc = 2D+ξ + /D⊥η = 0

γ− /Dψc = 2D−η + /D⊥ξ = 0

η = −1

2
γ−

1

iD− + i0
i /D⊥ξ η̄ = −1

2
ξ̄i /
←−
D⊥

1

i
←−
D− + i0

γ−



Collinear quark Lagrangian

L = i(ξ̄ + η̄)
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1

2
D+γ− +

1

2
D−γ+ + /D⊥

)
(ξ + η)

=
i

2
ξ̄D+γ−ξ +

i

2
η̄D−γ+η + iξ̄ /D⊥η + iη̄ /D⊥ξ

Equations of motion

/Dψc =

(
1

2
D+γ− +

1

2
D−γ+ + /D⊥

)
(ξ + η) = 0

γ+ /Dψc = 2D+ξ + /D⊥η = 0

γ− /Dψc = 2D−η + /D⊥ξ = 0

η = −1

2
γ−

1

iD− + i0
i /D⊥ξ η̄ = −1

2
ξ̄i /
←−
D⊥

1

i
←−
D− + i0

γ−



Collinear quark Lagrangian

L = i(ξ̄ + η̄)

(
1

2
D+γ− +

1

2
D−γ+ + /D⊥

)
(ξ + η)

=
i

2
ξ̄D+γ−ξ +

i

2
η̄D−γ+η + iξ̄ /D⊥η + iη̄ /D⊥ξ

Equations of motion

/Dψc =

(
1

2
D+γ− +

1

2
D−γ+ + /D⊥

)
(ξ + η) = 0

γ+ /Dψc = 2D+ξ + /D⊥η = 0

γ− /Dψc = 2D−η + /D⊥ξ = 0

η = −1

2
γ−

1

iD− + i0
i /D⊥ξ η̄ = −1

2
ξ̄i /
←−
D⊥

1

i
←−
D− + i0

γ−



Collinear quark Lagrangian

Substituting η via ξ = integrating out η

L =
i

2
ξ̄D+γ−ξ −

1

2
ξ̄i /D⊥

γ−
iD− + i0

i /D⊥ξ −
1

2
ξ̄i /
←−
D⊥

γ−

i
←−
D− + i0

i /D⊥ξ

+
1

8
ξ̄i /
←−
D⊥

γ−

i
←−
D− + i0

iD−γ+
γ−
D−

/D⊥ξ

=
1

2
ξ̄iD+γ−ξ +

1

2
ξ̄i /D⊥

1

iD− + i0
i /D⊥γ−ξ



Leading-order Lagrangian

iD− → iDc− = i∂− + gAc−, iD⊥ → iDc⊥ = i∂⊥ + gAc⊥

L = ψ̄si /Dsψs −
1

4
F aµν
s F a

sµν

+
1

2
ξ̄

[
i D+︸︷︷︸
i∂++gAc++gAs+(x̄−)

+i /Dc⊥
1

iDc− + i0
i /Dc⊥

]
γ−ξ

− 1

4
F aµν
c F a

cµν x̄− ≡
1

2
x−e

µ
+

igF µν
c = [iDµ, iDν ]

iDµ =
1

2
iD+e

µ
− +

1

2
iDc−e

µ
+ + iDµ

c⊥



Leading-order Lagrangian

iD− → iDc− = i∂− + gAc−, iD⊥ → iDc⊥ = i∂⊥ + gAc⊥

L = ψ̄si /Dsψs −
1

4
F aµν
s F a

sµν

+
1

2
ξ̄

[
i D+︸︷︷︸
i∂++gAc++gAs+(x̄−)

+i /Dc⊥
1

iDc− + i0
i /Dc⊥

]
γ−ξ

− 1

4
F aµν
c F a

cµν x̄− ≡
1

2
x−e

µ
+

igF µν
c = [iDµ, iDν ]

iDµ =
1

2
iD+e

µ
− +

1

2
iDc−e

µ
+ + iDµ

c⊥



Soft gauge transformations

Us(x) = eif
a
s (x)ta x ∼ (λ−2, λ−2, λ−2) ∂ ∼ (λ2, λ2, λ2)

ψs(x)→ Us(x)ψs(x)

Aµs (x)→ Us(x)Aµs (x)U+
s (x)− i

g

(
∂µUs(x)

)
U−1
s (x)

ξ(x)→ Us(x̄−)ξ(x)

Aµc (x)→ Us(x̄−)Aµc (x)U−1
s (x̄−)



Soft gauge transformations

Us(x) = eif
a
s (x)ta x ∼ (λ−2, λ−2, λ−2) ∂ ∼ (λ2, λ2, λ2)

ψs(x)→ Us(x)ψs(x)

Aµs (x)→ Us(x)Aµs (x)U+
s (x)− i

g

(
∂µUs(x)

)
U−1
s (x)

ξ(x)→ Us(x̄−)ξ(x)

Aµc (x)→ Us(x̄−)Aµc (x)U−1
s (x̄−)



Soft gauge transformations

Us(x) = Us(x̄−)− ~x⊥ · ~∂⊥Us(x̄−)︸ ︷︷ ︸
O(λ)

+O(λ2)

(
∂µUs

)
U−1
s ∼ λ2: not needed for Ac− and Ac⊥

Ac+ only appears in D+

Ac+(x) + As+(x̄−)→
Us(x̄−) [Ac+(x) + As+(x̄−)]U−1

s (x̄−)

+
i

g
Us(x̄−)

(
∂+U

−1
s (x̄−)

)

iD+ → Us(x̄−)iD+U
−1
s (x̄−)



Soft gauge transformations

Us(x) = Us(x̄−)− ~x⊥ · ~∂⊥Us(x̄−)︸ ︷︷ ︸
O(λ)

+O(λ2)

(
∂µUs

)
U−1
s ∼ λ2: not needed for Ac− and Ac⊥

Ac+ only appears in D+

Ac+(x) + As+(x̄−)→
Us(x̄−) [Ac+(x) + As+(x̄−)]U−1

s (x̄−)

+
i

g
Us(x̄−)

(
∂+U

−1
s (x̄−)

)

iD+ → Us(x̄−)iD+U
−1
s (x̄−)



Soft gauge transformations

Us(x) = Us(x̄−)− ~x⊥ · ~∂⊥Us(x̄−)︸ ︷︷ ︸
O(λ)

+O(λ2)

(
∂µUs

)
U−1
s ∼ λ2: not needed for Ac− and Ac⊥

Ac+ only appears in D+

Ac+(x) + As+(x̄−)→
Us(x̄−) [Ac+(x) + As+(x̄−)]U−1

s (x̄−)

+
i

g
Us(x̄−)

(
∂+U

−1
s (x̄−)

)
iD+ → Us(x̄−)iD+U

−1
s (x̄−)



Collinear gauge transformations

Uc(x) = eif
a
c (x)ta x ∼ (1, λ−2, λ−1) ∂ ∼ (λ2, 1, λ)

ψs(x)→ ψs(x) Aµs (x)→ Aµs (x)

ξ(x)→ Uc(x)ξ(x)

Aµc (x)→ Uc(x)Aµc (x)U−1
c (x)

+
1

g
Uc(x)

[
i∂µ + 1

2
gAs+(x̄−)eµ−, U

−1
c (x)

]



Collinear gauge transformations

Uc(x) = eif
a
c (x)ta x ∼ (1, λ−2, λ−1) ∂ ∼ (λ2, 1, λ)

ψs(x)→ ψs(x) Aµs (x)→ Aµs (x)

ξ(x)→ Uc(x)ξ(x)

Aµc (x)→ Uc(x)Aµc (x)U−1
c (x)

+
1

g
Uc(x)

[
i∂µ + 1

2
gAs+(x̄−)eµ−, U

−1
c (x)

]



Collinear gauge transformations

Ac⊥(x)→ Uc(x)Ac⊥(x)U−1
c (x) +

i

g
Uc(x)

(
∂⊥U

−1
c (x)

)
Ac−(x)→ Uc(x)Ac−(x)U−1

c (x) +
i

g
Uc(x)

(
∂−U

−1
c (x)

)
Ac+(x)→ Uc(x)Ac+(x)U−1

c (x) +
i

g
Uc(x)

[
Ds+(x̄−), U−1

c (x)
]

iD+ → Uc(x)iD+U
−1
c (x)



Collinear gauge transformations

Ac⊥(x)→ Uc(x)Ac⊥(x)U−1
c (x) +

i

g
Uc(x)

(
∂⊥U

−1
c (x)

)
Ac−(x)→ Uc(x)Ac−(x)U−1

c (x) +
i

g
Uc(x)

(
∂−U

−1
c (x)

)
Ac+(x)→ Uc(x)Ac+(x)U−1

c (x) +
i

g
Uc(x)

[
Ds+(x̄−), U−1

c (x)
]

iD+ → Uc(x)iD+U
−1
c (x)



Reparametrization invariance

e+ → (1 + ε)e+ e− → (1− ε)e−
k+ → (1 + ε)k+ k− → (1− ε)k−

Lorentz boost

e+ → e+ e− → e− + ε⊥

k− → k−︸︷︷︸
O(1)

+ k · ε⊥︸ ︷︷ ︸
O(λ)

k⊥ = k − 1

2
(k · e+)e− −

1

2
(k · e−)e+

→ k⊥︸︷︷︸
O(λ)

− 1

2
k+ε⊥︸ ︷︷ ︸
O(λ2)

− 1

2
(k · ε⊥)e+︸ ︷︷ ︸
O(λ)



Reparametrization invariance

e+ → (1 + ε)e+ e− → (1− ε)e−
k+ → (1 + ε)k+ k− → (1− ε)k−

Lorentz boost

e+ → e+ e− → e− + ε⊥

k− → k−︸︷︷︸
O(1)

+ k · ε⊥︸ ︷︷ ︸
O(λ)

k⊥ = k − 1

2
(k · e+)e− −

1

2
(k · e−)e+

→ k⊥︸︷︷︸
O(λ)

− 1

2
k+ε⊥︸ ︷︷ ︸
O(λ2)

− 1

2
(k · ε⊥)e+︸ ︷︷ ︸
O(λ)



Reparametrization invariance

e+ → e+ + λε⊥ e− → e−

k+ → k+︸︷︷︸
O(λ2)

+λk · ε⊥︸ ︷︷ ︸
O(λ2)

k⊥ → k⊥︸︷︷︸
O(λ)

− λ
2

(k · ε⊥)e−︸ ︷︷ ︸
O(λ2)

− λ
2
k−ε⊥︸ ︷︷ ︸
O(λ)

Mixes defferent orders in λ



Wilson lines

[x′, x] = P exp ig

∫ x′

x

dyµA
µ(y)

Gauge transformation

1 + igAµ(x) dxµ →

1 + ig

[
U(x)Aµ(x)U−1(x)− i

g
(∂µU(x))U−1(x)

]
dxµ

= U(x+ dx)U−1(x) + igU(x)Aµ(x)u−1(x) dxµ

= U(x+ dx) [1 + igAµ(x) dxµ]U−1(x)

[x′, x]→ U(x′)[x′, x]U−1(x) ψ̄(x′)[x′, x]ψ(x) = gauge invariant

x

x′



Wilson lines

[x′, x] = P exp ig

∫ x′

x

dyµA
µ(y)

Gauge transformation

1 + igAµ(x) dxµ →

1 + ig

[
U(x)Aµ(x)U−1(x)− i

g
(∂µU(x))U−1(x)

]
dxµ

= U(x+ dx)U−1(x) + igU(x)Aµ(x)u−1(x) dxµ

= U(x+ dx) [1 + igAµ(x) dxµ]U−1(x)

[x′, x]→ U(x′)[x′, x]U−1(x) ψ̄(x′)[x′, x]ψ(x) = gauge invariant

x

x′



Wilson lines

x

x+ v dt

W (x) = [x, x−∞v] = P exp ig

∫ 0

−∞
dtAµ(x+ vt)

U(x−∞v) = 1 W (x)→ U(x)W (x)

W−1(x)ψ(x), ψ̄(x)W (x) = gauge invariant

W (x+ v dt) = [1 + igv · A(x) dt]W (x)

v · ∂W (x) = igv · A(x)W (x) v ·DW (x) = 0



Wilson lines

x
x+ v dt

W (x) = [x, x−∞v] = P exp ig

∫ 0

−∞
dtAµ(x+ vt)

U(x−∞v) = 1 W (x)→ U(x)W (x)

W−1(x)ψ(x), ψ̄(x)W (x) = gauge invariant

W (x+ v dt) = [1 + igv · A(x) dt]W (x)

v · ∂W (x) = igv · A(x)W (x) v ·DW (x) = 0



Collinear–soft interaction: quarks

Lq =
1

2
ξ̄(x)iD+γ−ξ(x)

iD+ = i∂+ + gAc+(x) + gAs+(x̄−) = iDc+ + gAs+(x̄−)

S(x) = P exp ig

∫ 0

−∞
dtAs+(x+ e+t) Ds+S(x) = 0

ξ(x) = S(x̄−)ξ0(x) Aµc (x) = S(x̄−)Aµc0(x)S−1(x̄−)

x
x̄−



Collinear–soft interaction: quarks

Lq =
1

2
ξ̄(x)iD+γ−ξ(x)

iD+ = i∂+ + gAc+(x) + gAs+(x̄−) = iDc+ + gAs+(x̄−)

S(x) = P exp ig

∫ 0

−∞
dtAs+(x+ e+t) Ds+S(x) = 0

ξ(x) = S(x̄−)ξ0(x) Aµc (x) = S(x̄−)Aµc0(x)S−1(x̄−)

x
x̄−



Collinear–soft interaction: quarks

iD+ξ(x)

=
[
S(x̄−)i∂+ +

((
i∂+ + gAs(x̄−)

)
S(x̄−)

)
+ gS(x̄−)Ac0+(x)

]
ξ0(x)

= S(x̄−)iDc0+ξ0(x)

Lq =
1

2
ξ̄0(x)iDc0+ξ0(x)



Collinear–soft interaction: gluons

Lg = −1

2
TrFcµνF

µν
c igF µν

c = [iDµ, iDν ]

iDµ =
1

2
iD+e

µ
− +

1

2
iDc−e

µ
+ + iDµ

c⊥

iD+ = i∂+ + gAc+(x) + gAs+(x̄−)

Ac(x) = S(x̄−)Ac0(x)S−1(x̄−)

iDc− = i∂− + gS(x̄−)Ac0−(x)S−1(x̄−) = S(x̄−)iDc0−S
−1(x̄−)

because ∂−S(x̄−) = 2
∂S(x̄−)

∂x+

= 0

iDc⊥ = i∂⊥ + gS(x̄−)Ac0⊥(x)S−1(x̄−)



Collinear–soft interaction: gluons

Lg = −1

2
TrFcµνF

µν
c igF µν

c = [iDµ, iDν ]

iDµ =
1

2
iD+e

µ
− +

1

2
iDc−e

µ
+ + iDµ

c⊥

iD+ = i∂+ + gAc+(x) + gAs+(x̄−)

Ac(x) = S(x̄−)Ac0(x)S−1(x̄−)

iDc− = i∂− + gS(x̄−)Ac0−(x)S−1(x̄−) = S(x̄−)iDc0−S
−1(x̄−)

because ∂−S(x̄−) = 2
∂S(x̄−)

∂x+

= 0

iDc⊥ = i∂⊥ + gS(x̄−)Ac0⊥(x)S−1(x̄−)



Collinear–soft interaction: gluons

iD+ = S(x̄−)i∂+S
−1(x̄−)− S(x̄−)

(
i∂+S

−1(x̄−)
)

+ gAs+(x̄−) + gS(x̄−)Ac0+(x)S−1(x̄−)

= S(x̄−)iDc0+S
−1(x̄−)

because
S(x̄−)

(
i∂+S

−1(x̄−)
)

= −
(
i∂+S(x̄−)

)
S−1(x̄−) = gAs+(x̄−),

iDs+S = (i∂+ + gAs+)S = 0

F µν
c = S(x̄−)F µν

c0 S
−1(x̄−) Lg = −1

2
TrFc0µνF

µν
c0



Collinear–soft interaction: gluons

iD+ = S(x̄−)i∂+S
−1(x̄−)− S(x̄−)

(
i∂+S

−1(x̄−)
)

+ gAs+(x̄−) + gS(x̄−)Ac0+(x)S−1(x̄−)

= S(x̄−)iDc0+S
−1(x̄−)

because
S(x̄−)

(
i∂+S

−1(x̄−)
)

= −
(
i∂+S(x̄−)

)
S−1(x̄−) = gAs+(x̄−),

iDs+S = (i∂+ + gAs+)S = 0

F µν
c = S(x̄−)F µν

c0 S
−1(x̄−) Lg = −1

2
TrFc0µνF

µν
c0



Collinear fields

W (x) = P exp ig

∫ 0

−∞
dtAc−(x+ te−)

x

ξ(x) = W (x)χ(x) Aµ(x) = W−1(x)
(
iDµ

cW (x)
)

A− = 0 A+ ∼ λ2 A⊥ ∼ λ

iDµ = W−1(x)iDµ
cW (x) = i∂µ +Aµ



Collinear fields

W (x) = P exp ig

∫ 0

−∞
dtAc−(x+ te−)

x

ξ(x) = W (x)χ(x) Aµ(x) = W−1(x)
(
iDµ

cW (x)
)

A− = 0 A+ ∼ λ2 A⊥ ∼ λ

iDµ = W−1(x)iDµ
cW (x) = i∂µ +Aµ



Collinear quark Lagrangian

Lq =
1

2
ξ̄iDc+γ−ξ +

1

2
ξ̄i /Dc⊥

1

iDc− + i0
i /Dc⊥γ−ξ

=
1

2
χ̄iDc+γ−χ+

1

2
χ̄i /Dc⊥

1

i∂− + i0
i /Dc⊥γ−χ

=
1

2
χ̄iDc+γ−χ−

i

2
χ̄γ−i /Dc⊥

∫ 0

−∞
dt (i /Dc⊥χ)x+te−

Nonlocality in e− direction ∼ Q−1

W−1(x)iDc−W (x) = i∂−

⇒ W−1(x)
1

iDc− + i0
W (x) =

1

i∂− + i0



Collinear quark Lagrangian

Lq =
1

2
ξ̄iDc+γ−ξ +

1

2
ξ̄i /Dc⊥

1

iDc− + i0
i /Dc⊥γ−ξ

=
1

2
χ̄iDc+γ−χ+

1

2
χ̄i /Dc⊥

1

i∂− + i0
i /Dc⊥γ−χ

=
1

2
χ̄iDc+γ−χ−

i

2
χ̄γ−i /Dc⊥

∫ 0

−∞
dt (i /Dc⊥χ)x+te−

Nonlocality in e− direction ∼ Q−1

W−1(x)iDc−W (x) = i∂−

⇒ W−1(x)
1

iDc− + i0
W (x) =

1

i∂− + i0



Collinear gluon Lagrangian

W−1FcµνW = Fµν =
1

g
(∂µAν − ∂νAµ − i[Aµ,Aν ])

Lg = −1

2
TrFcµνF

µν
c = − 1

2g2
TrFµνFµν



Quark vector current

Jµ(x) = ψ̄(x)γµψ(x)

Kinematics: c− → c+

ψ(x)→ S−(x̄+)χ−(x) (x̄+ = 1
2
x+e−, γ−χ− = 0)

ψ̄(x)→ S+
+(x̄−)χ̄+(x) (x̄− = 1

2
x−e+, γ+χ+ = 0)

Jµ(x) =

∫
dt dt′CV (t, t′)χ̄+(x+ te−)S+

+(x̄−)S−(x̄+)

γµ⊥χ−(x+ t′e+) + · · ·



Quark vector current

xµ ∼ (1, 1, λ−1)Q−1

Jµ(x) =

∫
dt dt′CV (t, t′)χ̄+(x̄+ + x⊥ + te−)S+

+(0)S−(0)

γµ⊥χ−(x̄− + x⊥ + t′e+) + · · ·



Factorization

p p′

= ⊗

F (−q2,−p2,−p′2) = C̃V (−q2)J−(−p2)J+(−p′2)S

(
(−p2)(−p′2)

−q2

)



Matching coefficient

On-shell p = (p+, 0,~0), p′ = (0, p′−,~0)
Tree level

p p′
= C̃V (p+, p

′
−)

C̃
(0)
V (p+, p

′
−) = 1 C

(0)
V (t, t′) = δ(t)δ(t′)

1 loop

p p′
= C̃

(1)
V (p+, p

′
−)

SCET loops vanish



Matching coefficient

On-shell p = (p+, 0,~0), p′ = (0, p′−,~0)
Tree level

p p′
= C̃V (p+, p

′
−)

C̃
(0)
V (p+, p

′
−) = 1 C

(0)
V (t, t′) = δ(t)δ(t′)

1 loop

p p′
= C̃

(1)
V (p+, p

′
−)

SCET loops vanish



Matching coefficient: 1 loop

−CF
g2

0

(4π)d/2

∫
ddk

iπd/2
γν(/k + /p′)γµ⊥(/k + /p)γν

(−k2 − i0)[−(k + p)2 − i0][−(k + p′)2 − i0]

Numerator

γν/kγµ⊥/kγν + 2γµ⊥/k/p′ + 2/p/kγµ⊥ + 2p+p
′
−γ

µ
⊥

= −(d− 2)/kγµ⊥/k + 2p′−k+γ
µ
⊥ + 2p+k−γ

µ
⊥ + 2p+p

′
−γ

µ
⊥

=
[
(d− 2)k2 − 2k2

⊥ + 2p+k− + 2p′−k+ + 2p+p
′
−
]
γµ⊥

CV (−q2) = −CF
g2

0

(4π)d/2∫
ddk

iπd/2
2(−q2)− (d− 8)(−k2) + 2(−k2)2/(−q2)

(−k2 − i0)(−k2 − p+k− − i0)(−k2 − p′−k+ − i0)



Matching coefficient: 1 loop

−CF
g2

0

(4π)d/2

∫
ddk

iπd/2
γν(/k + /p′)γµ⊥(/k + /p)γν

(−k2 − i0)[−(k + p)2 − i0][−(k + p′)2 − i0]

Numerator

γν/kγµ⊥/kγν + 2γµ⊥/k/p′ + 2/p/kγµ⊥ + 2p+p
′
−γ

µ
⊥

= −(d− 2)/kγµ⊥/k + 2p′−k+γ
µ
⊥ + 2p+k−γ

µ
⊥ + 2p+p

′
−γ

µ
⊥

=
[
(d− 2)k2 − 2k2

⊥ + 2p+k− + 2p′−k+ + 2p+p
′
−
]
γµ⊥

CV (−q2) = −CF
g2

0

(4π)d/2∫
ddk

iπd/2
2(−q2)− (d− 8)(−k2) + 2(−k2)2/(−q2)

(−k2 − i0)(−k2 − p+k− − i0)(−k2 − p′−k+ − i0)



Matching coefficient: 1 loop

−CF
g2

0

(4π)d/2

∫
ddk

iπd/2
γν(/k + /p′)γµ⊥(/k + /p)γν

(−k2 − i0)[−(k + p)2 − i0][−(k + p′)2 − i0]

Numerator

γν/kγµ⊥/kγν + 2γµ⊥/k/p′ + 2/p/kγµ⊥ + 2p+p
′
−γ

µ
⊥

= −(d− 2)/kγµ⊥/k + 2p′−k+γ
µ
⊥ + 2p+k−γ

µ
⊥ + 2p+p

′
−γ

µ
⊥

=
[
(d− 2)k2 − 2k2

⊥ + 2p+k− + 2p′−k+ + 2p+p
′
−
]
γµ⊥

CV (−q2) = −CF
g2

0

(4π)d/2∫
ddk

iπd/2
2(−q2)− (d− 8)(−k2) + 2(−k2)2/(−q2)

(−k2 − i0)(−k2 − p+k− − i0)(−k2 − p′−k+ − i0)



CV (−q2) = −CF
g2

0

(4π)d/2

[
2(−q2)Ih

− (d− 8)

∫
ddk

iπd/2
1

[−(k + p)2 − i0][−(k + p′)2 − i0]

+
2

−q2

∫
ddk

iπd/2
−k2

[−(k + p)2 − i0][−(k + p′)2 − i0]

]



∫
ddk

iπd/2
1

[−(k + p)2 − i0][−(k + p′)2 − i0]

=

∫
ddk

iπd/2
1

(−k2 − i0)[−(k + q)2 − i0]

=
Γ(ε)Γ2(1− ε)

Γ(2− 2ε)
(−q2)−ε



∫
ddk

iπd/2
−k2

[−(k + p)2 − i0][−(k + p′)2 − i0]

=

∫
ddk

iπd/2
−(k − p)2

(−k2 − i0)[−(k + q)2 − i0]

= 2p ·
∫

ddk

iπd/2
k

(−k2 − i0)[−(k + q)2 − i0]

=
2p · q
q2

∫
ddk

iπd/2
k · q

(−k2 − i0)[−(k + q)2 − i0]

= −−q
2

2

∫
ddk

iπd/2
1

(−k2 − i0)[−(k + q)2 − i0]



Result

CV (−q2) = 1− CF
g2

0(−q2)−ε

(4π)d/2
Γ(1 + ε)Γ2(1− ε)

Γ(1− 2ε)

[
2

ε2
+

3 + 2ε

ε(1− 2ε)

]
= 1− CF

g2
0(−q2)−ε

(4π)d/2
e−γε

(
2

ε2
+

3

ε
− π2

6
+ 8

)



Renormalized matching coefficient

MS
g2

0

(4π)d/2
=
αs(µ)

4π
µ−2εeγε

CV (−q2) = 1− CF
αs(µ)

4π

(
−q2

µ2

)−ε(
2

ε2
+

3

ε
− π2

6
+ 8

)

Renormalization

CV (−q2) = Z−1CV (−q2, µ)

Z = 1 + CF

(
2

ε2
− 2

ε
log
−q2

µ2
+

3

ε

)
αs(µ)

4π

CV (−q2, µ) = 1 + CF

(
− log2 −q2

µ2
+ 3 log

−q2

µ2
+
π2

6
− 8

)
αs(µ)

4π



Renormalized matching coefficient

MS
g2

0

(4π)d/2
=
αs(µ)

4π
µ−2εeγε

CV (−q2) = 1− CF
αs(µ)

4π

(
−q2

µ2

)−ε(
2

ε2
+

3

ε
− π2

6
+ 8

)
Renormalization

CV (−q2) = Z−1CV (−q2, µ)

Z = 1 + CF

(
2

ε2
− 2

ε
log
−q2

µ2
+

3

ε

)
αs(µ)

4π

CV (−q2, µ) = 1 + CF

(
− log2 −q2

µ2
+ 3 log

−q2

µ2
+
π2

6
− 8

)
αs(µ)

4π



RG equation

d logCV (−q2)

d log µ
= 0 = −d logZ

d log µ
+
d logCV (−q2, µ)

d log µ

d logαs(µ)

d log µ
= −2ε+O(αs)

d logZ

d log µ
= Γ(αs(µ)) log

−q2

µ2
+ γV (αs(µ))

d logCV (−q2, µ)

d log µ
= Γ(αs(µ)) log

−q2

µ2
+ γV (αs(µ))

Γ(αs) = 4CF
αs
4π

γV (αs) = −6CF
αs
4π



Solution

CV (−q2, µ) = U(µ0, µ)CV (−q2, µ0)

d logU(µ0, µ)

d log µ
= Γ(αs(µ)) log

−q2

µ2
+ γV (αs(µ))

Γ(αs) = Γ0
αs
4π

+ Γ1

(αs
4π

)2

+ · · ·

γV (αs) = γV 0
αs
4π

+ γV 1

(αs
4π

)2

+ · · ·

d logαs(µ)

d log µ
= −2β(αs(µ)) β(αs) = β0

αs
4π

+ β1

(αs
4π

)2

+ · · ·

d logU(µ0, µ)

d logαs
= − 1

2β(αs)

[
Γ(αs)

(
log
−q2

µ2
0

− 2 log
µ

µ0

)
+ γV (αs)

]
log

µ

µ0

= −
∫ αs(µ)

αs(µ0)

dαs
αs

1

2β(αs)



Solution

CV (−q2, µ) = U(µ0, µ)CV (−q2, µ0)

d logU(µ0, µ)

d log µ
= Γ(αs(µ)) log

−q2

µ2
+ γV (αs(µ))

Γ(αs) = Γ0
αs
4π

+ Γ1

(αs
4π

)2

+ · · ·

γV (αs) = γV 0
αs
4π

+ γV 1

(αs
4π

)2

+ · · ·

d logαs(µ)

d log µ
= −2β(αs(µ)) β(αs) = β0

αs
4π

+ β1

(αs
4π

)2

+ · · ·

d logU(µ0, µ)

d logαs
= − 1

2β(αs)

[
Γ(αs)

(
log
−q2

µ2
0

− 2 log
µ

µ0

)
+ γV (αs)

]
log

µ

µ0

= −
∫ αs(µ)

αs(µ0)

dαs
αs

1

2β(αs)



Solution

CV (−q2, µ) = U(µ0, µ)CV (−q2, µ0)

d logU(µ0, µ)

d log µ
= Γ(αs(µ)) log

−q2

µ2
+ γV (αs(µ))

Γ(αs) = Γ0
αs
4π

+ Γ1

(αs
4π

)2

+ · · ·

γV (αs) = γV 0
αs
4π

+ γV 1

(αs
4π

)2

+ · · ·

d logαs(µ)

d log µ
= −2β(αs(µ)) β(αs) = β0

αs
4π

+ β1

(αs
4π

)2

+ · · ·

d logU(µ0, µ)

d logαs
= − 1

2β(αs)

[
Γ(αs)

(
log
−q2

µ2
0

− 2 log
µ

µ0

)
+ γV (αs)

]
log

µ

µ0

= −
∫ αs(µ)

αs(µ0)

dαs
αs

1

2β(αs)



Solution

U(µ0, µ) = exp [S(µ0, µ)− AγV (µ0, µ)]

(
−q2

µ2
0

)−AΓ(µ0,µ)

Aγ(µ0, µ) =

∫ αs(µ)

αs(µ0)

dαs
αs

γ(αs)

2β(αs)
=

γ0

2β0

log r +O(αs)

S(µ0, µ) = −
∫ αs(µ)

αs(µ0)

dαs
αs

Γ(αs)

2β(αs)

∫ αs

αs(µ0)

dα′s
α′s

1

β(α′s)

=
Γ0

2β2
0

[
4π

αs(µ0)

(
r − 1

r
− log r

)
+

(
Γ1

Γ0

− β1

β0

)
(1− r + log r)

+
β1

2β0

log2 r

]
+O(αs)

r =
αs(µ)

αs(µ0)



Soft function

p p′

k + p k + p′

k

q

S1 = CF

∫
ddk

(2π)d
ig0e

µ
+

i

e+ · (k + p′) + i0

i

e− · (k + p) + i0
ig0e−µ

−i
k2 + i0

= −2CF (−q2)Is



Soft function

S(Λ2
s) = 1− 2CF

g2
0(Λ2

s)
−ε

(4π)d/2
Γ(1− ε)Γ2(ε)

= 1− 2CF
αs(µ)

4π

(
Λ2
s

µ2

)−ε(
1

ε2
+
π2

4

)
= Z−1

S S(Λ2
s, µ)

ZS = 1 + 2CF

(
1

ε2
− 1

ε
log

Λ2
s

µ2

)
αs(µ)

4π

S(Λ2
s, µ) = 1− CF

(
log2 Λ2

s

µ2
+
π2

2

)
αs(µ)

4π

d logS(Λ2
s, µ)

d log µ
= Γ(αs(µ)) log

Λ2
s

µ2
+ γS(αs(µ))

γS(αs) = 0 +O(α2
s)



Resummed form factor

F (−q2,−p2,−p′2) = CV (−q2, µ)J(−p2, µ)J(−p′2, µ)S(Λ2
s, µ)

Λ2
s =

(−p2)(−p′2)

−q2

d logF (−q2,−p2,−p′2)

d log µ
= 0 =

d logCV (−q2, µ)

d log µ

+
d log J(−p2, µ)

d log µ
+
d log J(−p′2, µ)

d log µ
+
d logS(Λ2

s, µ)

d log µ

d logCV (−q2, µ)

d log µ
= Γ(αs(µ)) log

−q2

µ2
+ γV (αs(µ))

d log J(−p2, µ)

d log µ
= −Γ(αs(µ)) log

−p2

µ2
− γJ(αs(µ))

d logS(Λ2
s, µ)

d log µ
= Γ(αs(µ)) log
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Resummed form factor
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