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The study of heavy flavor physics: motivation

◮ To determine the Cabibbo-Kobayashi-Maskawa matrix elements.

◮ To provide insights into the origin of flavor and CP-violation.

◮ To look for new physics beyond the standard model.

◮ The subject to study are heavy hadrons containing a b– or a c–quark
and their weak decays.



The study of heavy flavor physics: motivation

◮ To determine the Cabibbo-Kobayashi-Maskawa matrix elements.

◮ To provide insights into the origin of flavor and CP-violation.

◮ To look for new physics beyond the standard model.

◮ The subject to study are heavy hadrons containing a b– or a c–quark
and their weak decays.

◮ The main idea in the theoretical studies of heavy-flavor decays is to
separate short-distance (perturbative) QCD dynamics from
long-distance (nonperturbative) hadronic effects.

◮ This task is accomplished by using the operator product expansion
(OPE), renormalization group (RG) and matching the full theory to
the effective one.

◮ The amplitude of some weak hadron processes is factorized into the
Wilson coefficients and matrix elements of local operators.

◮ The Wilson coefficients characterize the short-distance dynamics and
may be reliably evaluated by perturbative methods.



The study of heavy flavor physics: motivation

◮ The calculation of the hadronic matrix elements of local operators
between initial and final states require nonperturbative methods. One
needs to know how hadrons are constructed from quarks.

◮ Technically, any matrix element of a local operator may be expressed
in terms of a set of scalar functions which are referred to as form
factors.

◮ A variety of theoretical approaches have been used to evaluate the
hadronic form factors:



The study of heavy flavor physics: motivation

◮ The calculation of the hadronic matrix elements of local operators
between initial and final states require nonperturbative methods. One
needs to know how hadrons are constructed from quarks.

◮ Technically, any matrix element of a local operator may be expressed
in terms of a set of scalar functions which are referred to as form
factors.

◮ A variety of theoretical approaches have been used to evaluate the
hadronic form factors:

◮ The light-cone sum rule (LCSR) approach
(Braun, Ball, Khodjamirian et al.)

◮ Dyson-Schwinger equations in QCD (C.D. Roberts et al.)

◮ A relativistic quark model (Faustov, Galkin et al.)

◮ The constituent quark model with dispersion relations (Melikhov et al.)

◮ A QCD relativistic potential model (Ladisa, et al.)

◮ A QCD sum rule analysis (P. Colangelo et al.)



Semileptonic flavor changing charged current decays

◮ B → D(D∗)ℓν̄, Λb → Λc ℓν̄

matrix element =
GFVbc√

2
〈out|c̄Γhb|in〉〈ℓ̄Γℓν〉

SM: Γh × Γℓ = Oµ × Oµ

◮ Oµ = γµ(1 − γ5) is V-A weak matrix.

◮ If D(D∗) and Λc are on mass-shell then

two-fold distribution (q2, cos θ)

◮ Cascade decays if D∗ → Dπ and Λc → pK̄0 then

four-fold distribution (q2, cos θ, cos θ∗, χ)



Rare flavor changing neutral current decays

◮ B → K(K∗)ℓ+ℓ−, Bs → φℓ+ℓ−, Λb → Λ ℓ+ℓ−

matrix element =
GFVtsV

†
tb√

2

∑
CW〈out|̄sΓhb|in〉〈ℓ̄Γℓℓ〉

SM: Γh × Γℓ = Oµ × γµ, Oµ × γµγ5, σµq × γµ

◮ If K(K∗), φ and Λ are on mass-shell then

two-fold distribution (q2, cos θ)

◮ Cascade decays if K∗ → Kπ, φ → K+K− and Λ → pπ̄− then

four-fold distribution (q2, cos θ, cos θ∗, χ)



Nonleptonic decays

◮ Bs → D(∗)D̄(∗), Bs → φJ/ψ, Λb → Λ J/ψ

matrix element =
GFVcbV

†
cs√

2
CWfVmV〈out|̄sOµb|in〉

◮ Cascade decay

Λb → Λ(→ pπ−) + J/ψ(→ ℓ+ℓ−)

◮ Many other modes



Covariant quark model of hadrons

◮ Main assumption: hadrons interact via quark exchange only

◮ Interaction Lagrangian

Lint = gH · H(x) · JH(x)



Covariant quark model of hadrons

◮ Main assumption: hadrons interact via quark exchange only

◮ Interaction Lagrangian

Lint = gH · H(x) · JH(x)

◮ Quark currents

JM(x) =

∫
dx1

∫
dx2 FM(x; x1, x2) · q̄a

f1(x1) ΓM qa
f2(x2) Meson

JB(x) =

∫
dx1

∫
dx2

∫
dx3 FB(x; x1, x2, x3) Baryon

× Γ1 q
a1
f1
(x1)

[
εa1a2a3q

T a2
f2

(x2)C Γ2 q
a3
f3
(x3)

]

JT(x) =

∫
dx1 . . .

∫
dx4 FT(x; x1, . . . , x4) Tetraquark

×
[
εa1a2cq

T a1
f1

(x1) CΓ1 q
a2
f2
(x2)

]
·
[
εa3a4cq̄

T a3
f3

(x3) Γ2C q̄
a4
f4
(x4)

]



Compositeness condition ZH = 0

Salam 1962; Weinberg 1963

◮ A composite field and its constituents are introduced as elementary
particles

◮ The transition of a composite field to its constituents is provided by
the interaction Lagrangian

◮ The renormalization constant Z1/2 is the matrix element between a
physical state and the corresponding bare state. If there is a stable
bound state which we wish to represent by introducing a
quasi-particle H, then elementary particle must have renormalization
factor Z equal to zero

Z
1/2
H =< Hbare|Hdressed >= 0

We use the compositeness condition to determine the hadron-quark
coupling constant, e.g. in the case of mesons

ZM = 1 − Π̃′(m2
M) = 0

where Π̃(p2) is the meson mass operator.



The vertex functions and quark propagators

◮ Translational invariance for the vertex function

FH(x + a, x1 + a, x2 + a) = FH(x, x1, x2) , ∀a .

◮ Our choice:

FB(x, x1, . . . , xn) = δ(4)
(
x −

n∑

i=1

wixi
)
ΦH

(∑

i<j

(xi − xj)
2

)

where wi = mi/
∑
i

mi.

◮ The quark propagators

Sq(x1 − x2) =

∫
d4k

(2π)4i

e−ik(x1−x2)

mq− 6k



The matrix elements

◮ The matrix elements are described by a set of the Feynman diagrams
which are convolution of the quark propagators and vertex functions.

◮ Let Π be the matrix element corresponding to the Feynman diagram:

j external momenta;
n quark propagators;
ℓ loop integrations;
m vertices.
In the momentum space it will be represented as

Π(p1, ..., pj) =

∫
[d4k]ℓ

m∏

i1=1

Φi1+n

(
−K2

i1+n

) n∏

i3=1

Si3(k̃i3 + p̃i3)

K2
i1+n =

∑

i2

(k̃
(i2)
i1+n + p̃

(i2)
i1+n)

2

k̃i are linear combinations of the loop momenta ki

p̃i are linear combinations of the external momenta pi



Infrared confinement

◮ Use the Schwinger representation of the propagator:

m+ 6 k
m2 − k2

= (m+ 6 k)
∞∫

0

dα exp[−α(m2 − k2)]

◮ Choose a simple Gaissian form for the vertex function

Φ(−K 2) = exp
(
K 2/Λ2

)

where the parameter Λ characterizes the hadron size.

◮ We imply that the loop integration k proceed over Euclidean space:

k0 → ei
π
2 k4 = ik4 , k2 = (k0)2 −~k 2 → −k2E ≤ 0 .

◮ We also put all external momenta p to Euclidean space:

p0 → ei
π
2 p4 = ip4 , p2 = (p0)2 −~p 2 → −p2

E ≤ 0

so that the quadratic momentum form in the exponent becomes
negative-definite and the loop integrals are absolutely convergent.



Infrared confinement

◮ Convert the loop momemta in the numerator into derivatives over
external momenta:

kµi e
2kr =

1

2

∂

∂riµ
e2kr,

◮ Move the derivatives outside of the loop integrals.

◮ Calculate the scalar loop integral:

n∏

i=1

∫
d4ki
iπ2

ekAk+2kr =
n∏

i=1

∫
d4kEi
π2

e−kEAkE−2kErE =
1

|A|2 e
−rA−1r

where a symmetric n × n real matrix A is positive-definite.

◮ Use the identity

P

(
1

2

∂

∂r

)
e−rA−1r = e−rA−1rP

(
1

2

∂

∂r
− A−1r

)

to move the exponent to the left.



Infrared confinement

◮ Employ the commutator

[
∂

∂riµ
, rj ν ] = δij gµν

to make differentiation in

P

(
1

2

∂

∂r
− A−1r

)

for any polynomial P. The necessary commutations of the differential
operators are done by a FORM program.

◮ One obtains

Π =

∞∫

0

dnα F(α1, . . . , αn) ,

where F stands for the whole structure of a given diagram.



Infrared confinement

The set of Schwinger parameters αi can be turned into a simplex by
introducing an additional t–integration via the identity

1 =

∞∫

0

dt δ(t −
n∑

i=1

αi)

leading to

Π =

∞∫

0

dttn−1

1∫

0

dnαδ
(
1 −

n∑

i=1

αi

)
F(tα1, . . . , tαn) .



Infrared confinement

◮ Cut off the upper integration at 1/λ2

Πc =
1/λ2
∫

0

dttn−1
1
∫

0

dnαδ
(

1 −
n
∑

i=1

αi

)

F(tα1, . . . , tαn)

◮ The infrared cut-off has removed all possible thresholds in the quark
loop diagram.

◮ We take the cut-off parameter λ to be the same in all physical
processes.

T. Branz, A. Faessler, T. Gutsche, M. A. Ivanov, J. G. Körner and V. E. Lyubovitskij,

Phys. Rev. D81, 034010 (2010)



Infrared confinement

◮ An example of a scalar one–loop two–point function:

Π2(p
2) =

∫
d4kE
π2

e−s k2E

[m2 + (kE + 1
2
pE)2][m2 + (kE − 1

2
pE)2]

where the numerator factor e−s k2E comes from the product of nonlocal
vertex form factors of Gaussian form. kE, pE are Euclidean momenta
(p2

E = − p2 ).

◮ Doing the loop integration one obtains

Π2(p
2) =

∞∫

0

dt
t

(s + t)2

1∫

0

dα exp
{
− t [m2 − α(1 − α)p2] +

st

s + t

(
α−1

2

)2
p2
}

A branch point at p2 = 4m2.



Infrared confinement

◮ By introducing a cut-off in the t–integration one obtains

Πc
2(p

2) =

1/λ2∫

0

dt
t

(s + t)2

1∫

0

dα exp
{
− t [m2 − α(1 − α)p2] +

st

s + t

(
α−1

2

)2
p2
}

where the one–loop two–point function Πc
2(p

2) no longer has a branch
point at p2 = 4m2.

◮ The confinement scenario also allows to include all possible both
two-quark and multi-quark resonance states in our calculations.



Infrared confinement

One-subtracted local loop without confinement
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Infrared confinement

Nonlocal loop without and with infrared cutoff (confinement)
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Subtleties: gauging

In order to guarantee local invariance of the strong interaction Lagrangian
one multiplies each quark field q(xi) in nonlocal quark current JH(x) with a
gauge field exponential:

qi(xi) → e−ieq1 I(xi,x,P) qi(xi) where I(xi, x,P) =

xi∫

x

dzµA
µ(z).

The path P connects the end-points of the path integral.
We use the path-independent definition of the derivative of I(x, y,P):

Mandelstam,1962,Terning,1991

lim
dxµ→0

dxµ
∂

∂xµ
I(x, y,P) = lim

dxµ→0
[I(x + dx, y,P′) − I(x, y,P)]

where the path P′ is obtained from P by shifting the end-point x by dx.
The definition leads to the key rule

∂

∂xµ
I(x, y,P) = Aµ(x)

which in turn states that the derivative of the path integral I(x, y,P)
does not depend on the path P originally used in the definition.



Subtleties: gauging

Diagrams describing V → γ transition:

p p

V γ

(c)

p
p

V

γ

(d)

Mµν
c (p) =

∫
d4k

4π2i
ΦV(−k2) tr

(
γµS(k + 1

2
p)γνS(k − 1

2
p)
)

Mµν
d (p) = −

∫
d4k

4π2i
(2k + 1

2
p)µ

1∫

0

dαΦ′
V

(
− α(k + 1

2
p)2 − (1 − α)k2

)

× tr
(
γνS(k)

)



Subtleties: gauging

If p = 0 then the second diagram maybe transfered to the first one by
using integration by parts

∫
d4k

4π2i

∂

∂kµ

{
ΦV

(
− k2

)
tr
(
γνS(k)

)}
=

=

∫
d4k

4π2i

{
− 2kµΦ′

V

(
− k2

)
tr
(
γνS(k)

)

+ΦV

(
− k2

)
tr
(
γµS(k)γνS(k)

)}
= 0.



Model parameters

M. A. I., J. G. Körner, S. G. Kovalenko, P. Santorelli and G. G. Saidullaeva, Phys. Rev. D85, 034004 (2012)

Input values for the leptonic decay constants fH (in MeV) and our
least-squares fit values.

Fit Values PDG/LAT

fπ 128.7 130.4 ± 0.2

fK 156.1 156.1 ± 0.8

fD 205.9 206.7 ± 8.9

fDs 257.5 257.5 ± 6.1

fB 191.1 192.8 ± 9.9

fBs 234.9 238.8 ± 9.5

fBc 489.0 489 ± 5

fρ 221.1 221 ± 1

This work PDG/LAT

fω 198.5 198 ± 2

fφ 228.2 227 ± 2

fJ/ψ 415.0 415 ± 7

fK∗ 213.7 217 ± 7

fD∗ 243.3 245 ± 20

fD∗

s
272.0 272 ± 26

fB∗ 196.0 196 ± 44

fB∗

s
229.0 229 ± 46



Model parameters

Input values for some basic electromagnetic decay widths and our
least-squares fit values (in keV).

Process Fit Values PDG

π0 → γγ 5.06 × 10−3 (7.7 ± 0.4) × 10−3

ηc → γγ 1.61 1.8 ± 0.8

ρ± → π±γ 76.0 67 ± 7

ω → π0γ 672 703 ± 25

K∗± → K±γ 55.1 50 ± 5

K∗0 → K0γ 116 116 ± 10

D∗± → D±γ 1.22 1.5 ± 0.5

J/ψ → ηcγ 1.43 1.58 ± 0.37



Model parameters

The results of the fit for the values of quark masses mqi , the infrared
cutoff parameter λ and the size parameters ΛHi (all in GeV).

mu ms mc mb λ

0.235 0.424 2.16 5.09 0.181 GeV

Λπ ΛK ΛD ΛDs ΛB ΛBs ΛBc Λρ

0.87 1.04 1.47 1.57 1.88 1.95 2.42 0.61

Λω Λφ ΛJ/ψ ΛK∗ ΛD∗ ΛD∗

s
ΛB∗ ΛB∗

s

0.47 0.88 1.48 0.72 1.16 1.17 1.72 1.71



Heavy quark limit in B − D transition

k + p1 k + p2

k

b c

ū ū

B(p1) D(D∗)(p2)

Oµ = γµ − γµγ5

φB

(

− (k + wu p1)
2
)

φD(D∗)

(

−
(

k + w′
u p2

)2
)

wu = mu
mu+mb

w′
u = mu

mu+mc



Heavy quark limit in B − D transition

k + p1 k + p2

k

b c

ū ū

B(p1) D(D∗)(p2)

Oµ = γµ − γµγ5

φB

(

− (k + wu p1)
2
)

φD(D∗)

(

−
(

k + w′
u p2

)2
)

wu = mu
mu+mb

w′
u = mu

mu+mc

Heavy quark limit: mH = mQ + E, mQ → ∞; ΛB = ΛD = ΛD∗ .



Isgur-Wise function

1

mi− 6k− 6pi
→ − 1+ 6vi

2
· 1

kvi + E
, vi =

pi

mi



Isgur-Wise function

1

mi− 6k− 6pi
→ − 1+ 6vi

2
· 1

kvi + E
, vi =

pi

mi

Mµ
BD(p1, p2) = f+(q

2)(p1 + p2)
µ + f−(q2)(p1 − p2)

µ ,

f± = ±m1 ± m2

2
√
m1m2

· ξ(w) , w = v1 · v2.

the Isgur-Wise function is equal to

ξ(w) =
J3(E,w)

J3(E, 1)
, J3(E,w) =

1∫

0

dτ

W

∞∫

0

du Φ̃2(z)
mu +

√
u/W

m2
u + z

where W = 1 + 2τ (1 − τ )(w − 1), z = u − 2E
√

u/W.



Isgur-Wise function
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Nonleptonic Bs decays

M. A. I., J. G. Körner, S. G. Kovalenko, P. Santorelli and G. G. Saidullaeva, Phys. Rev. D85, 034004 (2012)

◮ The modes Bs → D−
s D+

s , D∗−
s D+

s + D−
s D∗+

s , D∗−
s D∗+

s give the
largest contribution to ∆Γs ≡ ΓL − ΓH for the Bs − B̄s system.

◮ The mode Bs → J/ψφ is color–suppressed but it is interesting for the
search of possible CP-violating new physics effects in Bs − B̄s mixing.

◮ Nonleptonic B0
s → J/ψη(η′) decays were observed by Belle Coll.:

J. Li et al. [Belle Collaboration], Phys. Rev. Lett. 108, 181808 (2012)

◮ Their decay widths were calculated in our approach by

S. Dubnicka, A. Z. Dubnickova, M. A. Ivanov and A. Liptaj Phys. Rev. D 87, 074201 (2013)



The effective Hamiltonian

Current-current diagrams

W

b c

s c

W

gb c

s c

Wg

b c

s c

W g

b c

s c

tree OCD one-loop

g

W

b s

u,c,t u,c,t

c c

OCD penguin



The effective Hamiltonian

◮ The effective Hamiltonian describing the Bs nonleptonic decays:

Heff = − GF√
2
VcbV

†
cs

6∑

i=1

Ci Qi

◮ Current-current diagrams:

Q1 = (c̄a1ba2)V−A(s̄a2ca1)V−A Q2 = (c̄a1 ba1)V−A, (s̄a2 ca2)V−A

◮ QCD penguin diagram:

Q3 = (s̄a1ba1)V−A(c̄a2ca2)V−A Q4 = (s̄a1ba2)V−A(c̄a2ca1)V−A

Q5 = (s̄a1ba1)V−A(c̄a2ca2)V+A Q6 = (s̄a1ba2)V−A(c̄a2ca1)V+A

(q̄q)V−A = q̄γµ(1 − γ5)q left–chiral current

(q̄q)V+A = q̄γµ(1 + γ5)q right–chiral current



Nonleptonic Bs decays

Bs D̄s

Ds

Heff

b s c

s

c

Bs

Ds

D̄s
Heff

b

s

c

c
s

Annihilation diagram



Nonleptonic Bs decays

Bs φ, η, η′

J/ψ

Heff

b s s

c

c



Nonleptonic Bs decays

Calculated branching ratios (%) of the Bs nonleptonic decays.

Process This work PDG

Bs → D−
s D+

s 1.65 1.04+0.29
−0.26

Bs → D−
s D∗+

s + D∗−
s D+

s 2.40 2.8 ± 1.0

Bs → D∗−
s D∗+

s 3.18 3.1 ± 1.4

Bs → J/ψφ 0.16 0.14 ± 0.05

Bs → J/ψη 4.67 · 10−2 (5.10 ± 1.12) · 10−2

Bs → J/ψη′ 4.04 · 10−2 (3.71 ± 0.95) · 10−2



Nonleptonic Bs decays

R ≡ Γ(Bs → J/ψ + η′)
Γ(Bs → J/ψ + η)

=

{
0.73 ± 0.14 ± 0.02 Belle

0.90 ± 0.09+0.06
−0.02 LHCb

Our model

R theor =
|qη′ |3
|qη|3

tan2 δ

︸ ︷︷ ︸
≈1.04

×
(
FBsη

′

+

FBsη
+

)2

︸ ︷︷ ︸
≈0.83

≈ 0.86.



Lagrangian and 3-quark currents

T. Gutsche, M. A. Ivanov, J. G. Körner, V. E. Lyubovitskij and P. Santorelli, Phys. Rev. D 87, 074031 (2013)

L Λ
int(x) = gΛ Λ̄(x) · JΛ(x) + gΛ J̄Λ(x) · Λ(x)

JΛ(x) =

∫
dx1

∫
dx2

∫
dx3 FΛ(x; x1, x2, x3) J

(Λ)
3q (x1, x2, x3)

J
(Λ)
3q (x1, x2, x3) = Qa1(x1) · ǫa1a2a3 uT a2(x2) C γ

5 da3(x3)

Q = s, c, b

The vertex function is chosen in the form

FΛ(x; x1, x2, x3) = δ(4)(x−
3∑

i=1

wixi) ΦΛ

(∑

i<j

(xi−xj)
2

)
wi =

mi

m1 + m2 + m3



Two-loop diagram

Λb Λ

ℓ
+
ℓ
−

b s

u

d



Form factors

Effective Hamiltonian leads to quark decay amplitude b → sℓ+ℓ−:

M(b → sℓ+ℓ−) =
GF√
2

αλt

2π

{
Ceff

9 (s̄Oµb)
(
ℓ̄γµℓ

)
+ C10 (s̄O

µb)
(
ℓ̄γµγ5ℓ

)

− 2

q2
Ceff

7

[
mb

(
s̄ iσµq (1 + γ5) b

)
+ O(ms)

] (
ℓ̄γµℓ

)}

Hadronic matrix elements are expanded in terms of dimensionless form
factors:

〈B2 | s̄ γµ b |B1〉 = ū2(p2)
[
fV1 (q

2)γµ − fV2 (q
2)iσµq1 + fV3 (q

2)qµ1

]
u1(p1)

〈B2 | s̄ γµγ5 b |B1〉 = ū2(p2)
[
fA1 (q

2)γµ − fA2 (q
2)iσµq1 + fA3 (q

2)qµ1

]
γ5u1(p1)

〈B2 | s̄ iσµq b |B1〉 = ū2(p2)
[
fTV1 (q2)(γµq2

1 − qµ1 6q1) − fTV2 (q2)iσµq1
]
u1(p1)

〈B2 | s̄ iσµq1γ5 b |B1〉 = ū2(p2)
[
fTA1 (q2)(γµq2

1 − qµ1 6q1) − fTA2 (q2)iσµq1
]
γ5u1(p1)

where q = p1 − p2 and q1 = q/M1.



The fit of the size parameters

◮ We use the same values of the quark masses and the infrared cut-off
as in meson sector.

◮ We determine the set of size parameters ΛΛs , ΛΛc and ΛΛb by fitting
data on the magnetic moment of the Λ-hyperon and the branching
ratios of the semileptonic decays Λc → Λℓ+νℓ and Λb → Λcℓ

−ν̄ℓ by a
one-parameter fit to these values.

◮ With the choice of dimensional parameters in GeV

ΛΛs = 0.490 ΛΛc = 0.864 ΛΛb = 0.569

we get:

µΛs = − 0.73 µexpt

Λs
= − 0.613 ± 0.004

µΛc = +0.39

µΛb = − 0.06



The fit of the size parameters

Branching ratios of semileptonic decays of heavy baryons in %.

Mode Our results Data

Λc → Λe+νe 2.0 2.1 ± 0.6

Λc → Λµ+νµ 2.0 2.0 ± 0.7

Λb → Λce
−ν̄e 6.6 6.5+3.2

−2.5

Λb → Λcµ
−ν̄µ 6.6

Λb → Λcτ
−ν̄τ 1.8

Asymmetry parameter α in the semileptonic decays of heavy baryons.

Mode Our results Data

Λc → Λe+νe 0.828 0.86 ± 0.04

Λc → Λµ+νµ 0.825

Λb → Λce
−ν̄e 0.831

Λb → Λcµ
−ν̄µ 0.831

Λb → Λcτ
−ν̄τ 0.731



Branching fractions of decays Λb → Λ + ℓ+ℓ− and Λb → Λ + γ

Our results:

B(Λb → Λµ+µ−) = 1.0 · 10−6

T. Gutsche, M. A. Ivanov, J. G. Körner, V. E. Lyubovitskij and P. Santorelli, Phys. Rev. D 87 074031 (2013)

to be compared with the recent LHCb data:

B(Λb → Λµ+µ−) = (0.96 ± 0.16(stat) ± 0.13(syst) ± 0.21(norm)) · 10−6

RAaij et al. [LHCb Collaboration], arXiv:1306.2577 [hep-ex].

B(Λb → Λγ) = 0.4 · 10−5 (experimental upper bound < 130 · 10−5)



The angular decay distribution for the cascade decay Λb → Λ(→ pπ−)ℓ+ℓ−

ℓ+

ℓ−

θB θ

χ

x

z

Λb

Λ

p

π−

J
µ
eff



Joint four-fold angular decay distribution for the decay of an unpolarized Λb

W(θ, θB, χ) ∝ A v2 + B v + C
2m2

ℓ

q2
v =

√
1 − 4m2

ℓ/q
2

A =
9

64
(1 + cos2 θ)

(
U11 + U22

)
+

9

32
sin2 θ

(
L11 + L22

)

+
9

32
αB cos θB

[
sin2 θ

(
L11
P + L22

P

)
+

1

2
(1 + cos2 θ)

(
P11 + P22

) ]

+
9

16
√
2
αB sin 2θ sin θB

[
cosχ

(
I111

P + I122
P

)
− sinχ

(
I211

P + I222
P

) ]
,

B = − 9

16
cos θ

[
P12 + αB cos θB U12

]

− 9

4
√
2
αB sin θ sin θB

[
cosχ I312

P − sinχ I412
P

]
,

C =
9

16

(
U11 + L11 + S22

)
+

9

16
αB cos θB

(
P11 + L11

P + S22
P

)
,



Hadronic helicity amplitudes

The bilinear expressions

Hmm′

X (X = U, L, S,P, LP, SP, I1P, I2P, I3P, I4P)

are defined by

Hmm′

U = Re(Hm
1
2
1
H†m′

1
2
1
) + Re(Hm

− 1
2
−1

H†m′

− 1
2
−1

) transverse unpolarized

etc.

The hadronic helicity amplitudes Hm
λΛλj

(J) describe the full dynamics of
the current–induced transitions Λb → Λ + jeff including the structure and
the values of the short distance coefficients of the pertinent penguin
operators.
The helicity labels on the helicity amplitudes take the values

λΛ = ±1

2
, λj = t for (J = 0) and λj = ±1, 0 for (J = 1)

The superscript m defines whether the hadronic helicity amplitude
multiplies the lepton vector current (m = 1) or the axial vector current
(m = 2).



The differential rate of the cascade decay Λb → Λ(→ pπ−)ℓ+ℓ−

dΓ(Λb → Λ ℓ+ℓ−)

dq2
=

v2

2
·
(
U11+22 +L11+22

)
+

2m2
ℓ

q2
· 3
2
·
(
U11 +L11 +S22

)

The total rate is obtained by q2–integration in the range

4m2
ℓ ≤ q2 ≤ (M1 − M2)

2

The short notations:

Xmm′

=
1

2

G2
F

(2π)3

(
α|λt|
2π

)2 |~p2| q2 v

12M2
1

Hmm′

X ,

where λt = V†
ts Vtb = 0.041 and v =

√
1 − 4m2

ℓ/q
2 is the lepton velocity

in the (ℓ+ℓ−) CM frame.



Lepton–side decay distribution for the cascade decay Λb → Λ(→ pπ−)ℓ+ℓ−

dΓ(Λb → Λ ℓ+ℓ−)

dq2d cos θ
= v2 ·

[
3

8
(1 + cos2 θ) · 1

2
U11+22 +

3

4
sin2 θ · 1

2
L11+22

]

− v · 3
4
cos θ · P12 +

2m2
ℓ

q2
· 3
4
·
[
U11 + L11 + S22

]

One can define a lepton–side forward–backward asymmetry AℓFB by
AℓFB = (F − B)/(F + B) where F and B denote the rates in the forward
and backward hemispheres.

AℓFB(q
2) = −3

2

v · P12

v2 ·
(
U11+22 + L11+22

)
+

2m2
ℓ

q2
· 3 ·

(
U11 + L11 + S22

) .

The integrated forward–backward asymmetry is defined as the ratio of the
integrals of the numerator and denominator over q2 in the full kinematical
region.



Λ–polarization and hadron–side decay distribution for the cascade decay
Λb → Λ(→ pπ−)ℓ+ℓ−

dΓ(Λb → Λ(→ pπ−)ℓ+ℓ−)

dq2 d cos θB
= Br(Λ → pπ−)·1

2

dΓ(Λb → Λ ℓ+ℓ−)

dq2

×
(
1 + αBP

Λ
z cos θB

)

Thez–component of the polarization of the daughter baryon Λ:

PΛ
z =

v2 ·
(
P11+22 + L11+22

P

)
+

2m2
ℓ

q2
· 3 ·

(
P11 + L11

P + S22
P

)

v2 ·
(
U11+22 + L11+22

)
+

2m2
ℓ

q2
· 3 ·

(
U11 + L11 + S22

)

The forward–backward asymmetry is simply related to the polarization PΛ
z

via

Ah
FB(q

2) =
αB

2
· PΛ

z (q
2)



Asymmetries Al

FB
and Ah

FB
with (without) long–distance contributions

Mode A
l

FB A
h

FB

Λb → Λe+e− 3.2 × 10−10 (1.2 × 10−8) −0.321 (−0.321)

Λb → Λµ+µ− 1.7 × 10−4 (8.0 × 10−4) −0.300 (−0.294)

Λb → Λτ+τ− 5.9 × 10−4 (9.6 × 10−4) −0.265 (−0.259)



Semileptonic and nonleptonic Λb-decays

◮ Polarization effects in the cascade decay

Λb → Λ(→ pπ−) + J/ψ(→ ℓ+ℓ−)

T. Gutsche, M. A. Ivanov, J. G. Körner, V. E. Lyubovitskij, P. Santorelli, Phys. Rev. D 88 114018 (2013)

◮ Heavy-to-light semileptonic decays of Λb and Λc baryons

Λb → pℓ−ν̄ and Λc → nℓ+ν̄

T. Gutsche, M. A. Ivanov, J. G. Körner, V. E. Lyubovitskij,P. Santorelli, Phys. Rev. D 90 114033 (2014)

◮ Semileptonic decays

Λb → Λcτ
−ν̄τ and Λc → Λℓ+ν̄

T. Gutsche, M. A. Ivanov, J. G. Körner, V. E. Lyubovitskij, P. Santorelli and N. Habyl, Phys. Rev. D 91

074001 (2015) Erratum: [Phys. Rev. D 91 119907 (2015)]

T. Gutsche, M. A. Ivanov, J. G. Körner, V. E. Lyubovitskij, P. Santorelli, Phys. Rev. D 93 034008 (2016)



X(3872)-meson

◮ A narrow charmonium-like state X(3872) was observed in the
exclusive decay process:

B+ → K+π+π−J/ψ

S. K. Choi et al. [Belle Collaboration] Phys. Rev. Lett. 91, 262001 (2003)

◮ X-mass is close to D0 − D∗ 0 mass threshold:

MX = 3871.68 ± 0.17MeV

MD0 + MD∗ 0 = 3871.81 ± 0.25MeV

◮ Its width is rather small ΓX ≤ 1.2 MeV

◮ The quantum numbers of the X(3872) are

JPC = 1++



X(3872)-meson

◮ An intepretation of the X(3872) as a tetraquark was suggested in

L. Maiani, F. Piccinini, A. D. Polosa and V. Riquer, Phys. Rev. D 71, 014028 (2005)

Xq =⇒ [cq]S=1[c̄q̄]S=0 + [cq]S=0[c̄q̄]S=1, (q = u, d)

◮ The physical states are the mixing of Xu and Xd

Xl ≡ Xlow = Xu cos θ + Xd sin θ,

Xh ≡ Xhigh = −Xu sin θ + Xd cos θ.

◮ The mixing angle θ is supposed to be found from the known ratio of
the two-pion (via ρ) and three-pion (via ω) decay widths.



X(3872)-meson as a tetraquark state: Lagrangian

S. Dubnicka, A. Z. Dubnickova, M. A. Ivanov and J. G. Körner, Phys. Rev. D 81, 114007 (2010)

◮ An effective interaction Lagrangian

Lint = gX Xqµ(x) · JµXq
(x), (q = u, d).

◮ The nonlocal version of the four-quark interpolating current

JµXq
(x) =

∫
dx1 . . .

∫
dx4 δ(x − 4∑

i=1

wixi) ΦX

(
∑

i<j

(xi − xj)
2
)
Jµ4q(x1, . . . , x4)

Jµ4q = 1√
2
εabc [qa(x4)Cγ

5cb(x1)] εdec [q̄d(x3)γ
µCc̄e(x2)] + (γ5 ↔ γµ),

w1 = w2 =
mc

2(mq + mc)
≡ wc

2
, w3 = w4 =

mq

2(mq + mc)
≡ wq

2
.



Compositeness condition

The coupling constant gX is determined from the compositeness condition

ZX = 1 − Π′

X(M
2
X) = 0

where ΠX(p
2) is the scalar part of the vector-meson mass operator.



Strong off-shell decays

Since the X(3872) lies nearly the respective thresholds in both cases,

mX − (mJ/ψ + mρ) = −0.90 ± 0.41MeV,

mX − (mD0 + mD∗ 0) = −0.30 ± 0.34MeV

the intermediate ρ(ω) and D∗ mesons should be taken off-shell.



The narrow width approximation

dΓ(X → J/ψ + nπ)

dq2
=

1

8m2
X π

· 1
3
|M(X → J/ψ + v0)|2

× Γv0 mv0

π

p∗(q2)

(m2
v0

− q2)2 + Γ2
v0
m2

v0

Br(v0 → nπ),

dΓ(Xu → D̄0D0π0)

dq2
=

1

2m2
X π

· 1
3
|M(Xu → D̄0D∗ 0)|2

× ΓD∗ 0 mD∗ 0

π

p∗(q2)B(D∗ 0 → D0π0)

(m2
D∗ 0 − q2)2 + Γ2

D∗ 0 m
2
D∗ 0

,



Strong decay widths

◮ Two new adjustable parameters: θ and ΛX.

◮ The ratio
Γ(Xu → J/ψ + 3π)

Γ(Xu → J/ψ + 2π)
≈ 0.25

is very stable under variation of ΛX.

◮ Using this result and the central value of the experimental data

Γ(Xl,h → J/ψ + 3π)

Γ(Xl,h → J/ψ + 2π)
≈ 0.25 ·

(1 ± tan θ

1 ∓ tan θ

)2
≈ 1

gives θ ≈ ±18.4o for Xl (” + ”) and Xh (” − ”), respectively.

◮ This is in agreement with the results obtained by both Maiani:
θ ≈ ±20o and Nielsen: θ ≈ ±23.5o.



Strong decay widths

2.5 3 3.5 4
Λ

X
 (GeV)

0

0.5

1

1.5

Γ(X -> D
0
 + D

0
 + π0

),  MeV

Γ(X -> J/ψ + nπ),  MeV

Γ(X→D0D̄0π0)
Γ(X→J/ψπ+π−)

=

{

4.5 ±0.2 theor

10.5±4.7 expt



Radiative X -decay

S. Dubnicka, A. Z. Dubnickova, M. A. Ivanov, J. G. Koerner, P. Santorelli and G. G. Saidullaeva,

Phys. Rev. D 84, 014006 (2011)



Radiative X -decay

The on-mass shell conditions

εµXpµ = 0, ενJ/ψq1ν = 0, εργq2ρ = 0

leave us five Lorentz structures:

Tµρν(q1, q2) = εq2µνρ(q1 · q2)W1 + εq1q2νρq1µW2 + εq1q2µρq2ν W3

+ εq1q2µνq1ρW4 + εq1µνρ(q1 · q2)W5 .

Using the gauge invariance condition

qρ2Tµρν = (q1 · q2)εq1q2µν(W4 + W5) = 0

one has W4 = −W5 which reduces the set of independent covariants to
four. However, there are two nontrivial relations among the four
covariants which can be derived by noting that the tensor

Tµ[ν1ν2ν3ν4ν5] = gµν1εν2ν3ν4ν5 + cycl.(ν1ν2ν3ν4ν5)

vanishes in four dimensions since it is totally antisymmetric in the five
indices (ν1, ν2, ν3, ν4, ν5).



Radiative X -decay

The two conditions reduce the set of independent covariants to two. This
is the appropriate number of independent covariants since the photon
transition is described by two independent amplitudes as e.g. by the E1
and M2 transition amplitudes. One has

Γ(X → γ J/ψ) =
1

12π

|~q2|
m2

X

(
|HL|2 + |HT|2

)
=

1

12π

|~q2|
m2

X

(
|AE1|2 + |AM2|2

)
,

where the helicity amplitudes HL and HT are expressed in terms of the
Lorentz amplitudes as

HL = i
m2

X

mJ/ψ
|~q2|2

[
W1 + W3 −

m2
J/ψ

mX|~q2|
W4

]
,

HT = −imX|~q2|2
[
W1 + W2 −

(
1 +

m2
J/ψ

mX|~q2|
)
W4

]
,

|~q2| =
m2

X − m2
J/ψ

2mX
.

The E1 and M2 multipole amplitudes are obtained via

AE1/M2 = (HL ∓ HT)/
√
2.



Radiative X -decay

2.5 3 3.5 4
Λ

X
 (GeV)

0

0.1

0.2

Γ(X -> J/ψ + 2π),  MeV

Γ(X -> J/ψ + γ),  MeV

If one takes ΛX ∈ (3, 4) GeV with the central value ΛX = 3.5 GeV then
our prediction for the ratio of widths reads

Γ(Xl → γ + J/ψ)

Γ(Xl → J/ψ + 2π)

∣∣∣
theor

= 0.15 ± 0.03

which fits very well the experimental data from the Belle Collaboration

Γ(X → γ + J/ψ)

Γ(X → J/ψ 2π)
=





0.14 ± 0.05 Belle

0.22 ± 0.06 BaBar



Summary

◮ Covariant covariant quark model

◮ effective lagrangian = hadron×interpolating quark current

◮ compositeness condition

◮ interaction via quark exchange (Feynman diagrams)

◮ infrared confinement

◮ Its applications

◮ hadronic form factors in heavy flavor physics in the full kinematical range
of momentum transfer

◮ multiquark sates (baryons, tetraquarks, pentaquarks, etc.)
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