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ABSTRACT: Gottsche-Nakajima-Yoshioka K-theoretic blowup equations characterize the Nekrasov
partition function of five dimensional N' = 1 supersymmetric gauge theories compactified on a
circle, which via geometric engineering correspond to the refined topological string theory on
) geometries. In this paper, we study the K-theoretic blowup equations for general local
Calabi-Yau threefolds. We find that both vanishing and unity blowup equations exist for the
partition function of refined topological string, and the crucial ingredients are the r fields in-

troduced in our previous paper. These blowup equations are in fact the functional equations
for the partition function and each of them results in infinite identities among the refined free
energies. Evidences show that they can be used to determine the full refined BPS invariants of
local Calabi-Yau threefolds. This serves an independent and sometimes more powerful way to
compute the partition function other than the refined topelogical vertex in the A-model and the
refined holomorphic anomaly equations in the B-model. We provide a procedure to determine
all the vanishing and unity r fields from the polynomial part of refined topological string at large
radius point. We also find that certain form of blowup equations exist at generic loci of the
moduli space.

To Sheldon Katz on his 60th anniversary
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@ Background
o Local Calabi-Yau and local mirror symmetry
o Refined topological string
@ Two motivations
o Quantization of mirror curve
o Exact Nekrasov-Shatashivili (NS) quantization
o Grassi-Hatsuda-Marifio (GHM) conjecture
o Compatibility formulae

o Gottsche-Nakajima-Yoshioka (GNY) K-theoretic blowup
equations
@ Blowup equations for refined topological string
e Vanishing blowup equations
e Unity blowup equations
@ Examples

e Resolved conifold
o Local IP?
o Local 3 K3/E-strings/6d minimal (1,0) SCFT

e Outlook
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Calabi-Yau

e Compact CY
o Quintic 0 + 25 + 235 +2zp + zg’ = \Z12,232475
o Related to SUGRA, black holes
o Gromov-Witten (GW) invariants, Gopakumar-Vafa (GV)
invariants, Donaldson-Thomas (DT) invariants,
Pandharipande-Thomas (PT) invariants
e Partition function of topological string

@ Local CY

e Non-compact

o Anti-canonical line bundle on a surface

o Resolved conifold, local P2, local P! x PL. ..
o Related to supersymmetric gauge theories

o Refined BPS invariants

o Partition function of refined topological string

Kaiwen Sun (SISSA) Blowup Equations for Refined Topological String



Local toric CY (A model)

@ A toric Calabi-Yau threefold is a toric variety given by the
quotient,
M = (CK3\SR)/G, (0.1)

where G = (C*)K and SR is the Stanley-Reisner ideal of G.
The quotient is specified by a matrix of charges Q*,
i=0,---,k+2, a=1,---, k. The group G acts on the
homogeneous coordinates x; as

xi s AY xi,  i=0,---,k+2, (0.2)

where ao=1,...,k, A\, € C* and Q* € Z.

@ To avoid R symmetry anomaly, one requires

k+3

Y Q=0 a=1,...k (0.3)
i=1
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Local Toric CY (B model)

Given the matrix of charges Qf, one can introduce the vectors,

) = (1,u§"), yg”) . i=0, k42, (0.4)
satisfying the relations

k+2

Z Q) = 0.

i=0
Then mirror curve can be written as

k+2
H(eX,eP) = Zx,- exp (Vg')x + Uél)p) . (0.6)
i=0
The mirror Calabi-Yau itself is
H(eX,eP) = uv, (0.7)
with (u, v, x, p) € C*.
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Refined topological string

Topological string has a refinement on local Calabi-Yau,
corresponding to the N = 2 gauge theory on Omega background

€1 = —€y =gs — general €, ;.
The refined free energy Fiot(t; €1, €2) contains two parts:
1 1 "X nx nx 2 nx
FP(te1, e9) = =S aptitit +4n2 S BNt | > bty — (at+e)r SNy,
‘ ere2 \ 697, i=1 i=1 €12 =1
and
. oo o Xj, (a1 )Xjp (aR) -
Frof'(te1,e2) = DIDCHEAELL S e,
¢ = IR (/2 — g ) (gl /? — gy
where
2
G =e"?, qug= el
and

2j+1 —2j—1
qItt —q¥

qg—qg!
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Refined topological string

The refined topological string free energy can be expand as

o0

F(ter,e2) = Y (e1+ €)*"(e1e2)8 L F8)(1) (0.8)
n,g=0

The traditional topological string free energy can be obtained by
taking the unrefined limit,

€1 = —€2 = 8s. (09)
Fav (t,85) = F(t, gs, —&s)- (0.10)
The NS free energy can be obtained by taking the NS limit,
FNS(t,h) = lim €1 F(t, €y, B). (0.11)
61*}0
Fo(t) are determined by making an appropriate choice of cycles on
the curve, o, B;, i =1,---,s, then we have
0F )
ti = pdx, = ¢ pdx, i=1,---,;s. (0.12)
a; ot Bi
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Refined BPS invariants

@ M-theory compactified on local Calabi-Yau threefold X

@ the BPS particles in the 5D susy gauge theory arising from
M2-branes wrapping the holomorphic curves within X.

@ The homology class 5 € Hy(X,Z) which can be represented
by a degree vector d

e The BPS particles are also classified by their spins (ji, jr)
under the 5D little group SU(2), x SU(2)r.

@ The multiplicities NJF:JR of the BPS particles are called the
refined BPS invariants.

@ There exists a integral vector B such that non-vanishing BPS
invariants NﬂjR occur only at

2ji +2jr+1=B-d  mod?2.
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How to compute?

@ Refined topological vertex
e toric CY
e complicated when non-toric

@ Refined holomorphic anomaly equations
e holomorphic ambiguity

@ Blowup Equations

@ not necessarily toric

e correponding to the target physics

o directly related to GV/BPS formalism

e easy to determine the refined BPS invariants
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Relation Web

Superstring /M / FCY —— SUSY gauge theoriesBethe/gauge ¢

topological sector

| ]

Topological string. e Integrable system

Examples:

@ 4d N =2/5d N =1 pure SU(2) gauge theory «> topological
string on local P! x P! « sine-Gordon model

@ 4d N =2/5d N =1 pure SU(N) gauge theory <> topological
string on SU(N) geometries <+ N periodic Toda chain
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Relation Web

@ Classical

o Coulomb parameter a ~ Kahler parameter t ~ classical
periods of integrable system

o Seiberg-Witten prepotential Fsy/(a) ~ genus zero free energy
Fo(t) ~ classical action

@ Quantum
e quantum Coulomb parameter a(h) ~ quantum A-periods t(h)
~ quantum periods of integrable system
o Nekrasov-Shatashivili free energy Fns(a, i) ~ NS free energy
Fns(t, B) ~ Yang-Yang function
@ Refined
o Nekrasov partition function Zye(a, €1, €2) ~ refined free
energy Frer(t, €1, )
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Non-perturbative Top String & Quantizing mirror curve

Non-perturbative description from various correspondences
SCFT (Lockhart,Vafa)

e Matrix models (Marifio,. . .)

e ABJM theories (Kapustin, Marifio, Putrov, Hatsuda,. . .)
@ Integrable systems (Aganagic, Dijkgraaf, Klemm, Marifio,
Vafa, Cheng, Krefl,...)

Chern-Simons theories, SUSY gauge theories, string/M,
conformal blocks, OSV formulas, resurgence,. ..

(]

Quantization of the mirror curve of local Calabi-Yau,
H(e*,eP) = ZX,' exp (uii)x + I/éi)p> =0
with Heisenberg relation
[%, p] = ih.
e.g: for local P2

exp (H) = exp (%) + exp (p) + exp (=% — §)
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Exact Nekrasov-Shatashvili Quantization

Bethe/Gauge correspondence: SUSY vacua equation/Bethe ansatz
exp (0, W(a; h)) = 1.

Exact NS Quantization Conditions for mirror curve 3,

FNS + FNS + FNS)(t, A 1
Vol;(t, i) = hc,-,( poly * P p)(t.7) =2rh(nm+=),i=1,---,g,
ot 2
where
B i 2
F;\IS(L 7:7) Fllr\lIsSt(t + iﬂ—Ba ﬁ)7 FNS(t7 ﬁ) = 7 11\;l§t(277; + |7TB 4;; )

B (2j, + 1) sin B (2jr + 1)

FNS § § —wd»t
1nst JL JR 2w2 Sln3 ﬁw :

Jujr wyd

@ pole cancellation

o self S-duality!

@ consistent with Lockhart-Vafa partition function of
non-perturbative topological string!
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(1) Grassi-Hatsuda-Marifio conjecture

Generalized grand potential (inspired from ABJM theories)

J(p, €, 1) = IVEB(p, €, B) + IWS(p, €, 1),
with

t;(f) OFNS(t(h),K) K o [ FNS(t(h),h 2
Jwis _ i) (x(h) )+77 (t(h), h) + 2 () + AL ),
27 ot; 27 Oh h h
2 472
Jws :FGV<%t(ﬁ)+wiB,%).

GHM conjecture: the generalized spectral determinant of the
inverse operator of quantum mirror curve is given by

Z(t;h) = exp(J(p + 27in, €, 7).
ncze
Quantum Riemann theta function defined from
=(t;h) = exp (J(p, &, 7)) O(t; h).
Then GHM quantization condition for the mirror curve written as

O(t;h) = 0.
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The Equivalence

There exist a set of constant integral vectors r?, a=1,---, wy,
where wy > gy, such that the intersections of the theta divisors of
all wg quantum Riemann theta functions ©(t + inr?, ) coincide
with the spectra solved by the exact NS quantization conditions.

{@(t+i7rra, A)=0,a=1,. Wz} N {Vol,-(t, f) = 27rﬁ(n,-+%)7 =1, .,gz}

All the vector r? are the representatives of the B field, which
means for all triples of degree d, spin j; and jr such that the
refined BPS invariants Nj!jLJR is non-vanishing, they must satisfy

(—1)2 2Rl = (L1 =1 g
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Compatibility formulae

The above equivalence is guaranteed by some novel identities:

Identities (Huang, KS, Wang)

For an arbitrary toric Calabi-Yau threefold with Kahler moduli t
and charge matrix C;;, the following identities hold:

g
. . 1 . 0
Z exp <Z n,-7r|+Fu,,,ef(t+|ﬁn~C+§|hra, Tz)fln,-C,-ja—thNs (t, h)) =0,
i=1

neze

v

@ highly nontrivial!
@ impose infinite constraints among the refined BPS invariants!

o verified to high orders for local del Pezzo surfaces, resolved
C3/Zs orbifold and SU(N) geometries,

@ proved for some geometries at h = 27 /k.
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Blowup equations

Relations between the Nekrasov partition functions ZN%(a, €, €3)
on C? and Z,ljgk(a,e, €2) on C2
@ Nakajima-Yoshioka blowup equations
o 4D N =2 SU(N) pure gauge theories

@ Nakajima-Yoshioka K-theoretic blowup equations
@ used to prove Nekrasov's conjecture
o 5D N =1 SU(N) pure gauge theories

o Gottsche-Nakajima-Yoshioka K-theoretic blowup equations

5D N =1 SU(N) gauge theories with 5D Chern-Simons term
Chern-Simons level m=0,1,..., N.

Corresponding to refined topological strings of Xy, geometries
X0 is just local Py x Py, X5 1 is local IFy
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Generalized K-theoreitc blowup equations

To connect the Nekrasov partition function of gauge theory and
the refined topological string partition funtion, we need to define
the twisted partition function of refined topological string

Zeet (L €1, €2) = exp (FPEU(t; €1, €2) + RS (t + miB; €1, €2)) -

ref

It turns out this is also the most natural object to write down the
functional equations.

Kaiwen Sun (SISSA) Blowup Equations for Refined Topological String



Generalized K-theoreitc blowup equations

Conjecture (Huang, KS, Wang)

For an arbitrary local Calabi-Yau threefold X with mirror curve of
genus g, suppose there are b = dimH,(X, Z) irreducible curve
classes corresponding to Kahler moduli t in which b — g classes
correspond to mass parameters m, and denote C as the intersection
matrix between the b curve classes and the g irreducible compact
divisor classes, then there exist infinite constant integral vectors

r € ZP such that the following functional equations for the twisted
partition function of refined topological string on X hold:

ST () Ziet (e1.62 — e1:t + €R) - Zeeg (€1 — €2, 2i t + &2R)

neze
_ 0, for r € Syanish,
/\(617 €2, M, r) ref (617 €2, t) ) for r € Sunity-
where [n|=>"%_; nj, R=C-n+r/2 and A\ is a simple factor

purely determined by the polynomial part of the refined free energy.
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Generalized K-theoretic blowup equations

In addition, all the vector r are the representatives of the B field of
X, which means for all triples of degree d, spin j; and jr such that
the refined BPS invariants N}:JR(X) is non-vanishing, they must

satisfy
(_1)2jL+2jR—1 _ (_l)r-d'

Besides, both sets Syanish and Sunity are finite under the quotient
of shift 2C - n symmetry.

We furthur conjecture that with the classical information of an
arbitrary local Calabi-Yau threefold, the blowup equations
combined together can uniquely determine its refined partition
function, in particular all the refined BPS invariants.
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@ checked for local P?, Fy, Fy, B3, resolved (C3/Z5 orbifold,
SU(3) geometries, half K3

@ generalization of Gottsche-Nakajima-Yoshioka K-theoretic
blowup equations to all local Calabi-Yau

@ NS limits of vanishing blowup equations give the compatibility
formula (the previous identities)

@ imply the Constrain on (j,jr,d) of refined BPS invariants

@ can be used to determine the refined BPS invariants of local
Calabi-Yau to arbitrary degree and genus!
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Resolved conifold O(—1) ® O(-1) > P!

mirror curve genus zero

defining equation xy — zw =0

a single Kahler parameter t measuring the size of base P!
the only non-vanishing refined BPS invariant is ”é,o =1
B field is 1.

refined partition function was computed with the refined
topological vertex as

o Qn
2(q,t,Q) =expd =S ——— b, (013
(q ) p{ = n(qz —q 2)(t2 — tz)} ( )
where g =€, t=e 2 and Q = e t.

@ It is easy to check that

1
Va
@ the unity blowup equation holds for r =1
@ also holds for r = —1
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Local P? is a geometry of line bundle O(—3) — P?
mirror curve 1 +x+y + @ = 0 is an ellitpic curve
B=1 C=3.

genus zero free energy is

1 1 1 45
0= gt Tttt T3Q -, @+ (0.15)

where Q = et.
@ Define modular parameter 27iT = 35—;5) of the mirror cyrve,
the modular group of local P? is I'(3) € SL(2,Z). It has

generators
1
], b::03[ ] c::03[ ] d;:93[§],
6
(0.16)

3:293[

all have weight 3/2.
@ The Dedekind 7 function satisfies the identity n'? = 33—’/zabcd
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The genus one free energy can be compute from holomorphic
anomaly equation:

1 1
F0.1) _ < log(dn?), F10 = < log(n®/d), (0.17)

then
FOU — O — jog(n(7)). (0.18)
The r fields of local P? are
Svanish = {---,—9,—-3,3,9,...}
Sunity ={...,—7,-5,-1,1,5,7,... }
For unity case, R = 3n+ 1/2 and the leading order of unity
blowup equation gives

H(l _ Xn) — Z (7)ka(3k—1)/2.
n=1 k=—o00

Euler's Pentagonal number theorem! Higher orders give infinite
identities among modular form of '(3)!
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M2-brane stretched between M9 and Mb-branes — E-string
the simplest 6d (1,0) SCFT

correspond to refined topological string on local half K3,
which is Bo(P?)

elliptic genus of n E-strings Z,(€1, €2)

many methods to compute Z, for small n

but no concise formula for general n

vanishing blowup equations for E-strings
n
Z Zp-i(e1,e2 — €1)Zi(€e1 — €2, €2)01((n — i)e1 + ie2) = 0.
i=0
checked up to n = 3, extremly complicated identities among

Jacobi forms, highly nontrivial!

same index quadratic form for each term in the summand!
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Questions beg to be answered

@ How general is the blowup equations?

e Not known
e Many generalization in progress

@ How to prove the blowup equations physically and
mathematically?
e Can one prove its equivalence with refined holomorphic
anomaly equations?
e This requires a non-holomorphic version of the blowup
equations

@ Is the refined partition function uniquely determined by the
blowup equations? How to prove?
o Nekrasov partition function are indeed uniquely determined by
GNY blowup equations
o True for all local CYs reduced from SU(N) geometries
e We also proved this is true for resolved conifold
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extend to 6d SCFT (Gu, Haghighat, KS, Wang, in progress)
Dijkgraaf-Vafa geometries? (KS, Wang, in progress)

blowup equations on (C2/ZQ (Bonelli, KS, Tanzini, in progress)
incorporate knot/links?

compact elliptic Calabi-Yau?

non-holomorphic blowup equations?

relation with holomorphic anomaly equations?

any physical setting of unity blowup equations?

® 6 6 6 6 6 o o o

quest for a rigorous proof?
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