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Kazantsev-Kraichnan Model

> model of kinematic magnetohydrodynamic (MHD) turbulence

> solenoidal magnetic field b(t, x) is considered as a passive vector admixture described by the
stochastic equation
b =1v9Ab— (v-9)b+ (b-9)v +f, (1)
2

where 0; = %,A = 02 is the Laplace operator, vy =

is the magnetic diffusivity with
Too
magnetic conductivity oo

> f(¢,x) represents a transverse Gaussian random noise with zero mean and the correlation

function
DYt x; ', x') = (fi(t,x) f;(t', %)) = 6(t — ) Cyj(|x — x| /L)

> exact form of function Cj;(|x — x’| /L) is unimportant
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Kazantsev-Kraichnan Model

9b=1oAb— (v-9)b+(b-d)v+f

> v(t

v(

x) is random compressible (9 - v # 0) velocity field, which obeys Gaussian statistics
t,x)) = 0) with the pair correlation function

4k Ry;(k
Dij(z;a’) = (vi(x)v;(z')) = 8(t — ¢/ D/ F ,;JHE) ik (x—x)

where d denotes the spatial dimension of the system and Dy = govg is positive amplitute

> R;j(k) represents a projector defined as

kikj kk ks

Rij(k) = 8
J() J k2 |k‘

where 0 < v < 00 is the compressibility parameter and 0 < |p| < 1 determines the amount
of helicity in the system
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Field Theoretic Model

Theorem

DeDominicis-Janssen theorem states that stochastic problem (1) is equivalent to the field
theoretic model of a set of three fields v, b, and b’ with the action functional

1
S [v,b,b'] = 5/ dzq d:cgvi(xl)D;jl(:cl;xz)vj (z2)

1
+ 5/ dzy dng;Dé’j(axl;xz)b;(mg) (2)

+/ dab’ - [-8:b + oAb — (v 8) b+ (b - 8) v]
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Field Theoretic Model

Model (2) corresponds to a standrad Feynman diagrammatic perturbation theory with propagators

o oy sy Big(K) e\ |
A7} (k) = (biby) = T ook (Aij ) 7 <bib}>o =

oo vogolRi; (k)
AT} (k) = {vivj)g = Té? <Uﬂ)j>() = - —-——"—-"—-"—- - — -

where P;;(k) = 0;; — % is the ordinary transverse projector, and the interaction vertex in a

frequency-momentum representation Vi; = i(kid;; — k;0;,1)

b:

J
b, /
Vi = ——+
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RG Analysis

Q v b b mApu v, go  g,a,p
g -1 0 d 1 ) € 0
da 1 0 0 0 1 0 0
dg 1 0 d 1 0 e 0

Table 1: Canonical dimensions of the fields and parameters of the model under consideration.

> logarithmic for ¢ =0

> the only superficially divergent function is - N
the 1-irreducible Green's function <b;bj>17ir / \

> parameters renormalization

vo =vZy, go = gpZg, Zg = Z;l

Figure 1: The only self-energy Feynman diagram that

> the only independent renormalization contributes to the UV renormalization of the model.

constant is given by a diagram shown on

the right
> Equation (3) is exact (no corrections of
_q_ Sa d-1l4ag order g",n > 2)
Z, =1 , (3
(2m)d 2d €

27d/2
Sy = —

I'(d/2)
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RG Analysis

> RG functions
Bg = poug = g(—& + ),
Y = pdyInZ,

_ Sd d—1+a
T emd 2

Yv

> inertial range scaling behaviour is driven by the exact one-loop stable fixed point of RG
funcions, namely
~ (2m)d 2d
=78 d—1+a”
which is obtained by the requirement of vanishing of 34. Note that the exact value is
v, = €, which is IR stable for € > 0 and corresponds to the so-called kinetic regime in the

genuine MHD turbulence
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RG Analysis

> we are interested in the scaling behaviour of single-time two-point correlation function of the
magnetic field

BN (r) = (BN (6000 (X)), r =[x =]

where b, denotes the component of the magnetic field along r = x — x’

> general correlation function with IR asymptotic form
G(r) ~ v§S1796 (r /)2 R(r/L),
where dg and d, are the corresponding canonical dimensions of G, R(r/L) is a scaling
function, I = 1/A represents the viscous scale, L = 1/kmn is the integral scale, and Ag
denotes the critical dimension defined as
Ag =db 4+ ALde + 5.

¢ represents fixed point value of v = 0y, In Zg, Zg is the renormalization constant of
G=ZgGE and Ay =2 -7 =2—¢

szl—e, Ab:O, Ab/:d
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RG Analysis

> using the relations for generalized correlation function one obtains
—N/2 [ S
BN—mm(r) = vy N2 (r /1) TN -m T Vm Ry o (r/ L),

where v}, _,,, and v, are the anomalous dimensions of the composites operators bN =™ and
b, respectively, taken at the fixed point g«

> deep inside the inertial region (r/L — 0)
scaling function Ry p,(r/L) takes the form

Ry,m(r/L) = ZCF (r/L)(r/L)AF

where summation over all possible
renormalized composite operators F; with
corresponding critical dimensions A, is
performed

> leading contribution is given by operators
constructed solely from b(z) in the form

Fnp=[m-b’(b-b), N=20+p .

Figure 2: The Feynman diagrams for the function
I'n,p(x; b) in the two-loop approximation following
the rules mentioned previously.
Martin Menkyna (Slovak Academy of Sciences) 3rd July 2017 MMCP 2017 9/14



> final form of the asymptotic inertial range behaviour of the correlation functions is then

(1) (2) _2
BN—m,m(T) o rSNm = TCNvmeJr(Nvms
> for both N and m either even or odd
o _ mO-m)(d-1)[1+a(d+1)]

Nm = (d+2)(d—1+a)

> for even values of N and odd values of m

W __([@d=D{mN -—m)l+o(d+ ] +d+1+a}
e @+9d-1+a)

> the two-loop corrections (](\?)m have the following form

@ __Sd-1 d /ld 1- )5 V122
Nom Sqg d+2)d—1+a)2 /o 21—z { v
X [(d —2)Dy(W1Y1 + 2p%634Y3) + DaWaYi]

L(DW+DW)Y}
d+4 33 4VVaq)r2
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Anomalous scaling of By _; ()

> the scaling properties of the
correlation function By _m m
become more anomalous due to
the impact of helicity

> in agreement with recent
experimental measurements?

> behaviour of (2,1 as a function of
a for fixed |p|

> unique behaviour of (3,1 as a
function of a <« 1 for |p| = 1

> decreasing tendencies of (42 and
(5,3 for small enough o and |p|

> for large enough value of « the
scaling exponents become
increasing functions of «
regardless of the value of |p|

Figure 3: Dependencies of the total two-loop scaling exponents

a
, . vand (53 onaand pford =3 and e = 1. D. A. Schaffner et al, Phys. Rev. Lett. 112,
C2,1, 3,1, Ca,2 (5,3 P (2014) 165001
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Anomalous scaling of By _; ()

6,7 are universally

> CN,mvN

increasing functions of «

behaviour is valid for all scaling

regardless of the value of the
exponents N

helicity parameter p
> although not shown here, similar
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Figure 4: Dependencies of the total two-loop scaling exponents

C6,1, C6,2, C7,1, and (7,3 on avand p for d =3 and € = 1.
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Conclusion

> scaling properties of By, (7) within the framework of helical and compressible
Kazantsev-Kraichnan model were investigated using field theoretic RG technique and the
OPE up to the two-loop approximation

> IR asymptotic behaviour in the inertial interval is dependent on a but not on p

> presence of helicity can significantly decrease the scaling exponents of the magnetic
correlation functions
> influence of compressibility is also investigated but exhibits more complicated behaviour
e for small order correlation functions the corresponding scaling exponents decrease as
functions of the compressibility parameter at least for « < 1 and |p| < 1
e however, for higher order correlation functions the scaling exponents become increasing
functions of « regardless of the value of the helicity parameter
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Thank you for your attention!

Simultaneous influence of helicity and compressibility on anomalous scaling of the magnetic field in the Kazantsev-Kraichnan
model

E. Jurdiginovd, M. Jur&igin, M. Menkyna

Phys. Rev. E 95, (2017) 053210
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Cr=(d+1)(N—-p)(d+N+p—2)—2N(N —1 (4)

Ca=—(N—-p)({d+N+p—2)+dN(N — 1), (5)
C3 = (N —2)Cq, (6)
Cy=(N—-2)[-3(N—p)(d+N+p—2)+ (d+2)N(N —1)], )
and
Wi=2+a-a’ (®)
Wa = 2(1 — 22) + afd(d — 3) + 422] — o?[d(d — 1) — 2(1 — z?)], (9)
W3 = (1 — 22)(9 — 5d + 422) + o[9(1 — 222) + 22(d? + 822) + 5d(1 — 2?)]
— a2(10 — 3d — 1122 + 4a), (10)
Wy =—2(1 —2z2)? 4+ 4a(1 — 22)(d — z?)
+ 2[d3(d+1—2?) —2(1 — 22)? 4 d(22% - 3)]. (11)
In addition,
Yi=z [arctan (\/%) — arctan (\/%)} , (12)
Yy = \/ﬁ [arctan (%) — arctan (%)] , (13)
Y3 = m — arctan (\/%) — arctan (\/%722) . (14)
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Dy =Dy =2m(N —m), Ds=m(N—m)3N +2d—4), (15)
Dy = 3m(N — 4)(N — m) (16)

for even values of N and m,

Dy =2[m(N —m)+d+1], Dy=2[m(N—m)—1], (17)
D3 =m(N —m)(3N +2d — 4) + (N — 4)(d + 1), (18)
Dy = 3(N — 4)[m(N —m) — 1] (19)

for even N and odd m, and

D1 =Dy =2m(N —m), Ds=(N-—m)m(3N +2d—4)—d-—1], (20)
Dy = 3(N —m)[m(N —4) + 1], (21)
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