Derivation of the system of N-order Riccati
equations

Robert M. Yamaleev
Joint Institute for Nuclear Research, LIT, Dubna, Russia.
Email: yamaleev@jinr.ru

July 5, 2017



1 Formulation of the problem

Evolution generated by the finite dimensional operator H:

d
ZU(t) = HU(1), ¥(0) =T,

U(t) = exp(tH)W,.

The finite dimensional operator H obeys its characteristic polynomial equa-
tion

F(H) = 0.

Besides of the evolution equation generated by operator H, one may define
an evolution equation governed by the n-order Riccati equation of the form

d

U= fU).

Polynomial f(X) we present in the form
FX)= X"+ (=) 'a X", a € C.
k=1

Let E be a companion matriz of the operator H. The companion matrix
satisfies the same characteristic equation , so that,

F(E) =0.

The aim is to transform a linear system of evolution equations generated
by finite dimensional matrix to the system of Riccati equations.

d d
allf(t):H\If(t) = = aU:f(U).



General complex algebra

fle) =0.
Elements of the general complex algebra GC,, are defined by the series

n—1
Z = Zequ, e =1, ZeGC,.
k=0
In a matrix representation the generator e — FE, correspondingly, elements
of the general complex algebra are presented by n x n matrix of the form

n—1
Z=> E'q, E°=1.
k=0
It is supposed that the n-order polynomial f(X) possesses with n distinct
roots xg, k = 1,...,n € C. The companion matriz E of polynomial f(X):

00000 (=1)"a,
100 00 (=1)apy
E =

_ .

0 0 .. 0 —as
00 .. 01 ay
Thus, Z € GC,, is (n — 1) degree polynomial of the form

n—1
QU) = Urq, gu1 #0.
k=0

The modulus of Z € GC,, conventionally is defined by the determinant func-

tion
n—1

| Z|" = Det(>" E*q).

k=0

Let ug, k = 1,2,...,n — 1 be roots of the polynomial Q(U). Then the modu-
lus of the GC),-number admits another form of representation via the basic
polynomial f(X):

n—1 n—1
|Z]" = Det(d" E*qr) = gy [T flw).
k=0 k=1



Examples

f(X)=X?— a1 X + ay.
f(e) =0.
Z=q +eqs.
E? —a1E + ax = 0.
Z=q+Eq, Z=z+iy, i*+1=0.

qo
Z)* = qif(u), u=——
a1
Companion matrix
. 1 —Q2
(o )
The case N = 3.
Companion matrix
0 0 as 0 as asa — 1
E = 1 0 —as > E2 == 0 —Qag9 a3 — a10a9
01 aq 0 m CL% — Q2

f(X)=X3 - a1 X* + aX +as
E? —aE* + asF — a3l = 0.
Z =qo+ Eq + Eq,
1Z> = g5 f (u1) f(u2),  qu® + qru+ go = 0.
|Z|* = Det(Z).



Trigonometry. Examples.
Evolution equations

the case N=2.

E2—CL1E+CL2:O.

exp(E¢) = go(9, ar, az) + 1 g1(9, ar, az).
s (o)) ()
do \ g1 0 o g1 )

exp(E¢y + E*¢s) = go(d1, 02) + Egi(d1, ¢2) + E*ga(¢r1, 02).

the case N = 3.

321 exp(E¢y + E*¢s) = E exp(E¢y + E*¢y),
822 exp(E¢, + E*¢s) = E? exp(E¢; + E%¢).

d [ 9 0 0 a3 9o
w g1 = 1 O —a9 51 .
"\ 01 a 92

d go 0 a3 aza — 1 90
% g1 = O —Q2 a3 — aA102 %1 .
>\ g 0 @ a% ) g2



Trigonometry. The general case.

Euler formula for the exponential matrix is defined by the series
n—1
exp(D E*or) = go(¢) + Egi(9) + E*ga(¢) + ... + E" g, 1(0).
k=1

Here ¢ means the set of (n — 1) parameters ¢ := (¢1, 2, P3, ...On_1)-

Define (n — 1)-order polynomial

Q(U) = 9o(¢) + Ugs(¢) + U?g2() + ... + U™ gn-1(9).
Evolution equation

iva((b) = Ekvg(¢)7 (b = (¢17¢27 "'7¢n71>7 k= 17 cey TV — L.
ol

where v8(¢) is a vector with components

vE = [907 g1, 92 -+ gn—l]T-

Theorem.
The system of evolution equations are reduced to n-order Riccati equation
of the form

d
d¢n—1

U=fU),
under the set of constraints
gk(¢) = 0, k = 2,3, = 1,

the solution of the n-order Riccati equation is defined as a fraction of two
trigonometric functions by

Vo) =5

where ¢,,_1 depends of (n—2) other parameters ¢,,_1 = ¢,,_1(¢1, P2, .., Pn_2),
this dependence is implicitly defined by the constraints.



Thus, transformation of the linear system of evolution equations into
canonical form of n-order Riccati equation requires (n—2) constraints. Under
these constraints the (n—1) order derivative polynomial Q(U) is reduced into
the linear function of the form

QU) = go+Ugi.

Then the solution of equation Q(U) = 0 it turns out to be the solution
to n-order Riccati equation. This observation prompts us an idea to seek
differential equations for the roots of the (n — 1) order polynomial Q(U). In
the result we expect to obtain a system of Riccati-type equations for functions

U = uk(gzﬁ), k= 1,2,3, e — 1, gb = (le,gbg, ...,¢n_1>,

where wuy, are roots of the polynomial Q(uy):

QU)=0 — go(¢) +Ugi(¢) + U?g2(¢) + ... + U" ' gn_1(9p) = 0.



2 Theorem

The system of generalized Riccati equations.

Denote by ug(¢), k =1,2,3,....n—1; ¢ = (¢1,¢2, ..., pn_1), the set of
roots of the polynomial

Q) =X Ug,(0)

where coefficients g;(¢),j = 0,1,2,...,n —1 are solutions of the linear system
of evolution equations:

8i gj = Z (Hi)?lgmfl, 1= 1, = 1.
m=1

Theorem
The functions ug(¢p), k = 1,...,n—1 obey the following system of nonlinear
equations

n—p
F(upm,) Z U f—pO Uy = Ap f(U), m=1,..,n—1
k=1

where F(uy,) is (n — 2)-degree truncated polynomial of the form

d n—3 n—1
Flum) = O e e Sk Ay = T (e — ),
du k=0 k=1,k#m

and A,(m) is p-th coefficient of the polynomial F'(u,y,).
Proof.



Example, N = 6.

Let us illustrate the method by taking in a quality of a basic polynomial
the six-order polynomial of the form
f(X) = X% — ;X% + auX? — a3 X® + 0y X? — a5 X + ag.

Then, the derived polynomial has the form

Q(U) = gsU° + gaU* + g3U> + goU? + g1U + go.
Let U be one of the roots of the polynomial Q(U). Then, according to Riccati-
type equations the function U obeys the following system of equations

5
FU) 0, U=>Y My A; f(U), k=1,2,3,4,5;
j=1

where the explicit form of the matrix M;; is

1 a7 —ag+ a% as — 2aq1a9 + a? —ay4 + 2aq1a3 — 3@%@2 + a% + a‘f

0 1 aq —ay + a? as — 2aiay + a3
My=10 0 1 a —ay + a?

0 0 0 1 aq

0 0 0 0 1

The polynomial F(U) has the form
FU)=U-WVYU-W)YU-Y)U~-2) = AU+ AU + AsU? + AyU + As,
where coefficients A,,p = 1,2,3,4,5 are defined by Vieta’s formulae
Ai=1, —A=V+W4+Y+Z A3=VWHVYH+VZ+WY+WZ+YZ,

— Ay =WVYH+WVZH+WYZ+VYZ A5 =WVYZ,
and V, W, Y, Z are the other roots of Q(U). By using the inverse matrix

1 —a1 ay —as ag

0 1 —a (05} —as
Mj;t=10 0 1 —ay a |,

0 O 0 1 —a

0 0 0 0 1



these equations are transformed to the following Riccati-type equations

F(U) (85 — Cl184 + Clgag — a382 + CMal)[] = A5 f(U)7

F(U) (04 — 105 + a20s — a30,)U = Ay f(U),
F(U) (05 — a102 + a200)U = Az f(U),
F(U)(0y — a101)U = Ay f(U),
FU),U = Ay f(U).

Now, we collect these equations into unique equation for function U:

1 —ay ay —as3 a4 Os
0 1 —ay a9 —as 64
(rvvrvrUut)lo 0 1 —a a s
0 O 0 1 —a O
0 O 0 0 1 o1

U= f(U).

The matrix equation can be written of the following forms either

(U481 + U3(02 — &181) + U2(83 — alag + agal)

+U (04 — a103 + a207 — a30y)
+(05 — a104 + a2035 — a302 + a40,)) U = f(U);

or,
( (U4 — CL1U3 -+ CLQU2 — CL3U + CL4)81+

+(U3 — CL1U2 + CLQU — CL3)32+
+(U? — ayU + ay) 05+
(U — a)ds + 05) U = f(U).

10



Inverse system of generalized Riccati equations.

The n-order Riccati equation

au

with constant coefficient directly is integrated with respect to inverse function

¢ = ¢(U) by w
d¢:?@7

Thus, in order to integrate the Riccati equation one has to revert this equa-
tion. The system of n-order Riccati equations also admit an inverse system
of equations where the set of variables v, k = 1,2,3,...,n — 1 are functions
of the roots ug, k =1,2,3,...,n — 1. The differential of u; is

n—1 auz

k=1 Oy,

Ay, i=1,2,...,n— 1.

In general case the elements of Jacobian matrix are defined as follows

1 e My, —
Aiq Arg o Alpa 0 CT a Ml’ !
J(&) _ Agy Ago o Agpa b Zn

0 0 aq

An—l,l An—l,Q An—1,3 0 0 1

Now let us define the inverse Jacobian matrix
6u1¢1 au2¢1 aunfﬂbl
J =)= J(=) =
(Dw> (Du) OuyPn—2 OuyPn—2 . Ou,  Pn-s

au1¢nfl au2¢nfl aun—lgbnfl

The inverse Jacobian matrix as a product of two matrices:

1 —a; ... apo(—1)" K VO VI
J(D¢> B 0 1 .. a,3(-1)"1 ™t ul! ul'~1 9
Du o 0 .. —ay Uy Uy oo Uy Ou;
0 O 1 1 1 .1

11

b1

o
b
¢n71



Example, N = 6.
The inverse system of equations are given by
01 1

4 3 2
= (u; — ayu; + agu; — asu; + aq),

Ou; f(%)
dps 1 4

2
= u; — a1u; + agu; + asg),
Ou, f(uz)( i 1% 2 3)

gi:: = f(]’lil/z) (uf — aju; + as),
doy 1
Ou; f (i)
dgs 1
Ou; fui)’
where uy = U,us = V,uz = W,us = Y,us = Z. These equations can be cast
into the following matrix form

(Uz‘ - Gl),

b1 I —a1 ay —az3 a4 U?

9 b9 1 0 1 —a; ay —ag u?
B ¢3 - 0 0 1 —a a9 u?
uil g | T g 0 0 1 —ay || w
Ps o 0 0 0 1 1
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Applications
1. Riccati and relativistic mechanics.

f(X) = X? —2poX +p*, 1 = po+mc, x9=py—mc.
du
% = f(u).
(@, ¢o) = po(do) — po(@).
2. Riccati and cross-ratio.
Po +mc T
Po — mc - i)

exp(mcg) =

Po + Mc — Uy Ppg — MC — Uy T1 — UL Ty — Us
exp(mc(g1 — ¢2)) = =

Po — MC — U Po + MC — Uy To — Uy T1 — Us

3. Riccati and hyperbolic and elliptic geometries.

Geodesic line — circle with R = mec. End points of geodesic line x; =
Po +mc, Ty = py— Mmc.

4. N = 3 case.

f(X) =X —a;X* +a,X —az, 11,7,73.

exp(V9) = (1 — 1) (w — )" (u — )"

Zgizug—aluQ#—agu—ag.
N=3
(U-=V)aU = f(U)
(U=V)2U = (a1 V) f(U)
N=4

(U =V)U-W)oU = f(U)
U =V)U =W)U = (ay =V =W) f(U)
(U= VYU =W)3U = ((af — az) — ar(V + W) + VW) f(U)

Inverse system of equations.

13



dpr 1,

——(u® — aqu + ag),

ou f(u)
O¢s _ L(u )
Ou;  f(u) v
o6, _ 1
ou )
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