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Symmetries play fundamental role in the formulation of modern theories, spe
ifying them.

For example, systematization of the 
urrently known parti
les

Bosons:

Maxwell Theory, U(1)
︷ ︸︸ ︷
Aµ ∼ (~E , ~B) ⊕ W±

µ , W 0
µ︸ ︷︷ ︸

Electroweek Theory, SU(2)×U(1)

⊕ G r
µ, r=1,...,8
︸ ︷︷ ︸

Strong Interaction, SU(3)

⊕ gµν︸︷︷︸
Gravity

⊕ H︸︷︷︸
Higgs

Fermions: ψi
α , ψ̄α̇i

is de�ned by the symmetries:

� Maxwell theory: gauge group U(1);
� Ele
tro-week theory: gauge group U(1) × SU(2);
� Standard model: gauge group U(1) × SU(2) × SU(3);
� Gravity: lo
al di�eomorphism group of four-dimensional spa
e-time;

� String theory: lo
al di�eomorphism group of the worldsheet (two-dimensional spa
e-time).

Symmetries are de�ned by 
on
rete groups and 
orresponding algebras.

ψ → g(λ)ψ , etc., where g(λ) = exp{λABA} , [BA,BB ] = icC
ABBC .

An important role is played by the spa
e-time (relativisti
) symmetries.



Spa
e-time symmetries

{

Lorentz algebra SO(D − 1, 1)
}

⊂
{

Poin
are algebra T D ⊂+SO(D − 1, 1)
}

⊂

⊂
{


onformal algebra SO(D, 2)
}

[Lµν , Lρλ] = i
(
ηνρLµλ + ηµλLνρ − (µ↔ ν)

)

[Pµ,Pν ] = 0 , [Lµν ,Pλ] = i (ηνλPµ − ηµλPν)

}
Poincare algebra

[D,Pµ] = i Pµ , [D,Kµ] = −i Kµ , [D,Lµν ] = 0
[Kµ,Kν ] = 0 , [Pµ,Kν ] = −2i (ηµνD + Lµν) , [Lµν ,Kλ] = i (ηνλKµ − ηµλKν)





conformal
algebra

ηµν = diag(+1,−1, . . . ,−1), µ = 0, 1, . . . ,D − 1

D = 1 
onformal algebra: so(2, 1) ∼= su(1, 1) ∼= sl(2,R)

Internal symmetries

SU(n) algebra [T i
j ,T

k
l ] = i (δi

l T
k
j − δk

j T i
l ) , (T i

j )
+ = −T j

i , T i
i = 0 , i = 1, . . . , n

O(n) algebra [Jab, Jcd ] = i (δbcJad + δad Jbc − (a ↔ b)) , (Jab)
+ = Jab = −Jba

a = 1, . . . , n

Internal symmetries 
ommute with spa
e-time ones.

Example: O(3) ∼= SU(2)

[Ja, Jb] = iǫabcJc , Jab = −ǫabcJc , Ja = 1
2σa , a = 1, 2, 3 , T j

i = Ja(σa)i
j
, i = 1, 2



Conformal me
hani
s and supersymmetri
 generalization of it have many appli
ations now

and have signi�
ant potential for use in the next.

��������

In the near horizon limit the extreme (M = Q) Reissner-Nordstr�om bla
k hole solution of

Einstein-Maxwell equations are (in the units with G = 1)

ds2 = −
( r

M

)2
dt2 +

(
M

r

)2

dr2 + M2dΩ

But

−
( r

M

)2
dt2 +

(
M

r

)2

dr2 = ηµνdxµdxν

where

ηµν = diag(−,+,−), ηµνxµxν = −M2,

x0 = (2r)−1[1 + r2(M2 − t2)], x1 = (2r)−1 [1 − r2(M2 + t2)], x2 = Mrt.

The near horizon limit the extreme Reissner-Nordstr�om bla
k hole possesses AdS2 × S2

geometry.

[P. Claus, M. Derix, R. Kallosh, J. Kumar, P. Townsend, A. Van Proeyen; 1998℄

[J.A. de Az
arraga, J.M. Izquierdo, J.C. Perez-Bueno, P.K. Townsend; 1998℄

[S. Bellu

i, A. Galajinsky, E. Ivanov, S. Krivonos, J. Niederle; 2002℄

AdS2 part, having SO(2, 1) symmetry, is des
ribed by 
onformal me
hani
s.

Super
onformal me
hani
s models des
ribe motion of the parti
le with angular momentum

(spin) near horizon of the extreme Reissner-Nordstr�om bla
k hole.



In the large-n limit an n-parti
le generalization of the 
onformal (and super
onformal)

me
hani
s in the form of a (super)
onformal Calogero model provides a mi
ros
opi


des
ription of multiple extremal Reissner-Nordstr�om bla
k holes in the near-horizon limit.

[G. Gibbons, P. Townsend; 1999℄

��������

It was developed new 
lass of in�ation models with (spontaneously broken) 
onformal

invarian
e [V. Rubakov; 2009℄;

[S. Ferrara, R. Kallosh, A. Linde, A. Marrani, A. Van Proeyen; 2010℄ (inspired by the

super
onformal approa
h to supergravity).

Observational 
onsequen
es of a broad 
lass of su
h models are stable with respe
t to strong

deformations of the s
alar potential. This universality is a 
riti
al phenomenon near the

point of enhan
ed symmetry, SO(1,1), in 
ase of 
onformal in�ation

[R. Kallosh, A. Linde; 2013℄.

��������

In this regard, it should be emphasized the d = 1 + 1 and d = 1 + 0 dilaton gravity 
oupled

to s
alar matter �elds proved to be a reliable model for higher dimensional bla
k holes and

string inspired 
osmologies

[V. de Alfaro, A.T. Filippov, E.A. Davydov℄.

��������

Models of 
onformal and super
onformal me
hani
s 
an be 
onsidered as some limits of

higher dimensional systems and are the perfe
t arena for exploring the latest ones.



One-parti
le 
onformal me
hani
s

Conformal me
hani
s a
tion: [V. de Alfaro, S. Fubini, G. Furlan; 1976℄

S = 1
2

∫
dt
(

ẋ2 −
g

x2

)

Conformal invarian
e:

δt = a + b t + c t2 ≡ f (t), δx = 1
2 ḟ x , δS =

∫
dt Λ̇ , Λ = 1

4 f̈ x2

Conserved 
harges

(
p = ẋ; d

dt (H δt − p δx + Λ) = 0
)
:

H = 1
2

(
p2 + g

x2

)

D = tH − 1
2 xp

K = t2H − txp + 1
2 x2

d

dt
K =

∂

∂t
K + {K ,H}P = 0,

d

dt
D =

∂

∂t
D + {D,H}P = 0, H − the Hamiltonian

{H,D}P = H, {K ,D}P = −K , {H,K}P = 2D − dynamical symmetry

[A,B] = i{A,B}P : [H,D] = i H, [K,D] = −i K, [H,K] = 2i D − sl(2,R) algebra



Properties of the 
onformal me
hani
s:

If H |E >= E |E >, then H eiαD |E >= e2α E |E > ⇒
the spe
trum of H is 
ontinuous;

The eigenspe
trum of H in
ludes all E>0 values,

for ea
h of whi
h there exists a plane wave narmalizable state;

The spe
trum of H does not have an endpoint (ground state),

the state with E=0 is not even plane wave normalizible.

This is an obsta
le to des
ribe the 
onformal theory in terms of H eigenstates.

The sl(2,R) algebra in the Virasoro form:

R = 1
2 (a H +

1

a
K), L± = − 1

2 (a H −
1

a
K ∓ i D); a is a parameter

[R,L±] = ±L±, [L+, L−] = −2 R
R is the u(1) generator in sl(2,R) ∼ o(1, 2) algebra.

The eigenvalues of

R|t=0, a=1 = 1
2

(
p2 +

g

x2
+ x2

)

are given by a dis
rete series

rn = r0 + n, n = 0, 1, 2, . . . ; r0 = 1
2

(
1 +

√
g + 1

4

)

Bla
k hole interpretation of the Hamiltonian shift H → R:
The time t, 
orresponding to the Hamiltonian H, is ill de�ned near the bla
k hole horizon.

True time in this region is τ , 
orresponding to new Hamiltonian R.



Multi-parti
le 
onformal me
hani
s

the hermitian n×n-matrix �eld Xb
a (t), (X

b
a ) = Xa

b ,


omplex 
ommuting U(n)-spinor �eld Za(t), Z̄ a = (Za),

n2
non�propagating �gauge �elds� Ab

a(t), (A
b
a) = Aa

b.

S0 =

∫
dt
[

1
2 Tr (∇X∇X) + i

2 (Z̄∇Z −∇Z̄Z ) + c TrA
]
,

∇X = Ẋ + i [A,X ], ∇Z = Ż + iAZ .

The 1D 
onformal SO(1, 2) symmetry:

δt = f , δXb
a = 1

2 ḟ Xb
a , δZa = 0, δAb

a = −ḟ Ab
a , ∂3

t f = 0

The lo
al U(n) symmetry, g(τ) ∈ U(n):

X → gXg†, Z → gZ , A→ gAg† + i ġg†.

The U(n) gauge fixing: Xb
a = xaδ

b
a , Z̄ a = Za.

The algebrai
 equations of motion

(Za)
2 = c (whi
h implies c > 0); Ab

a =
ZaZb

2(xa − xb)2
, a 6=b

As result, we arrive at the standard Calogero a
tion

S = 1
2

∫
dt
[ ∑

a

ẋaẋa −
∑

a 6=b

c2

(xa − xb)2

]
, H = 1

2

[ ∑

a

papa +
∑

a 6=b

c2

(xa − xb)2

]
,



Supersymmetri
 generalization

Symmetry algebras of the supersymmetri
 models are graded Lie algebras or Lie superalgebras

[BA,BB ] = i cC
ABBC , [BA,QK ] = i gM

AK QM , {QK ,QM} = i f A
KM BA

BA are even (bosoni
) elements; QK are odd (fermioni
) elements

Graded Ja
obi identities

[[G1,G2},G3}+ graded cyclic= 0
(there is additional minus sign if two fermioni
 operators are inter
hanged)

Bosoni
 subalgebra BA are de�ned by Coleman�Mandula theorem.

On the fermioni
 operators QM it is realized the representation of the bosoni
 subalgebra.

QM generate supersymmetri
 tansformations

Q |boson>= |fermion>, Q |fermion>= |boson>

Parity: q(B) = 0, q(Q) = 1, q(|boson>) = 0, q(|fermion>) = 1

Simple example of SUSY algebra: BRST symmetry

[BA,Q] = 0 , {Q,Q} = 0
Q is BRST 
harge

Exponential representation of Lie supergroups are given by

X = exp
{

i
(
λABA + ξMFM

)}

where λA
are c-number parameters whereas ξM

are Grassmann parameters:

ξ
M
ξ

N
= −ξ

N
ξ

M
⇒ (ξ

1
)

2
= 0, (ξ

2
)

2
= 0, etc.



X =

(
B1 F1
F2 B2

)
;

B1,2 are ordinary matrices,
F1,2 are fermionic matrices

strX = tr B1 − tr B2 , strXY = strYX

sdet

(
B1 F1
0 1

)
= detB1, sdet

(
1 F1
0 B2

)
= detB−1

2 ; sdetXY = sdetX · sdetY

(
B1 F1
F2 B2

)
=

(
1 F1
0 B2

)(
B1 − F1B−1

2 F2 0
B−1

2 1

)
, sdetX = det(B1 − F1B−1

2 F2) · detB−1
2

sdetX = exp {str(ln X)}

OSp(m|n) : G = eX =

(
Sp(n) F1

F2 SO(m)

)

U(m, n|p) : G = eX =

(
U(m, n) F1

F2 U(p)

)

SU(m, n|p) : G = eX , strX = 0

For m + n = p the identity matrix obeys tr B1 = tr B2 and generates U(1) subgroup.
The quotient PSU(m, n|p) = SU(m, n|p)/U(1) is simple and is often denoted just SU(m, n|p).



4D N -extended Poin
are superalgebra

Pµ, Lµν , T i
j + Q i

α, Q̄α̇i = (Q i
α)

+ + Z ij , Z̄ij = (Z ij)+

{Q i
α, Q̄β̇j} = 2δi

j (σ
µ)αβ̇Pµ, {Q i

α,Q
j
β} = ǫαβZ ij , {Q̄α̇i , Q̄β̇j} = ǫα̇β̇ Z̄ij ,

[Pµ,Q i
α] = 0, [Pµ, Q̄α̇i ] = 0, [Lµν ,Q i

α] = − 1
2 (σµν )

β
αQ i

α, [Lµν , Q̄α̇i ] =
1
2 (σ̃µν )

β̇
α̇Qα̇i ,

[T i
j ,Q

k
α] = δk

j Q i
α − 1

N δi
j Q

k
α, [T i

j , Q̄α̇k ] = −δi
k Q̄α̇j +

1
N δi

j Q̄α̇k

Z ij , Z̄ij = (Z ij)+ are 
entral 
harges, [Z ,P] = [Z ,L] = [Z ,Q] = [Z ,Z ] = 0

�����������

4D N -extended 
onformal superalgebra SU(2, 2|N )

Pµ, Lµν ,

U(N )
︷ ︸︸ ︷
T i

j , R, Kµ, D,
︸ ︷︷ ︸

even

Q i
α, Q̄α̇i = (Q i

α)
+
, Sαi , S̄i

α̇ = (Sαi )
+

︸ ︷︷ ︸
odd

{Q i
α, Q̄β̇j} = 2δi

j (σ
µ)αβ̇Pµ, {Sαi , S̄

j
α̇} = 2δj

i (σ
µ)αα̇Kµ ,

{Q i
α,S

β
j } = −δi

j (σ
µν )βαLµν − 4iδβαT i

j − 2iδβαδ
i
j D +

2(4−N)
N δβαδ

i
j R ,

[Kµ,Q i
α] = (σµ)αα̇ S̄α̇i , [Kµ, Q̄α̇i ] = − (σµ)αα̇ Sα

i ,

[Pµ,Sαi ] = (σµ)αα̇ Q̄α̇
i , [Pµ, S̄i

α̇] = − (σµ)αα̇ Qαi ,

[D,Q] = i
2 Q , [D, Q̄] = i

2 Q̄ , [D,S] = − i
2 S , [D, S̄] = − i

2 S̄ ,

[R,Q] = − 1
2 Q , [R, Q̄] = 1

2 Q̄ , [R,S] = 1
2 S , [R, S̄] = − 1

2 S̄ .



One-dimensional superalgebras

1D N-extended super-Poin
are algebra

{Qa,Qb} = 2δabH , (Qa)
+ = Q , a = 1, ...,N

1D N-extended super
onformal algebra

1D super
onformal symmetry ⊃ 1D 
onformal symmetry

SO(1, 2) ∼ Sp(2,R) ∼ SL(2,R) ∼ SU(1, 1)

∼

(
Sp(2,R) Q + S
Q − S SO(N)

)
, ∼

(
SU(1, 1) Q + S
Q − S SU(M)

)

{Q,Q} ∼ H, {S,S} ∼ K , {Q,S} ∼ D + J, (H,K ,D)⊂su(1, 1), J⊂o(N) orsu(M)

N=1 : OSp(1|2)
N=2 : OSp(2|2) ∼ SU(1, 1|1)
N=4 : D(2, 1;α)

α = −1/2, α = 1 : D(2, 1;α) ∼ OSp(4|2)
α = 0, α = −1 : D(2, 1;α) ∼ SU(1, 1|2)⊕S SU(2)

D(2, 1;α) : {Qai′ i ,Qbk′k} = 2
(
ǫik ǫi′k′

T ab + αǫabǫi′k′

J ik − (1 + α)ǫabǫik I i′k′
)
,

[T ab,T cd ] = i(ǫacT bd + ǫbd T ac), ..., [T ab,Qci′ i ] = iǫc(aQb)i′ i , ...

Q21′i=− Q i , Q22′ i = −Q̄ i , Q11′i=Si , Q12′i = S̄i , T 22=H, T 11=K , T 12=− D.

Bosoni
 generators T ab
, J ik

and I i′k′

form su(1, 1), su(2) and su ′(2) algebras.



Component �elds des
ription

S =

∫
dt L, L = 1

2 φ̇
2 + i

2 ψψ̇

[φ(t1), φ(t2)] = φ(t1)φ(t2) − φ(t2)φ(t1) = 0, {ψ(t1), ψ(t2)} = ψ(t1)ψ(t2) + ψ(t2)ψ(t1) = 0

φ+ = φ, ψ+ = ψ; (AB)+ = B+A+

Q : φ → ψ, ψ → φ ⇒ the parameterε = ε+ must be anticommuting

[S/~] = 0, ~ = 1 ⇒ [L] = +1, [t] = −1 ⇒ [φ] = −1/2, [ψ] = 0

δφ = iεψ ⇒ [ε] = −1/2 ⇒ δψ ∼ εφ̇

δφ = iεψ, δψ = −εφ̇

δL = i
2 (εψφ̇)· + i ε̇ψφ̇ = 0, ε = const, φ|t=±∞ = φ|t=±∞ = 0

[δ1, δ2]φ = 2iε1ε2φ̇, [δ1, δ2]ψ = 2iε1ε2ψ̇

Note: In N > 1 1D and D > 1 [δ1, δ2]ψ = 2iε1ε2ψ̇ + (eq.of motion)



Super�elds

Superspa
e: Supersymmetry is realized by 
oordinate transformations

Q des
ribes fermioni
 transformations → translations in odd dire
tion of extended spa
e

Usual 1D spa
e: (t) ⇒
N=1, 1D superspa
e: (t, θ), where θ = θ̄ is Grassmann 
oordinate, θθ ≡ 0

Q = Q+ = ∂θ + i θ ∂t , H = H+ = i ∂t ; {Q,Q} = 2 H , [H,Q] = 0

δt = εQ · t, δθ = εQ · θ : δt = i εθ, δθ = ε

N=1, 1D superfield: Φ(t, θ) = φ(t) + i θψ(t)

Φ′(t ′, θ′) = Φ(t, θ), δΦ = Φ(t ′, θ′)− Φ(t, θ) = εQ · Φ = δφ + i θδψ ⇒

δφ = i εψ, δψ = −εφ̇

Integration over odd variable:
∫

dθ f (θ) =
∫

dθ f (θ + α) ⇒

∫
dθ θ = 1,

∫
dθ α = 0

Covariant derivatives: Dθ = ∂θ − i θ ∂t ≡ D , Dt = ∂t , {Q,D} = 0 , [Q, ∂t ] = 0

S =
∫

dt dθL(Φ, ∂tΦ,DΦ), δ S =
∫

dt dθQ [...] =
∫

dt dθ ∂θ [...]︸ ︷︷ ︸
=0,∂θ [...] contains noθ

+
∫

dt dθ iθ∂t [...]︸ ︷︷ ︸
the total derivative

Any a
tion, built from super�elds and 
ovariant derivatives ∂t and D, is always supersymmetri




Examples of the N=1 supermultiplets

Φ(t, θ) = φ(t) + i θψ(t) − even superfield

S = i
2

∫
dt dθ ∂tΦDΦ = 1

2

∫
dt
(
φ̇2 + i ψψ̇

)

(1, 1, 0) supermultiplet

����������

Ψ(t, θ) = ψ(t) + θF (t) − odd superfield

S = 1
2

∫
dt dθΨDΨ = 1

2

∫
dt
(

i ψψ̇ + F 2
)

F=0
→ i

2

∫
dt ψψ̇

(0, 1, 1) supermultiplet

����������

The supermultiplet (m, n, n − m) contains





m physical bosons
n fermions
n − m auxiliary bosons



N-extended 1D superspa
e:

(t, θi), θk = (θk ), {θi , θk} = 0, i , j , k = 1, ...,N

Realization of super-Poin
are algebra in superspa
e:

Qk = Q+
k =

∂

∂θk
+ i θk

∂

∂t
, H = H+ = i ∂t ; {Qk ,Qj} = 2 δkj H , [H,Qk ] = 0

δt = εk Qk · t, δθk = εjQj · θk : δt = i εkθk , δθk = εk

General supers�eld:

Φ(t, θk ) = φ(t) + θkψk (t) + θk1
θk2
φk1k2

(t) + θk1
θk2
θk3
ψk1k2k3

(t) + · · ·+ θk1
. . . θkN

φk1...kN
(t)

O�-shell 
ontents:

2N−1 bosonic(fermionic) component fieldsφ, φk1k2
, . . .

2N−1 fermionic(bosonic) component fieldsψk1
, ψk1k2k3

, . . .

}
if Φ(t, θk ) is bosonic(fermionic)

Covariant derivatives:

Dk =
∂

∂θk
− i θk

∂

∂t
, {Qj ,Dk} = 0

F (Dk )Φ = 0 − covariant constraint

On-shell (physi
al) 
ontents of a model is de�ned by the a
tion.



Real N=2, 1D superspa
e: (t, θ1, θ2), θ1 = θ+1 , θ2 = θ+2

Q1 =
∂

∂θ1
+ i θ1 ∂t , Q2 =

∂

∂θ2
+ i θ2 ∂t , H = i ∂t ;

{Q1,Q1} = 2 H, {Q2,Q2} = 2 H, {Q1,Q2} = 0, [H,Q1] = [H,Q2] = 0

δt = i (ε1θ1 + ε2θ2), δθ1 = ε1, δθ2 = ε2

Complex N=2, 1D superspa
e:

(t, θ, θ̄), θ = 1√
2
(θ1 + i θ2), θ̄ = θ+ = 1√

2
(θ1 − i θ2)

Q =
∂

∂θ
+ i θ̄ ∂t , Q̄ =

∂

∂θ̄
+ i θ ∂t , H = i ∂t

{Q, Q̄} = 2 H, {Q,Q} = {Q̄, Q̄} = 0, [H,Q] = [H, Q̄] = 0

δt = i (εθ̄ + ε̄θ), δθ = ε, δθ̄ = ε̄, ε̄ = ε+

General N=2, 1D super�eld:

Φ(t, θ) = φ(t) + θψ(t) + θ̄χ(t) + θθ̄F (t)

δφ = εψ + ε̄χ, δψ = −i ε̄φ̇+ ε̄F , δχ = −i εφ̇− εF , δF = −i εψ̇ + i ε̄χ̇

Covariant derivatives: D =
∂

∂θ
− i θ̄ ∂t , D̄ =

∂

∂θ̄
− i θ ∂t , {D,Q} = {D, Q̄} = 0

Φ+ = Φ − the real superfield; D̄ Φ = 0 − the chiral superfield



Real super�eld:

Φ(t, θ) = Φ+ = φ(t) + θψ(t) − θ̄ψ̄(t) + θθ̄F (t), φ+ = φ, F+ = F , ψ+ = ψ̄

O�-shell SUSY transformations:

δφ = εψ − ε̄ψ̄, δψ = −i ε̄φ̇+ ε̄F , δψ̄ = i εφ̇+ εF , δF = −i (εψ̇ + ε̄ψ̇)

S = i
2

∫
dt dθ d θ̄ D̄ΦDΦ= 1

2

∫
dt
{
φ̇2 + i (ψ ˙̄ψ − ψ̇ψ̄) + F 2

}

On− shell : φ̈ = 0, ψ̇ = 0, ˙̄ψ = 0, F = 0 (1, 2, 1) multiplet

On-shell a
tion:

S = 1
2

∫
dt
{
φ̇2 + i (ψ ˙̄ψ − ψ̇ψ̄)

}

On-shell SUSY transformations:

δφ = εψ − ε̄ψ̄, δψ = −i ε̄φ̇, δψ̄ = i εφ̇

[δ1, δ2]ψ = i (ε1ε̄2 − ε2ε̄1) ψ̇ − 2i ε̄1ε̄2
˙̄ψ︸ ︷︷ ︸

=0 on−shell

On-shell SUSY transformations are 
losed only on equations of motion.



Chiral super�eld:

D̄ Φ = 0 → Φ(t, θ) = φ(t) + θψ(t) − i θθ̄φ̇(t), φ, ψ − complex fields

(2, 2, 0) multiplet

Φ(t, θ) = φ(t) + θψ(t) − i θθ̄φ̇(t) = φ(tL) + θψ(tL) = Φ(tL, θ)

Chiral N=2, 1D subspa
e:

(tL, θ), tL ≡ t − i θθ̄

δt = i (εθ̄ + ε̄θ), δθ = ε, δθ̄ = ε̄ ⇒ δtL = 2i ε̄θ, δθ = ε

Super
harges in superspa
e (tL, θ, θ̄):

Q =
∂

∂θ
, Q̄ =

∂

∂θ̄
+ 2i θ ∂tL

SUSY transformations of 
omponent �elds:

δφ = εψ , δψ = −2i ε̄φ̇

SUSY invariant a
tion:

S = − 1
2

∫
dt dθ d θ̄ D̄Φ D̄Φ̄ = 1

2

∫
dt
{

4φ̇ ˙̄φ− i (ψ ˙̄ψ − ψ̇ψ̄)
}



N= 2 super
onformal me
hani
s

The N= 2 super
onformal group OSp(2|2)∼SU(1,1|1)

{Q, Q̄} = 2H, {S, S̄} = 2K , {Q, S̄} = 2(D − U), {S, Q̄} = 2(D + U),

i
[

P,
(

S
S̄

)]
= −

(
Q
Q̄

)
, i

[
K ,
(

Q
Q̄

)]
=

(
S
S̄

)
,

i
[

D,
(

Q
Q̄

)]
=

1

2

(
Q
Q̄

)
, i

[
D,
(

S
S̄

)]
= −

1

2

(
S
S̄

)
,

i
[

U,
(

Q
Q̄

)]
=

1

2

(
Q

−Q̄

)
, i

[
U,
(

S
S̄

)]
= −

1

2

(
S

−S̄

)

The 
losure of S, S̄ with Q, Q̄ ⇒ the full OSp(2|2).
We obtain the super
onformal transformations by nonlinear realization method.

������

Coset realization of N = 2 superspa
e:

G = {H,Q, Q̄,U}, H = {U}, K = {H,Q, Q̄}

K(t, θ, θ̄) = eitH+θQ+θ̄Q̄ , t, θ, θ̄ are the coordinates on the coset

eεQ+ε̄Q̄ eitH+θQ+θ̄Q̄ = eit′H+θ′Q+θ̄′Q̄ : δt = i(εθ̄ + ε̄θ), δθ = ε, δθ̄ = ε̄

Note : eA eB = exp
{

A + B + 1
2 [A,B] + 1

12 ([A, [A,B]] + [[A,B],B]) + · · ·
}



Coset realization of SU(1,1|1):

G = {H,D,K ,Q, Q̄,S, S̄,U}, H = {U}, K = {H,D,K ,Q, Q̄,S, S̄}

K = eitH eθQ+θ̄Q̄ eiuD eizK eζS+ζ̄S̄

eεQ+ε̄Q̄ K = K′H, eηS+η̄S̄ K = K′H

Note : eA B e−A = eA ∧ B, 1 ∧ B ≡ B, A ∧ B ≡ [A,B], A2 ∧ B ≡ [A, [A,B]], · · ·

δt = i(εθ̄ + ε̄θ), δθ = ε, δθ̄ = ε̄;

δ′t = i(ηθ̄ + η̄θ)t, δ′θ = η(t − iθθ̄), δ′θ̄ = η̄(t + iθθ̄)

δ′(dtd2θ) = 0, δ′D = −2i ηθ̄D, δ′D̄ = −2i η̄θ D̄

������

X = x(t) + θψ − θ̄ψ̄(t) + θθ̄F (t), δ′X = i(ηθ̄ + η̄θ)X

S =

∫
dtd2θ

(
1
2 DXD̄X+ γ ln X

)
= 1

2

∫
dt

{
ẋ2 + i (ψ ˙̄ψ − ψ̇ψ̄) −

γ2 + γψψ̄

x2

}

Multi-parti
le generalization (N=2 super
onformal Calogero):

S =

∫
dt d2θ


 1

2

∑

a

DXaD̄Xa + γ
∑

a 6=b

ln |Xa − Xb|






N= 4 super
onformal me
hani
s

The standard N= 4, 1D superspa
e:

{
t, θk , θ̄

k = (θk )
+
}
, k = 1, 2

Supersymmetry transformations from the N= 4, 1D super
onformal group D(2, 1;α):

δt = i(θk ε̄
k − εk θ̄

k ), δθk = εk , δθ̄k = ε̄k ;

δ′t = −i(ηk θ̄
k − η̄k θk )t + (1 + 2α)θj θ̄

j(ηk θ̄
k + η̄k θk ),

δ′θk = ηk t − 2iαθkθj η̄
j + 2i(1 + α)θk θ̄

jηj − i(1 + 2α)ηk θj θ̄
j

Covariant derivatives: Dk =
∂

∂θk
+ i θ̄k∂t D̄k =

∂

∂θ̄k
+ i θ̄k∂t

Some types of the N= 4, 1D super�elds:

Dk DkX = m, D̄k D̄kX = m, [Dk , D̄k ]X = 0 - s
alar super�eld, (1,4,3) multiplet

D(iV jk) = 0, D̄(iV jk) = 0 - ve
tor super�eld, (3,4,1)

Super
onformal models (X = (V ik Vik )
1/2

for ve
tor super�eld):

S ∼

∫
dt d4θ X

−1/2 for α 6= −1; S ∼

∫
dt d4θ X lnX for α = −1

In components: S ∼

∫
dt
[

ẋ2 + i (ψk
˙̄ψk − ψ̇k ψ̄

k )−
g + F (ψ, ψ̄)

x2

]

More general formulations of N= 4, 1D models is a
hieved in harmoni
 superspa
e



Harmoni
 superspa
e for N=4, 1D SUSY models

[A. Galperin, E. Ivanov, S. Kalitsyn, V. Ogievetsky, E. Sokat
hev; 1984℄

[E. Ivanov, O. Le
htenfeld; 2003℄

N= 4, 1D SUSY algebra:
{

H, Qk , Q̄k = (Qk )+,

R−symmetry
︷ ︸︸ ︷
J(ik),︸ ︷︷ ︸
suL(2)

I(i
′k′)

︸ ︷︷ ︸
suR(2)

}
, i , k = 1, 2

StandardN= 4, 1D superspace:
{

H, Qk , Q̄k = (Qk )+, J ik , I i′k′
}
/
{

J ik , I i′k′
}

Standard superspace coordinates:
{

t, θk , θ̄
k = (θk )

+
}

suL(2) algebra : J(ik) =
{

J±, J 0
}
, J 0 − u(1) generator

N= 4, 1D harmonic superspace:
{

H, Qk , Q̄k = (Qk )+, J ik , I i′k′
}
/
{

J 0, I i′k′
}

Harmonic superspace coordinates:
{

t, θk , θ̄
k , u±

i

}

Harmonic coordinates u±
i parametrize the sphereS 2 ∼ SU(2)/U(1)



Parametrize S 2 ∼ SU(2)/U(1) by two SU(2) spinors

u±
i , u−

i = (u+i )

whi
h subje
t to the 
onstraint

u+i u−
i = 1 → u+

i u−
k − u+

k u−
i = ǫik

and are de�ned up to a U(1) phase transformations

u+
i → eiαu+

i , u−
i → e−iαu−

i

||u|| =
(

u+
1 u−

1
u+

2 u−
2

)
∈ SU(2), ||u|| → g ||u||h , g ∈ SU(2), h ∈ U(1)

i , k are SU(2) indi
es; ± are U(1) 
harges

Any fun
tion on S 2 ∼ SU(2)/U(1) must have a de�nite U(1) 
harge q

Φ(q)(u) =
∞∑

n=0

φi1...i n+q j1...j n u+
i1
. . . u+

i n+q
u−

j1
. . . u−

j n
for n ≥ 0

Harmoni
 fun
tions are de�ned up to the transformations Φ(q) → eiαqΦ(q)
.

The use of su
h parametrization of S 2
has the advantage of manifest SU(2) 
ovarian
e



Covariant derivatives on the harmoni
 sphere S 2
:

D±± = u±
i

∂

∂u∓
i

≡ ∂±± , D 0 = u+
i

∂

∂u+
i

− u−
i

∂

∂u−
i

≡ ∂ 0

[D++,D−−] = D 0 , [D 0,D±±] = ±2 D±±

Harmoni
 �elds satisfy

D 0 Φ(q) = q Φ(q)

Harmoni
 integrals: ∫
du u+

(i1
. . . u+

i m
u−

j1
. . . u−

j n)
= 0 ,

∫
du 1 = 1 ,

∫
du F (q) = 0 if q 6= 0



Central basis in harmoni
 superspa
e:

{
t, θk , θ̄

k , u±
i

}
≡ { z, u }

The N= 4, 1D Poin
are supersymmetry:

δt = i(θk ε̄
k − εk θ̄

k ), δθk = εk , δθ̄k = ε̄k , δu±
i = 0

Analyti
 basis in harmoni
 superspa
e:

{
tA, θ

±, θ̄±, u±
i

}
≡ { zA, u } , θ± = θiu±

i , θ̄± = θ̄i u±
i , tA = t − i

(
θ+θ̄− + θ−θ̄+

)

Analyti
 superspa
e {
tA, θ

+, θ̄+, u±
i

}
≡ { ζ, u }

is 
losed under N= 4 Poin
are SUSY (and under N= 4 super
onformal symmetry)

δtA = −2i(ε−θ̄+ + θ+ε̄−), δθ+ = ε+ = εiu+
i , δθ̄+ = ε̄+ = ε̄iu+

i , δu±
i = 0

Covariant derivatives D± = Diu±
i , D̄± = D̄iu±

i in analyti
 basis:

D+ =
∂

∂θ−
, D̄+ = −

∂

∂θ̄−
, D− = −

∂

∂θ+
+ 2i θ̄−∂A , D̄− =

∂

∂θ̄−
+ 2iθ−∂A

D+ Ψ(z, u) = D̄+ Ψ(z, u) = 0 ⇒ Ψ = Ψ(ζ, u)



Ve
tor super�eld (3,4,1) multiplet

D+V++ = D̄+V++ = 0, D++V++ = 0

Central basis:

D++V++ = 0 ⇒ V++ = V ik (z)u+
i u+

k
D+V++ = D̄+V++ = 0 ⇒ D(iV kl) = D̄(iV kl) = 0

Analyti
 basis:

D+V++ = D̄+V++ = 0 ⇒ V++ = V++(ζ, u)
D++V++ = 0 ⇒ V++ = v ik u+

i u+
k + θ+ψi u+

i + θ̄+ψ̄i u+
i + iθ+θ̄+(F + 2v̇ ik u+

i u+
k )

S = γ

∫
dt d4θ du L

(
V++,D−−V++, (D−−)2V++, u

)

+γ′
∫

dt dθ+d θ̄+ du L++
(
V++, u

)

first term ⇒ γ

∫
dt H(v)

(
v̇ ik v̇ik + F 2

)

second term ⇒ γ′
∫

dt
{

FV(v) + v̇ ikAik (v)
}

∂ikAlt − ∂ltAik = (ǫil∂kt − ǫkt∂il)V − monopole− like potential



Hypermultiplet (4,4,0) multiplet

D+q+
a = D̄+q+

a = 0, D++q+
a = 0, (q̃+

a ) = ǫabq+
b , a, b = 1, 2

Central basis:

D++q+
a = 0 ⇒ q+

a = qi
a(z)u

+
i

D+q+
a = D̄+q+

a = 0 ⇒ D(iqk)
a = D̄(iqk)

a = 0

Analyti
 basis:

D+q+
a = D̄+q+

a = 0 ⇒ q+
a = q+

a (ζ, u)
D++q+

a = 0 ⇒ q+
a = f i

au+
i + θ+χa + θ̄+χ̄a + 2iθ+θ̄+ ḟ i

au−
i

S = γ

∫
dt d4θ du L

(
q+

a ,D
−−q+

a , u
)

+γ′
∫

dt dθ+d θ̄+ du L++
(
q+

a , u
)

first term ⇒ γ

∫
dt Gab(f ) ḟ i

a ḟib

second term ⇒ γ′
∫

dt ḟ iaAia(f )

Aia − self− dual gauge potential



The N= 4 super
onformal matrix model (µH = dudtd4θ, µ
(−2)
A = dudζ(−2)):

S = − 1
2

∫
µHTr(X 2) + 1

2

∫
µ
(−2)
A V0 Z̃

+Z+ + i
2 c
∫
µ
(−2)
A Tr V++ ,

Super�eld 
ontents:

hermitian matrix super�elds X = (Xb
a):

D
++

X = 0, D
+
D

−
X = 0, (D+

D̄
− + D̄

+
D

−)X = 0;

analyti
 super�elds Z+
a (ζ, u): D

++Z+ = 0;

the gauge matrix 
onne
tion V++(ζ, u).

D
++ = D++ + i V++

, D
++

X = D++
X+ i [V++,X], et
.

The super�eld V0(ζ, u) is de�ned by the integral transform (X0 ≡ Tr (X))

X0(t, θi , θ̄
i ) =

∫
du V0

(
tA, θ

+, θ̄+, u±) ∣∣∣
θ±=θi u±

i , θ̄±=θ̄i u±

i

.



Symmetries

The N= 4 super
onformal symmetry D(2, 1;α) with α = − 1
2 ≃ OSp(4|2):

δ′X = −Λ0 X, δ
′Z+ = ΛZ+, δ′V++ = 0, Λ = 2iα(η̄−θ+ − η− θ̄+), Λ0 = 2Λ− D−−D++Λ

It is important that just the �eld multiplier V0 in the a
tion provides this invarian
e.

The lo
al U(n) invarian
e:

X
′ = eiλ

Xe−iλ, Z+′ = eiλZ+, V++ ′ = eiλ V++ e−iλ − i eiλ(D++e−iλ),

where λb
a(ζ, u

±) ∈ u(n) is the `hermitian' analyti
 matrix parameter, λ̃ = λ.

Using gauge freedom we 
hoose the WZ gauge: V++ = −2i θ+θ̄+A(tA).
In the WZ gauge: S4 = Sb + Sf ,

Sb =

∫
dt
[
Tr (∇X∇X + c A) + i

2 X0

(
Z̄k∇Z k−∇Z̄k Z k

)
+ n

8 (Z̄
(iZ k))(Z̄i Zk)

]
,

Sf = −iTr
∫

dt
(
Ψ̄k∇Ψk −∇Ψ̄kΨ

k
)
−

∫
dt

Ψ
(i
0 Ψ̄

k)
0 (Z̄i Zk)

X0
,

where X = X(tA) + θ−Ψi(tA)u
+
i + θ̄−Ψ̄i(tA)u

+
i + . . ., Z+ = Z i(tA)u

+
i + . . .

X0 ≡ Tr(X), Ψi
0 ≡ Tr(Ψi ), Ψ̄i

0 ≡ Tr(Ψ̄i ).



- imposing the gauge Xb
a = 0, a 6= b,

- eliminating Ab
a , a 6= b, by the equations of motion,

- introdu
ing the new �elds Z ′i
a = (X0)

1/2Z i
a (omit the primes):

Sb =

∫
dt
{∑

a

ẋaẋa + i
2

∑

a

(Z̄ a
k Ż k

a − ˙̄Z a
k Z k

a ) +
∑

a 6=b

Tr(SaSb)

4(xa − xb)2
−

n Tr(ŜŜ)

2(X0)2

}
,

where (Sa)i
j ≡ Z̄ a

i Z j
a, (Ŝ)i

j ≡
∑

a

[
(Sa)i

j − 1
2 δ

j
i (Sa)k

k
]
.

The �elds Z k
a are subje
t to the 
onstraints

Z̄ a
i Z i

a = c ∀ a .

i
2

∫
dt
∑

a

(Z̄ a
k Ż k

a − ˙̄Z a
k Z k

a ) ⇒ [Z̄ a
i ,Z

j
b]D = iδa

bδ
j
i .

Thus the quantities Sa for ea
h a form u(2) algebras

[(Sa)i
j , (Sb)k

l ]D = iδab

{
δl

i (Sa)k
j − δj

k (Sa)i
l
}
.

Modulo 
enter-of-mass 
onformal potential, the bosoni
 limit

S′
b =

∫
dt
{∑

a

ẋa ẋa +
∑

a 6=b

Tr(SaSb)

4(xa − xb)2

}

is none other than the integrable U(2)-spin Calogero model
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