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@ Space-time symmetries. Conformal mechanics: examples and peculiarities.

o Superymmetries. Graded symmetry algebras. Brief sketch on supermatrix
and supergroups.

@ 1D super-Poincare and superconformal symmerties.

@ Component formulation of 1D supersymmetric field theories.
@ Superspace formulation of 1D supersymmetric field theories.
o N'=2 superconformal mechanics.

o Models of N'=4 superconformal mechanics.



Symmetries play fundamental role in the formulation of modern theories, specifying them.

For example, systematization of the currently known particles

Maxwell Theory, U(1)

—
. == + 0 roo
Bosons: A, ~ (E, B) & Wi, W, & G, r=1,...8 ® Gu D H
Electroweek TheorySU (2) x U(1) Strong InteractionSU (3) Gravity Higgs
Fermions: L Y

is defined by the symmetries:
— Maxwell theory: gauge group U(1);
— Electro-week theory: gauge group U(1) x SU(2);
— Standard model: gauge group U(1) x SU(2) x SU(3);
— Gravity: local diffeomorphism group of four-dimensional space-time;
— String theory: local diffeomorphism group of the worldsheet (two-dimensional space-time).

Symmetries are defined by concrete groups and corresponding algebras.

¢ — g(\) v, etc, where g(\) =exp{X"Ba}, [Ba,Bs]=icsBc-

An important role is played by the space-time (relativistic) symmetries.



Space-time symmetries

{Lorentz algebra SO(D — 1, 1) } c {Poincare algebra T® €SO(D — 1,1) }
- { conformal algebra SO(D, 2) }

[Luvs Loal = 1 (L +Muabvp — (¢ v)) } Poincare algebra

[Pu,Pul =0, [Luv,Pal =i(maPu —nurPu conformal
[D,Pu]=iPy, [D,Ky]=~iK,, [D,Lu]=0 algebra
[K;u Ku] =0, [P;n Ku] = —2i ("7;WD + L,ul/) s [L;w, KA] =1 (771/>\K;L - ﬂuAKu)
Nuw = diag+1, —1,...,—1), p=0,1,...,D—1
D = 1 conformal algebra: s0(2,1) = su(1,1) =sl(2,R)
Internal symmetries
SU(n) algebra [T/, T¥] =i (§TK —okT)), (TH*=-T/, Ti=0, i=1,...,n

O(n) algebra [Jab, Jed] =i (dbcJad + dadJbc — (@ <> b)), (‘]ab)+ =Jab = —Jba
a=1,...,n
Internal symmetries commute with space-time ones.

Example 0O(3) = SU(2)
[Bardo] = icancde, Jab = —€apedes  Ja = oa, a=1,2,3, TI=Ji(oa)!, i=1,2



Conformal mechanics and supersymmetric generalization of it have many applications now
and have significant potential for use in the next.

In the near horizon limit the extreme (M = Q) Reissner-Nordstrém black hole solution of
Einstein-Maxwell equations are (in the units with G = 1)

2
2_ (% > M 2 2
ds® = (M> dt +<I’> dre +M“dQ

r\2 2 M 2 2 _ " v
_ (M) dt? + (7) dr? = 1, dx*dx
where
Nuv = dlag(_7 +7 _)7 nl—bl’x‘uxy = _M27
X0 = (@)1 4+r3M2 —?)], xt=(2r)t1-r’(M2+1t?)], X =wrt

The near horizon limit the extreme Reissner-Nordstrom black hole possesses AdS, x S2
geometry.

[P. Claus, M. Derix, R. Kallosh, J. Kumar, P. Townsend, A. Van Proeyen; 1998|
[J.A. de Azcarraga, J.M. Izquierdo, J.C. Perez-Bueno, P.K. Townsend; 1998|
[S. Bellucci, A. Galajinsky, E. Ivanov, S. Krivonos, J. Niederle; 2002]

AdS; part, having SO(2, 1) symmetry, is described by conformal mechanics.

Superconformal mechanics models describe motion of the particle with angular momentum
(spin) near horizon of the extreme Reissner-Nordstrom black hole.



In the large-n limit an n-particle generalization of the conformal (and superconformal)
mechanics in the form of a (super)conformal Calogero model provides a microscopic
description of multiple extremal Reissner-Nordstrom black holes in the near-horizon limit.

|G. Gibbons, P. Townsend; 1999]

It was developed new class of inflation models with (spontaneously broken) conformal
invariance [V. Rubakov; 2009];

[S. Ferrara, R. Kallosh, A. Linde, A. Marrani, A. Van Proeyen; 2010]| (inspired by the
superconformal approach to supergravity).

Observational consequences of a broad class of such models are stable with respect to strong
deformations of the scalar potential. This universality is a critical phenomenon near the
point of enhanced symmetry, SO(1,1), in case of conformal inflation

[R. Kallosh, A. Linde; 2013].

In this regard, it should be emphasized the d = 1+ 1 and d = 1 + 0 dilaton gravity coupled
to scalar matter fields proved to be a reliable model for higher dimensional black holes and
string inspired cosmologies

[V. de Alfaro, A.T. Filippov, E.A. Davydov].

Models of conformal and superconformal mechanics can be considered as some limits of
higher dimensional systems and are the perfect arena for exploring the latest ones.



One-particle conformal mechanics

Conformal mechanics action: [V. de Alfaro, S. Fubini, G. Furlan; 1976|

S:%/dt (xz—f—z)

5S:/dt/\

%(Hét—péx-ﬁ-/\):o):

Conformal invariance:

st=a+bt+ct?=f(t), ox=3fx,

Conserved charges (p =X;

H o= 3 (P )
D = tH—3xp
K t2H — txp + 5 x?
p+35X
d 1o} d 1o}
—K==K+{K,H}, =0, —D=—-D+{D,H}, =0
dt ot +{K Todt ot +1{D,H}e ’
{HﬂD}P =H, {KvD}p = —K, {H7K}p =2D -
[H,D] =iH, [K,D]=—iK, [H,K]=2iD

[A.B] =i{A,B}; :

. A=1ix?

4

H — the Hamiltonian

dynamical symmetry

sl(2,R) algebra



Properties of the conformal mechanics:
@ If HIE >=E|E >, then He“P|E >=¢e?*E|E > =
the spectrum of H is continuous;

@ The eigenspectrum of H includes all E>0 values,
for each of which there exists a plane wave narmalizable state;

@ The spectrum of H does not have an endpoint (ground state),
the state with E=0 is not even plane wave normalizible.

This is an obstacle to describe the conformal theory in terms of H eigenstates.
The sl(2,R) algebra in the Virasoro form:
1 1 1 1 . .
R:E(aH+gK), Li:—z(aH—ngD), a is a parameter

[R,Li]=+Ls, [LyL_]=-2R
R is the u(1) generator in sl(2,R) ~ o(1, 2) algebra.
The eigenvalues of
g
Rlt=0,a=1 = % <p2 + X2 + XZ)

are given by a discrete series

m=rpo+n, n=0,1,2,...; ro:%<1+\/g+%)

Black hole interpretation of the Hamiltonian shift H — R:
The time t, corresponding to the Hamiltonian H, is ill defined near the black hole horizon.
True time in this region is 7, corresponding to new Hamiltonian R.



Multi-particle conformal mechanics

@ the hermitian nxn-matrix field X2(t), (X2) = X2,
@ complex commuting U(n)-spinor field Za(t), Z2 = (Za),
@ n? non-propagating “gauge fields” AJ(t), (ATQ) =Ad.
Sp = /dt [470(VXVX) + § (2VZ ~ V2Z) +cTrA],
WX =X +i[A, X], VZ =27 +IiAZ .
The 1D conformal SO(1,2) symmetry:
ot =f, oxp =1ixP,  §za=0, A3 = —fAD, Rt=0

The local U(n) symmetry, g(7) € U(n):
X—gxgt, z—9z, A—gAgf+iggt.
The U(n) gauge fixing: X0 =xa82,  z% =7z,
The algebraic equations of motion
ZaZy

(Za)> = ¢ (which implies ¢ > 0); Ay = 2(Xa — Xp)2

, a#b

As result, we arrive at the standard Calogero action

b I (bt |

a#b



Supersymmetric generalization

Symmetry algebras of the supersymmetric models are graded Lie algebras or Lie superalgebras

[Ba,Bs] = i cfgBc [Ba, Q] =i gxkQu , {Qx,Qu} =ifuBa
B are even (bosonic) elements; Qg are odd (fermionic) elements
Graded Jacobi identities
[[G1,G2}, Gs} + graded cyclic= 0

(there is additional minus sign if two fermionic operators are interchanged)
Bosonic subalgebra Bp are defined by Coleman-Mandula theorem.
On the fermionic operators Qp it is realized the representation of the bosonic subalgebra.

QM generate supersymmetric tansformations
Q |boson> = |fermion >, Q |fermion > = |boson>
Parity: q(B)=0, q(Q)=1, q(lboson>)=0, q(|fermion>)=1

Simple example of SUSY algebra: BRST symmetry
[BAvQ]:o7 {Q?Q}:O

Q is BRST charge
Exponential representation of Lie supergroups are given by
X = exp{i (AABA LM FM) }
where A are c-number parameters whereas §M are Grassmann parameters:

MM =M = (@Y =0, (€)°=0, ec



X — ( B, | Fy ) ] B, are ordinary matrices

F, | B ' F1 o are fermionic matrices
strX =trB; —trB;, strXY = strYX
sdet( Bt 1) —gets;, sdet( 1 1) = dem; . sdetXY = sdetX - sdetY
0 1 & 0 B, 2

Bi Fi\_ (1 Fi\[Bi—FiB,'F, 0 B I
(Fz Bz)_(o B, B! 1] sdetX = det(By — F1B, “F;) - detB,

sdetX = exp {str(InX)}

Il
@

osgmin): G X:( S’[’:(Z”) soF(lm) )

= (HEHoer)
eX 2

strX =0

U(m,n|p) : G
G =

)

SU(m, n|p) :

For m 4+ n = p the identity matrix obeys trB; = tr B, and generates U(1) subgroup.
The quotient PSUm, n|p) = SU(m, n|p)/U(1) is simple and is often denoted just SU(m, n|p).



4D N-extended Poincare superalgebra
+ QL Qai=(QL)*Y + Z1,Zj=(z0)*

P#a L,L“/a Tji
{Qnﬂ _3]} = 25; (Ull)a -}P}M {QICWQJB} = Eaﬁzij7 {th QBJ} = Edeij7
[Pll ] - 07 [Pll7(§(ii] - 07 [LMVina] = _.%EU#V )ng)u B [L#V’Qéfi]_: %(&Mu)deiv
[T/, Q81 = 6fQL — #81Q%, [T}, Qax] = —8kQsj + 76/ Qak

Zij,zij = (Zij)+ are central charges, [Z,P]=[Z,L]=[Z,Q]=[Z,Z]=0

4D N-extended conformal superalgebra SU(2,2|N)

UW)
—~= - . _
Pu: L;w: ley R, Ku: D, Qlas Qai = (Ql(x)+v Sais Sl('\ = (Snri)Jr

even odd

{Q&Qp} = 26/(0%)5Pus  {Sai» S} = 26/(6")acKy
{QL, 8} = =6 (")l — 45T — 216550 + 24N 5L6IR
[Kquia] = (C’u)ad sal ) [K,LMQ_&I] = —( u)ad sio?’
[P,uv Sai] = (UI—L)QQ é|d s [Pﬂvég] = (Uu)aa Q&I
0,Ql=3Q, [,Q=3Q, [,S]=-3S, [D,S]=-3
R,Q1=-3Q, [RQI=3Q, [R,;S]=3S, [R,S]=-1S.

I o=



One-dimensional superalgebras

1D N-extended super-Poincare algebra
{Qa, Qb} = 2dapH, (Qa)+:Q7 a=1,..,N
1D N-extended superconformal algebra

1D superconformal symmetry DO 1D conformal symmetry
S((1,2) ~ Sp(2,R) ~ SL(2,R) ~ SU(1,1)

(RERw ) - (et

{Q,Q}~H, {S,S}~K, {Q,S} ~D+]J, (H,K,D)Csu(1,1), Jco(N)orsu(M)

N=1: OS{1[2)

N=2: 0Sp2J2)~ SU(l,11)

N=4: D(2,1;«)
a=-1/2,a=1: D(2,1;a) ~ OSH4|2)
a=0,a=-1: D(2,1;a) ~ SU(1,1|2) &, SU(2)

D(2,1;q): {Qai’i7Qbk’k} —2 (Gikﬁi’k’-l—ab + e’k gik _ 1+ a)EabEikli’k’> 7
[Tab7-|-cd] _ i(eaCde + ebd-|-a<:)7 - [Tab’Qci’i] _ iec(aQb)i’i’m

Q21’i: —Ql, sz’i -4, Qll’i:Si’ Q12’i =3 T2y, TU_k, T2=_

Bosonic generators T2, Jk and 1"’ form su(1, 1), su(2) and su’(2) algebras.

D.



Component fields description

S:/dtL, L=3¢"+5vi

[o(t1), 9(t2)] = B(t1)b(t2) — ¢(t2)9(t1) = O, {(t1), v(t2)} = P(t1)d(t2) + P(t2)¥(t1) =0
¢t =0, W T=vy; (AB)T =BTAT

Q: ¢ = ¢, Y — ¢ = the parametee = ™ must be anticommuting
[S/A]=0, h=1 = L=+1 [tl=-1 = [¢]=-1/2, [¢]=0
5p =gy = €] = -1/2 = 0 ~ e

op = lier, o = —ed
o= (c) +idpd =0, e=const, ¢li=ioo = Pli=too =0

[61,8,] ¢ = 2ie1e2, [61,82] % = 2ie1ep)
Note: InN>11D and D > 1 [01, 62] ¢ = 2ie1e29) + (eqof motion)



Superfields

Superspace: Supersymmetry is realized by coordinate transformations
Q describes fermionic transformations —  translations in odd direction of extended space
Usual 1D space: () =

N=1, 1D superspace: (t,6), where 6 = @ is Grassmann coordinate, 0 = 0
Q=Q" =0 +i0&, H=H"=id; {Q,Q} =2H, [H. Q=0
t=eQ-t, 66=¢Q-0: ot =ieb, 60 = ¢

N=1, 1D superfield: d(t,0) = P(t) +i0y(t)
O'(t',0") = d(t,0), P =d(t,0)—P(t,0)=cQ-P=5p+i05p =
op =liep, oY= —co

Integration over odd variable /dé)f(@) = /dé)f(@ +a) = /de@ = il /d(m =0
Covariant derivatives Dg=09p—i600, =D, Dy = &, {Q,D} =0, [Q,&]=0

S = [dtdO L(®,54,DP),  6S = [dtdIQ[.]= [ dtdOdy[.] + [dtdo 05[]
N——— N——

=0,9¢]...] contains na& the total derivative
Any action, built from superfields and covariant derivatives &; and D, is always supersymmetric



Examples of the N=1 supermultiplets
d(t,0) = &(t) +1069(t) - even superfield
s=1 /dtd@@@m: 1 /dt (q52+izj;zj})
(1,1,0) supermultiplet

W(t,0) = (t) + OF (1) - odd superfield
s:%/dtdewowz%/dt(iner) =0 %/dtwd}
(0,1, 1) supermultiplet

m physical bosons
The supermultiplet (m,n,n —m) contains n fermions
n —m auxiliary bosons



N-extended 1D superspace:
(t, 6), o = (6k), {6, 0k} =0, i,jk=1,..,N
Realization of super-Poincare algebra in superspace:

15] ) 3] -,
%—Hﬂ(&, H=H"=ig; {Qk,Qj} =284 H, [H,Q] =0

5t=Eka't, 60k:5ij‘0k 5 (5t:i8k9k, (59k = Ek
General supersfield:
D(t, 0k) = o(t) + Okrbk (1) + Ok, Ok, Piyky (1) + Oy Oy Ok Yy ko (1) + -+ Oy - - - Oy Py kg (1)
Off-shell contents:

Q=0Q; =

2N—1 bosonic(fermionic) component fields, ¢y i, , - - - . . ) o
2N =1 fermionic(bosonig component fieldgy, , Y, ks - - - 1 Gl Besoa iSmlele)
Covariant derivatives:
1o} . 0
Dy=— —if —, D} =0
k= 5o, k ot {Qj, Dk}

F(Dx)® =0 — covariant constraint

On-shell (physical) contents of a model is defined by the action.



Real N=2, 1D superspace: (t, 01, 65), 0, = 9?{, 0, = 9;
1o} . 7] .
= — 41010 — 46,0 H= c
Q1 801+|1t’ Q2= o6, +i020, i 0;
{Q1,Q1} = 2H, {Q2,Q2} = 2H, {Q1,Q2} =0, [H,Q1] =[H,Qz2] =0
St =i (5191 + 5202), 601 =&, 692 = &2
Complex N=2, 1D superspace:
(,0,0), 0= J5(01+i62), 0=0"= 7 (01—162)
1o} .
Q——+|96t Q= —+|08t7 H=io
{Q,©}=2H, {Q,Q}={Q,Q}:o, [H,Q =[H,Q]=0
5t =i (0 + 20), 50 = ¢, 50 = g, g=¢et
General N=2, 1D superfield:
d(t,0) = B(t) + 0(t) + Ox(t) + 00F (t)
8¢ = e + £x, S = —i g + &F, 5x = —ied —eF, OF = —iep +icy
Covariant derivatives D= % —ifo, D= (%_ —-i0a, {D,Q}={D,Q}=0
D®=0 — the chiral superfield

ot = — the real superfield



Real superfield:

O(t,0) = &F = (1) + 0u(t) — Ou(t) + 0OF (1), o' =¢, FY=F, ¢*=9¢
Off-shell SUSY transformations:

8¢ = ep — &P, Sip = —igd + &F, St =ied+eF, OF = —i (ev) + &9)

s:‘i/dtd9d§D¢D¢:%/dt{q'bz—i—i(W;—WZJ)—i—Fz}

On — shell: ¢ =0, P =0, P =0, F=0 (1,2,1) multiplet
On-shell action:
s=3 [a{@+iwi-in)}
On-shell SUSY transformations:
8¢ = e — &, 5 = —i £, ) =ied

[61, 8209 = i (182 — €281) P — 2i&152%)
N —
=0 on—shell

On-shell SUSY transformations are closed only on equations of motion.



Chiral superfield:
Dd=0 — &t0) =¢t)+ 0up(t) —i60(t), ¢,vp — complex fields
(2,2,0) multiplet
O(t,0) = o(t) + 0y (t) —100(t) = p(tL) + O (1) = (., 6)

Chiral N=2, 1D subspace: B
(tL,g), tLEt—i90

St=i(+20), d0=¢, =2 = ot =2ia0, 50 =¢
Supercharges in superspace (1,0, 0):

0 = 1o} :
Qii)_G’ Qf—9—+2|98t,_

SUSY transformations of component fields:

5¢p = e, S = —2i g

SUSY invariant action:

s=-} [ata0aabeds =3 [a{asd—iwd-ip)



N= 2 superconformal mechanics
The N'=2 superconformal group OSp(2|2)~SU(1,1|1)
{Q,Q} =2H, {S,S}=2K,

F]--(8) k()
(8)]=2(8)- 1[(3))
P (8)]-2(%) ()

1 -l
-S
The closure of S, S with Q, Q = the full OSp(22).
We obtain the superconformal transformations by nonlinear realization method

{Q,S} =200~

Coset realization of N = 2 superspace

G={H,Q,Q,U}, H={U}, K={HQ,Q}

K(t,0,8) = etH+0Q+0Q t, 6, @ are the coordinates on the coset
eQFEQ gH+0Q+6Q _ g'H+0'Q+0'Q . 5t —j(cf +20), 60 =¢c, 06 =
Note:  ePeB =exp {A+ B + 3 [A,B] + 2 ([A [A B]] + [[A,B],B]) +



Coset realization of SU(1,1|1):
¢ =1{H,D,K,Q,Q,S,5,U}, H = {U}, K =1{H,D,K,Q,Q,S,S}
K = eftH eaQ+§Q glub gizK e<s+§§
e =K'H, eBTPK=KH
Note: efBe A =eAB, 1AB=B, AAB=[AB], A2AB=IAIAB],
ot =i(e0 + £9), 00 =e, 00 =g
§'t =i(nd + 7o), 80 =n(t —i00), §'0 = q(t +100)
&' (dtd?9) = 0, §'D=—2indD, &§'D=-2i70D
X = x(t) + 6 — Gep(t) + 0F (1), §'X =i(nd + 76) X

N
s_/dtda DxDx+~yln:x /dt{x i — ) — ’YT(Z/W}

Multi-particle generalization (N=2 superconformal Calogero):

S—/dtdze( ZDf)CaDDCa-l—'yZInDCa—DCb)

a#b



N=4 superconformal mechanics

The standard N'=4, 1D superspace:
{to0 =@) ), k=12
Supersymmetry transformations from the A'=4, 1D superconformal group D(2,1; a):
5t = i(6E — e F), 56k = ex, 56K = &;
8t = —i(m O — TO)t + (1 + 2a)6;0 (mF* + 7¥6).
80 = it — 2iab 07 + 2i(1 + )Py —i(1 + 2a)m ;0
1o} 0 .

Covariant derivatives ~ DX = — +i@¥ Dy = — +i6¥
26, +i6%5 k= 5% +i6%5

Some types of the N'=4, 1D superfields:
@ DD X =m, DD X =m, [D¥,Dy]X =0 - scalar superfield, (1,4,3) multiplet
o Dvik) =0, Dlvk) =0 - vector superfield, (3,4,1)
Superconformal models (X = (VKV;y )1/2 for vector superfield):
S ~ /dtd40 xX~Y2 for a#£ —1; S~ /dtd40 XInX  fora=-1
D - n - 7 o F(y,
In components S~ /dt {xz +i (wkzpk — wkwk) — g—i_xi(;pzp)

More general formulations of A’'=4, 1D models is achieved in harmonic superspace



Harmonic superspace for N=4, 1D SUSY models

[A. Galperin, E. Ivanov, S. Kalitsyn, V. Ogievetsky, E. Sokatchev; 1984]
[E. Ivanov, O. Lechtenfeld; 2003]

R— symmetry

N'=4, 1D SUSY algebra {H, QK, Q¢ = (@Y, J'k 'k)} ik=1,2

su,_(2) SuR(2)
Standard\'= 4, 1D superspace {H, QK, Qx = (Q¥)*, a'k, Ii,kl}/{.] ik Iilk,}
Standard superspace coordinates {t,é)k,ék = (Gk)+}

suL(2) algebra: Jk) — {Ji, Jo }, J% — u(1) generator

N'=4, 1D harmonic superspace {H, QK, Qx = (Q¥)*, a'k, Ii,kl}/{.]o, Ii,kl}

Harmonic superspace coordinates {t,ek,e’k, uii }

Harmonic coordinates u~ parametrize the sphe@“ ~ SU(2)/U(1)



Parametrize S2 ~ SU(2)/U(1) by two SU(2) spinors

+ — +i
u, u- = (uth)
which subject to the constraint
e = et +u- = e
utum =1 = yu —uuT = e

and are defined up to a U(1) phase transformations

ut — ei“ui+, u- — e*iauI

uf  ug
= () € su@.  full-glullh, gESU@, heuw
2 2
i,k are SU(2) indices; + are U(1) charges

Any function on S2 ~ SU(2)/U(1) must have a definite U(1) charge q

o0
(a) — i1--intgls-dnyt = e =
) (u)_E ¢ Uiy Ui U Uy for n>0
n=0

Harmonic functions are defined up to the transformations ®(®) — el®dd(d),
The use of such parametrization of S? has the advantage of manifest SU(2) covariance



Covariant derivatives on the harmonic sphere S?2:

Dii:u.ii =g+, D°:u.+i—ufi580
" ouT out ! au”
[D++,D__]:DO, [DO,Dii]::I:ZDii

Harmonic fields satisfy
D2 ¢(@ = q @

Harmonic integrals:

+ = e = _
/duu(il...uimuj1 ...ujn)_O,

/dul:l,

/duF(q):O if q#0



Central basis in harmonic superspace:
ak £ | —
{t,ek,e,ui ={z,u}
The N'=4, 1D Poincare supersymmetry:
8t =i(0E — ), 6 =&, =2 sut=0
Analytic basis in harmonic superspace:

{tA,ei,éi,uii}z{zA,u}, 0= =oluF, Ft=0ur,  ta=t—i(0tF +0707)

|
Analytic superspace
{tA’9+’9_+7uii E{C,U}
is closed under N'=4 Poincare SUSY (and under N'=4 superconformal symmetry)

Sty = —2i(5_0_+ + 9-%—5—)7 §0T =t = aiuf’, §0t =zt = a_iui'*', (Suii =0

Covariant derivatives D¥ = Diuii, D* = liiuii in analytic basis:
0] — 0] 0 = — 17}
=), Dt = ————, D™ =——— +2i0"9,, D™= — +2i079,
96— 06— a6+ " a0+ "

DT W(z,u) =Dt W¥(z,u) =0 = V= W((,u)

D+



Vector superfield (3,4,1) multiplet
D+v++ — |5+V++ =0 D++v++ =0
Central basis:
DttV+t =0 = V*+t= V'k(z)u*'uz'
DtV++ = D+v++ =0 = DliyK) — D(Ivkl) 0
Analytic basis:

Dtv+tt =DtV+tt =0 = V+t= V_++(C,U . o B .
DHVFT =0 = Vvt =vkutuf +otyiut + 07 ut +i0T0+(F +2vkutul)

S = fy/dt d*6duz (v**, D=V, (D), u)

+v' /dt dotdgt duct (VT u)

first term = V/dtH(V)<\'/ik\'/ik+F2>

second term = 'y’/dt {FV(V) +\7ikAik(V)}
Ok A — Ot Aik = (€10 — @)Y — monopole— like potential



Hypermultiplet (4,4,0) multiplet

D*qf =D*qf =0, D*Tqi =0, (aF)=ePqf, ab=12
Central basis: _
Dftaf =0 = ai =ai(z)y’
D+qf = 5+qa+ -0 = D(iq‘;) _ ﬁ(iq‘;) —0
Analytic basis:

D*gd =D*aq =0 = af =ad(¢u) ) L
Dttqf =0 = qf =flut +0txa+0txa+ 20070 iu~
a a-ij I

S = ﬂ//dt d*0du £ (a5,D~ a7, u)
+v /dtd9+d§+ du ™ (gf,u)
first term = y/dt Gab () fify,

second term = «//dtf'iaAia(f)

Aia  — self— dual gauge potential



The N'=4 superconformal matrix model (uy = dudtd*6, “(_2) = dud¢(-=2):

' g T i -2
szf%/uHTr(xz)JF%/ug )voz+z++'§c/ug ) Trv+

Superfield contents:

@ hermitian matrix superfields XX = (X8):

DX =0, DFD™X =0, (DD~ +DTD7)X=0;
@ analytic superfields Z; (¢, u): D+ z+ =0;
@ the gauge matrix connection V7F(¢, u).
D+ =D 4 iV, DHX = DX +i [V, X], et

The superfield Vy((, u) is defined by the integral transform (Xo = Tr (X))

xo(t,Gi,G_‘):/duVo (0% 005 [



Symmetries
@ The N'=4 superconformal symmetry D(2,1; o) with o = —% ~ OSp(4/2):
§X=—NX, 8'ZF =AZt, §VTH =0, AN=2ia(f 0" —n0"), Ag=2A—D DA
It is important that just the field multiplier Vg in the action provides this invariance.
@ The local U(n) invariance:
X’ = erxe—iN Zt — gzt VHE = gid vt eI _jeid(Dtte—id),
where A2(¢,u®) € u(n) is the ‘hermitian’ analytic matrix parameter, A = X.

Using gauge freedom we choose the WZ gauge: VT = —2i 610 A(ta).
In the WZ gauge: S4=Sp+ Sy,

Sp /dt [Tr(vxvx M) G (Zkvzk—vzkzk) + g(z(izk))(zizk)],
(o (5
_ _ v (Z,z
S = —iTr/dt (wkvwk —V\Ilk\lfk) —/dt M,
Xo
where X =X(ta) + 07V (ta)u" + 0~ Wi (ta)ut +. ., Zt =7t + ...

Xo =Tr(X), Wi =Tr(wh), Wi =Tr(¥).



- imposing the gauge X2 =0, a# b,
- eliminating Ag, a # b, by the equations of motion,
- introducing the new fields Z'}, = (X)'/2Z} (omit the primes):

. 7/dt Zxaxa+ Z(Zkazk 7az )+Z4Tr(sa5b) B nzT(EEOS)?}’

ab (Xa —Xp)?

where  (Sa)d =272}, (8) = X, [(Sa)l — 38l(Sa)k]-
The fields ZX are subject to the constraints

Z8zl=c Va.
g/dtZ(Zkaz'ak _7azy = ZRz)), =g
a
Thus the quantities Sa for each a form u(2) algebras

[(Sa)i, (So)k'To = i6ap { &1(Sa)d — &L (Sa)' } -

Modulo center-of-mass conformal potential, the bosonic limit
Tr(SaSp)
= | t{Sswia+ > Hanor )

is none other than the integrable U(2)-spin Calogero model
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