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INTRODUCTION

INTRODUCTION

The anomalous magnetic moment of the muon

g—2
2 1

a, =
to be measured experimentally and evaluated theoretically, provides
an extremely clean test of the Standard Model (SM) of
elementary particle physics.

Therefore - it is important to achieve in its evaluation the
inequality

(ap® — afl) < A(ap® — ath).
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INTRODUCTION

INTRODUCTION

Another quantity - the running QED fine structure coupling
constant

o(M3),

is also very important to be known with very high precision - as
almost all SM predictions of observable depend on its value.
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INTRODUCTION

INTRODUCTION

In both quantities,
a, and a(M32),

dominant sources of the total uncertainties in theoretical
predictions are hadronic contributions, which can be reduced to
the calculation of dispersion integrals through

otor(eT e — hadrons).

Almost all evaluations of these integrals have been carried out by
the integration through existing experimental data points on
otor(€T e — hadrons), joining them by straight lines, i.e. by
using the so-called " trapezoidal rule”.
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INTRODUCTION

INTRODUCTION

In this contribution we would like to demonstrate, how the errors
of the evaluated integrals through two-body total cross-sections
o(ete™ — MM) and o(ete™ — yM) can be reduced by
exploiting the Unitary and Analytic (U& A) model of EM structure
of the nonet of pseudoscalar mesons

7T+7 7r077T77 K+7 K07 Ro’ Ki? 777 77/

in comparison with evaluation of the same integrals and at
the same energy intervals by the numerical integration through
experimental points.
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MUON g-2 ANOMALY

MUON g-2 ANOMALY

All charged leptons, e, u~, 7~ (and also their antiparticles) are
described by the Dirac equation.

The magnetic moments of these particles are related to the
spin by means of the expression

ﬁ=g<£;>§ (1)

where the value of gyromagnetic ratio g is predicted theoretically

I.J.R.Aitchison and A.J.G.Hey: Gauge theories in particle physics,
Bristol and Philadelphia, 2003

to be g = 2.
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MUON g-2 ANOMALY

MUON g-2 ANOMALY

However, interactions existing in nature modify g to be
exceeding the value " 2" because of the emission and absorption
of

@ virtual photons (EM effects)

@ intermediate vector and Higgs bosons (weak interaction
effects)

@ vacuum polarization into virtual hadronic states (strong
interaction effects)

Note:
This is true for all three charged leptons, e, u=, 7~
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MUON g-2 ANOMALY

MUON g-2 ANOMALY

In order to describe this modification of g theoretically, the
magnetic anomaly has been introduced by the relation

- 2 a 2 wea 3
a = £ < afl) <a>—|—<a§2)QED+a§2)h d) <a> —1—352) k+0<a>
2 T T T
(2)

where o is the fine structure constant of QED to be
_ 1
a(0) = 137,036°
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MUON g-2 ANOMALY

MUON g-2 ANOMALY

While contribution of agz)weak to the lepton g — 2 anomaly a; in

(2)QED (2)had
I I

comparison with a and a is tiny for all charged leptons,
(2)had

the hadronic contribution a§2)had i.e. :(’Q)W is increasing with
an increase of the lepton mass. :
So, if one would like to look for new physics beyond the SM
(investigating hadronic contributions) the most suitable object
could be the anomalous magnetic moment of the 7~ -lepton
ar.

But its experimental measurement is difficult to be carried
out due to the instability of the 7 particle.
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MUON g-2 ANOMALY

MUON g-2 ANOMALY

On the other hand, the electron anomalous magnetic moment
ag® = 1159652180, 73(0,28) x 1012
is theoretically almost completely described by QED

Aoyama, Hayakawa, Kinoshita, Nio (2014)
i.e. it is not sensitive to hadronic contributions.

Its theoretical error is dominated only by the uncertainty in
the input value of the QED fine structure coupling constant
.
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MUON g-2 ANOMALY

MUON g-2 ANOMALY

The muon anomalous magnetic moment a, - the most
suitable object for theoretical investigations:

@ one of the best measured quantities in physics

BN = 116592080(63) x 1011

@ though its present accurate theoretical evaluation
agM = 116591802(49) x 10~

is still lower than a;®

3t — aSM = 278(80); 3.60,
but further theoretical and experimental improvements
may lead to a revelation of a new physics beyond SM.

@ moreover, a new measurement of it is expected in 2017
G.Venanzoni: The FERMILAB muon g-2 experiment E989,

Contr. to EPS HEP’15 in Vienna
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MUON g-2 ANOMALY

MUON g-2 ANOMALY

had

The hadronic contributions a;?? - represented by

A

Fig.1: The lowest-order hadronic vacuum-polarization
contributions.

A AN AN
A A

@

Fig.2:The third-order hadronic vacuum—polarization contributions.
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MUON g-2 ANOMALY

Some time ago we have evaluated a contribution of the
light-by-light (LBL) diagram (the last one in Fig. 2)

E.Bartos, A.Z.Dubnickova, S.Dubnicka, E.A.Kuraev,
E.Zemlyanaya: Nucl. Phys. B632 (2002) 330 to be

aiPt = (111.20 £ 16.81) x 10~

however the most accurate value has been obtained recently by
A.Dorokhov et al: Contr. to the HS'15 Conf. in Horny Smokovec,
Slovakia

atPt = (168.0 £ 12.5) x 1071
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MUON g-2 ANOMALY

MUON g-2 ANOMALY

We do not see any possibility of an improvement in evaluation
of all the rest of the third-order hadronic vacuum-polarization
diagrams in Fig. 2, in comparison with the recent precise
evaluation carried out by

A.Kurz et al: Phys. Lett B (2014)

However, we see substantial improvement in evaluation of the
lowest-order hadronic vacuum-polarization diagram in Fig.1,
which can be represented

M.Gourdin, E. de Rafael: Nucl. Phys. B10 (1969) 667
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MUON g-2 ANOMALY

MUON g-2 ANOMALY

by the dispersion integral

a 1 (6 0 2 S(eut) dS ata - dS
aflz)h d _ 3<§r)> </4 o &> pdat (s )K(s)+/ SRPQCD(S)K(S)>
m2 S(cut)

with
R(s) = otor(eTe™ — had)/ 47

and

x2(1—x
fO dxﬁ

m\
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MUON g-2 ANOMALY

MUON g-2 ANOMALY

Just in the first integral of (3) instead of integration through
data on o;¢(eTe™ — had) we evaluate contributions separately of

ror(ete = mrrm) = 01— am2 /)3 | Fra(s) |2

Utot(e+e_ — K+K_) = %50)2(1 - 4m%(j:/s)% | FKi(S) |2

% iye% 2 E
ror(eTe™ — KORO) = T8O (1 _4m2/5)2 | Fyo(s) |2
orot(eTe™ = m0y) = T (1 _ 12 /5)3 | Fro (s) 2

T 2
oror(eTe = apy) = "1 m2/s)3 | Fpo(s) P

oror(ete™ = n'y) = "1 12 /s | Fypo(s) P
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RUNNING FINE STRUCTURE CONSTANT OF QED «f(s)

FINE STRUCTURE CONSTANT OF QED afs) at M2

The running fine structure coupling constant of QED «(s) can
be expressed as

_ a0
als) = 1—Aa(s)’

whereby Aa(s) is governed by the renormalized vacuum
polarization function [1,(s).

a(0) = 1/137,036 (4)
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RUNNING FINE STRUCTURE CONSTANT OF QED «f(s)

FINE STRUCTURE CONSTANT OF QED afs) at M2

M,(s) is defined by the Fourier transform of the time-ordered
product of the EM currents Ji,(s) in the vacuum

("q” — g*g"")N,(q%) = i/d4xeiqx < 0| Tliem(x)jem(0)] | 0 >
(5)
Aa(s) = —4ra(0)Re[M4(s) — MN,(0)]. (6)

NOTE: The Aa(s), for instance at s = M2 is large - due to the
large change in scale, going from s — 0 (Thomson limit) to the
mass of Z resonance.
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RUNNING FINE STRUCTURE CONSTANT OF QED «f(s)

FINE STRUCTURE CONSTANT OF QED afs) at M2

In perturbation theory, the leading order contributions
represented by the free fermion loops (see Fig. 3)

f
_ y b
Aa_;‘w@w
Fig.3: The leading light fermion (m¢s < Mz) contributions.
give

Aa(s) = 3( Z fF(In— — g) ()

f f

where Q... the fermion charge; N....the color factor - 1 for
leptons and 3 for quarks.
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RUNNING FINE STRUCTURE CONSTANT OF QED «f(s)

FINE STRUCTURE CONSTANT OF QED afs) at M2

One distinguishes contributions in Aa(s)

e from leptons (e, p, 7)
e from 5 light quarks u,d,c,s,b  (mass < 5GeV)
e from "top” - quark t (mass ~ 175GeV)

Then

Aa(s) = Aay(s) + AP (s) + Aaep(s). (8)
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RUNNING FINE STRUCTURE CONSTANT OF QED «f(s)

FINE STRUCTURE CONSTANT OF QED afs) at M2

The leptonic contributions are calculable in perturbation theory,
where at leading order the free leptons yield

noi(s) = 2D S *, —2] (9)

f=eu,t
Then numerically Aa;(M%) =~ 0.031498.
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RUNNING FINE STRUCTURE CONSTANT OF QED «f(s)

FINE STRUCTURE CONSTANT OF QED afs) at M2

Since the t-quark is heavy (m; > Mz ~ 91GeV), one can not
use the light fermion approximation for it and it decouples like

Aagop(s) ® ——————= —0. (10)
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RUNNING FINE STRUCTURE CONSTANT OF QED «f(s)

FINE STRUCTURE CONSTANT OF QED afs) at M2

A serious problem is the 5 light quarks, u,d,s, c, b contribution

Aa%‘?d(s), due to the light masses of these quarks it can not
be calculated in the framework of the " perturbative” QCD
(PQCD).

Fortunately - one can evaluate it from eTe™ — hadrons data,
like in muon g-2 anomaly, by exploiting dispersion relation

Refl,(s) — ,(0) = ;Re /Oo 5 m(s) 4o (1)

o S(s—s—ie)

and the optical theorem

ImMN,(s) = éatot(eJ“e_ — had). (12)
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RUNNING FINE STRUCTURE CONSTANT OF QED «f(s)

FINE STRUCTURE CONSTANT OF QED afs) at M2

In terms of the total cross-section ratio

oror(ete™ — had)

R(s) = , 13
(=) oror(ete” = utp~) (13)
where )
_ _ 4 (0
senlete™ - o) = 120 (14)
one finally obtains
0) M2 > R(s")
Aal® (M2 :-O‘(ZR/ ds. (15
haa(M2) 37 ¢ am2 S'(s' — M3 — i) s (15)
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U&A EM STRUCTURE MODEL OF NONET OF PSEUDOSCAL#

U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

In construction of the U&A model, EM FFs in o(ete™ — MM)
and o(ete™ — yM) are splitted into isoscalar and isovector parts

Fri(s) = FI=1W(s)

Fs(s) = FIPOIV(s)] + FLAW(s)]
Fro(s) = FLOIV(s)] - FIPLW(s)]

Fros(s) = FIOIV(s)] + FIZ W(s)]
Fin(s) = FISOIV(s)] + FL2[W(s)]

Fua(s) = Fi0IV(s)] + FIZW(s)]
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U&A EM STRUCTURE MODEL OF NONET OF PSEUDOSCAL#

U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

The model takes into account all known properties of FFs:
@ normalization of FFs
asymtotic behaviour as predicted by the quark model
analytic properties of FFs

°
°

@ unitarity conditions of FFs
@ reality conditions of FFs

°

experimental fact of a creation of vector mesons in
eTe™ — had process

o then F/=1(s) are saturated by p, o/, p”, etc and F'=0(s) by
w’ ¢a wl’ ¢/7 etC'
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U&A EM STRUCTURE MODEL OF NONET OF PSEUDOSCAL#

U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

Experimental fact of the creation of p,w, ¢, p',w’, ¢, etc. in
eTe™ — hadrons in the first approximation is taken into account
by VMD models with stable vector mesons

2

m
Fu(s) =Y ——(fumv/f 16
m(s) a m%/_s( vmv /fv) (16)
my,
Fin(s) = 3 —Y—(fuv /fy) (17)
o my —s

which automatically respect the asymptotic behaviors

F(S)[s]—s00 = Fy()[s|s00 ~ 5 (18)

of pseudoscalar meson and transition EM FFs.
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U&A EM STRUCTURE MODEL OF NONET OF PSEUDOSCAL#

U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

The VMD models are unitarized by an incorporation of two-cut
approximation of the analytic properties of EM FFs with the help
of the non-linear transformations

s — gV 4(51‘;1 B S(‘)/)
=% W) - WER (19)
and . N
5=+ ok = 5) (20)

[1/V(s) = V(s)*
where s and sj are the square-root branch points corresponding
to the lowest possible threshold and s} and s are effective
square-root branch points,
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U&A EM STRUCTURE MODEL OF NONET OF PSEUDOSCAL#

U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

as it is seen from the inverse transformations to (19) and (20)

\/(Sins_vso Y2 (%)1/2 _ \/(Sms—vso )1/2 (?)1/2

0 0

W) = s 1/2 | (5% \1/2 Sh—%0)1/2 _ (5% )1/2
VD 2 e - (5
(21)
ShS\1/2 4 (ST%\1/2 _ . [(Sh=S5\1/2 _ (S=S0\1/2
V(S):M( By 4 ()2 (S (2K
\/(%50)1/24_(?)1/2_1_\/(Sinsgso)lp_(?)l/z
(22)

and they simulate contributions of all higher relevant
thresholds given by the unitarity conditions.
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U&A EM STRUCTURE MODEL OF NONET OF PSEUDOSCAL#

U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

2 2
As a result terms —2%— and —“— in VMD representations are
mW—s mv—s ) )
. : . 1-W2y2 1-V2y2
factorized into asymptotic terms (1—W,§) and (1—Vﬁ/)
completely determining the asymptotic behavior ~ s~ of EM FFs

and into resonant terms

(WNfWrO)(WNJ"WrO)(WN*l/WrO)(WN+1/WrO)
(dW7W,0)(W+W,o)(W*l/W,o)(W+1/W,0) !

an

(Mn=Vi0)(Viv+Vio) (Vv =1/ Vi) (Vv +1/Vio)
(V—Vro)(V+Vr0)(\/—1/V,0)(V+1/Vro) !

giving a resonant behavior around t = m? and for | s |— oo

turning out to finite real constants.
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U&A EM STRUCTURE MODEL OF NONET OF PSEUDOSCAL#

U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

One can prove

1. if mf — FE/4 < Sip = Wi = —Wr*o, Vo = —V:Z)
2.if m? —T2/4 > s, = Wyo = 1/ W, Voo = 1/ V7
which lead in the case 1. to the expressions

m? _(1—W2)2(WN— Wio) (W — W) Wy — 1/ Wio) (Wi — 1/ W)
1-— W3

m?—si (W — Wo)(W — Wo)(W_l/WrO)(W_l/Wo) (23)

23

mg _ (1 — V2)2(VN - rO)(VN - VB)(VN - l/VFO)(VN — 1/\/:6) (24)
m2—s \1-V3 (V = Vi)(V = VNV =1/ Vio)(V — 1/ V%)
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U&A EM STRUCTURE MODEL OF NONET OF PSEUDOSCAL#

U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

and in the case 2. to the following expressions

m; (1 - w2 )2 (Wi — W) (Wi — W) (Wi + Wio) (Wi + W)

m—s \1-W) ~ (W- W (W W)W+ W)W+ W) )
m: (1 — Vz)z(v,\, = Vio)(Vw — Vi) (Vv + Vo) (Vi + V5) (26)
m2—s \1-V3 (V = Vio)(V = V)V + Vio)(V + V)
Introducing the non-zero width of the resonances by a
substitution
2 . 2
m; — (m, —il,/2) (27)

i.e. simply one has to rid of "0"” in sub-indices of the previous two
expressions,
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U&A EM STRUCTURE MODEL OF NONET OF PSEUDOSCAL#

U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

one gets:
in the 1. case

m? (1 - W2)2(W"’ = Wo) (Wi — W) (Wi — L/ W) (W — L/W7) o)

1- Wy (W= W)(W — W) (W — 1/ W) (W — 1/ W)
(YL

2 _
m2—s

1- w3
m? (1 - v2)2(VN — V(i = V) (Vi = 1/ V(e = 1/V7) o,
m2—s 1-V3 (V—=V)(V =VV-1/V)(V-1/Vr)

-(i3) v
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U&A EM STRUCTURE MODEL OF NONET OF PSEUDOSCAL#

U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

and in the 2. case

m? 1— W2\ (Wy — W) (W — W) (W + W) (W + W)
mgfsﬁ(lfW,fl) (W — W)W — W)W+ W) (W + W) (30)
1-w2\?
_ (W) H(W).
m? 1—V2N2 (W = V) (Vi = V) (v + Vi) (W + V)
m275%<17Vﬁ,) (V—=V)V -V VEVYV+VE) (31)

- (%)2%(”.
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U&A EM STRUCTURE MODEL OF NONET OF PSEUDOSCAL#

U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

So, every FI=1[W(s)] and F/=O[V/(s)] in

Frx(s), Fk=(s), Fo(s), Fro,(S), Fyry(s), Fiy~(s) EM FFs
represents one analytic function in the whole complex s-plane,
besides two cuts on the positive real axis, and depends on
only physically interpretable parameters.

Their predictions for the complete nonet of pseudoscalar
mesons are presented in the following Figs.
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U&A EM STRUCTURE MODEL OF NONET OF PSEUDOSCAL#

U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

ABS. VALUE OF CHARGED PION EM FF

5L e B
—10.00 -5.00 0.00 5.00 10.00
t GeV**2

Figure: Prediction of pion EM FF behavior by U&A model.



U&A EM STRUCTURE MODEL OF NONET OF PSEUDOSCAL#

U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

ABS. VALUE OF CHARGED KAON EM FF

-
5]

Figure: Prediction of charge kaon EM FF behavior by U&A model.
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U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

—_
—-

= o
w I

ABS. VALUE OF NEUTRAL KAON EM FF
—-
I

Figure: Prediction of neutral kaon EM FF behavior by U&A model.
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U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

0.01 o

abs. value of pi0 reansition FF

~35.0 ~30.0 ~25.0 ~20.0 ~15.0 10.0 -5.0 0.0 5.0
oy

Figure: Prediction of 7%y transition EM FF behavior by U&A model.
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U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

0.1 7

0.01 o

abs. value of eta transition FF

0.001 ~——
—13. .0 -5.0 -3.0 -1.0 1.0 3.0 5.0
t  GeV#*2

Figure: Prediction of 1y transition EM FF behavior by U&A model.
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U&A EM STRUCTURE MODEL OF NONET OF
PSEUDOSCALAR MESONS

L0 g vy

0.1 4

abs. value of eta’ transition FF

0.01

0.001
-8.0 -6.0 -40 -20 00 20 4.0
t  Gever2

Figure: Prediction of 1/« transition EM FF behavior by U&A model.



EVALUATION OF ete™ — MM AND ete~ — M CONTRIE

EVALUATION OF CONTRIBUTIONS TO MUON g-2
AND o( M2)

Substituting U&A models of F/=1[W(s)] and F/=O[V(s)] with
corresponding numerical values of parameters into two-body
total cross-sections o(ete™ — MM) and o(ete™ — yM), one
is ready to evaluate LO contributions to muon g — 2 anomaly and
a(M2).

In order to have an opportunity to compare our results with other
authors, we shall carry out both, direct data integration and
also integration by exploiting the U&A model of the
corresponding FFs, at the interval of energies

so < s < 2.0449GeV?.
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EVALUATION OF ete™ — MM AND ete~ — M CONTRIE

EVALUATION OF CONTRIBUTIONS TO MUON g-2
AND o( M2)

Results for the muon g — 2 anomaly:

al?® O (ete™ 5 1) x 1071 for 4m2 < s < 2.0449GeV/?2
U&A model integration....5128,2270'¢

direct data integration..... 5031,221“?2:2‘;
K.Hagiwara et al (2007).....5008,2 £ 28,70
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EVALUATION OF ete™ — MM AND ete~ — M CONTRIE

EVALUATION OF CONTRIBUTIONS TO MUON g-2
AND o( M2)

ap? PO etem = KTK™) x 10711 for 4m2 < s < 2.0449GeV/2

: : +1,23
U&A model integration....224,67 753

direct data integration..... 235,763:%
K.Hagiwara et al (2004).....216,2 £ 7,6
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EVALUATION OF ete™ — MM AND ete~ — M CONTRIE

EVALUATION OF CONTRIBUTIONS TO MUON g-2
AND o( M2)

ap? PO ete™ — KOKO) x 107 for 4m% < s < 2.0449GeV/2

. . +0,76
U& A model |ntegrat|on....128,38_0776

direct data integration..... 135,40J_r(1):gg
K.Hagiwara et al (2004).....131,6 £ 3,1
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EVALUATION OF ete™ — MM AND ete~ — M CONTRIE

EVALUATION OF CONTRIBUTIONS TO MUON g-2
AND o( M2)

aZad,LO(eJref — 1%9) x 1071 for m2, < s < 2.0449GeV/?

U&A model integration....53,72 + 0, 36
M.Davier et al (2011)....... 44,2 +£1,94
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EVALUATION OF ete™ — MM AND ete~ — M CONTRIE

EVALUATION OF CONTRIBUTIONS TO MUON g-2
AND o( M2)

aZad,LO(e+ef — 7]7) % 10711 for m72r0 <s < 20449Ge\/2

U&A model integration....11,55 + 0, 08
M.Davier et al (2011)....... 6,40 £0,24
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EVALUATION OF ete™ — MM AND ete~ — M CONTRIE

EVALUATION OF CONTRIBUTIONS TO MUON g-2
AND o( M2)

a2t ete — n/y) x 1071 for m2, < s < 2.0449GeV/?

U&A model integration....20,69 + 9, 65
M.Davier et al (2011)....... ?
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EVALUATION OF ete™ — MM AND ete~ — M CONTRIE

EVALUATION OF CONTRIBUTIONS TO MUON g-2
AND o( M2)

The best present evaluation of the hadronic contribution to the
RUNNING FINE STRUCTURE CONSTANT OF QED «(s) is

Aal?) (M2) = 0.027896 + 0.000395
If we add this result to the calculated value of

A eptons(M2%) = 0.031498,
then for a(s) at the mass of the Z-boson one obtains

a0
o(m%) = 1—5asbses = 1/128,897.

However, by exploiting our U&A model of the EM structure of
pseudoscalar mesons one can still improve this result
substantially.
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CONCLUSIONS

Conclusions

What are the most important sources contributing to error
reduction in the muon g — 2 anomaly and in the running fine
structure constant of QED?
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CONCLUSIONS

Conclusions

@ The U&A model takes into account all known theoretical
properties of the considered EM FFs and always describes
the experimental data by a single analytic function in
the space-like and time-like region simultaneously.

e The U&A model depends on only physically interpretable
parameters to be determined in a fitting of the data also
outside the integration region, which leads to a decrease of
the errors

@ The U&A model predictions are mainly given by data with
small errors and to large extent neglect the data points with
huge uncertainties. Just the latter contribute importantly
to the result error in the direct integration through data
points!
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Thank you for your
attention.
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