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T
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s φ
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eters.

A
 m

eth
o
d

o
f

th
e an

aly
sis

o
f

in
teg

rab
ility

 o
f

sy
stem

(1
) b

ased
o
n

p
o
w

er
tran

sfo
rm

atio
n
s

[B
ru

n
o
: 

1
9
9
8
] 

an
d

co
m

p
u
tatio

n
o
f

n
o
rm

al

fo
rm

s
n
ear

statio
n
ary

so
lu

tio
n
s

o
f

tran
sfo

rm
ed

sy
stem

s
(see

[B
ru

n
o
: 

1
9
7
1
] an

d
C

h
.II

in
[B

ru
n
o
: 1

9
7
9
]) w

as
p

ro
p

o
sed

in
[B

ru
n
o
, E

d
n
eral: 

2
0
0
9
; B

ru
n
o
, E

d
n
eral:

2
0
1
3
].
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e
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y
s
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s

V
ib
ra
tio
n
 p
ro
b
le
m
s
 w
ith
 p
a
ra
m
e
te
rs
, s
ta
b
ility

 
c
o
n
d
itio

n
s
: 

•
D
u
ffin

g
 e
q
u
a
tio
n
, b
lo
c
k
in
g
 g
e
n
e
ra
to
r

•
P
re
d
a
to
r-p

ra
y
 m
o
d
e
l

•
A
u
to
c
e
n
te
r o

f tu
rb
in
e
s

•
A
s
tro

d
y
n
a
m
ic
s

•
A
 lo
t o
f o
th
e
r m

e
c
h
a
n
ic
a
l ta

s
k
s

•
E
le
c
triс

c
irc
u
s
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.t.c
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p
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e
x
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n
s
?

•
L
e
t u

s
 s
e
a
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h
 th

e
 v
a
lu
e
s
 o
f p

a
ra
m
e
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rs
 th

e
 

s
y
s
te
m
 is
 in
te
g
ra
b
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?

•
T
h
e
n
 
w
e
 
try
 
to
 
fin
d
 
th
e
 
firs
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in
te
g
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o
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m
o
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n

•
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A
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es o
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e p
aram

eters are th
ere ex

act so
lu

tio
n
s?

I.e. at 

w
h
ich
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es o
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aram
eters th

e sy
stem

 is in
teg
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le?
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L
et λ

1 , λ
2 , ... , λ

n
b

e eig
en

v
alu

es o
f th

e m
atrix

A
. If at least o

n
e o

f th
em

 λ
i

≠
0

, 

th
en

 th
e statio

n
ary

 p
o
in

t X
=

 0
 is called

 an
 elem

en
ta
ry

statio
n

ary
 p

o
in

t. In
 th

is 

case th
e sy

stem
 (2

) h
as a n

o
rm

al fo
rm

 w
h

ich
 is eq

u
iv

alen
t to

 a sy
stem

 o
f lo

w
er 

o
rd

er [B
ru

n
o
:1

9
7

9
]. If all eig

en
v

alu
es v

an
ish

, th
en

 th
e statio

n
ary

 p
o
in

t X
=

 0
 

is called
 a
n
o
n
elem

en
ta
ry
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n

ary
 p

o
in

t. In
 th

is case th
ere is n

o
 n

o
rm

al fo
rm

 

fo
r th
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stem

. B
u

t b
y

 u
sin

g
 p

o
w
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rm
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n
s, a n

o
n
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en

tary
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n
ary

 

p
o
in

t X
=

 0
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 b
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w
n
 u
p

to
 a set o
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n
ary

 p
o
in

ts. 
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fter 
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le 
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m
p
u
te 

th
e 

n
o

rm
al 

fo
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an
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v
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co
n
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n
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ru

n
o
:1

9
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9
7
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L
o
c
a
l a
n
d
 g
lo
b
a
l p
ro
b
le
m
s

•
L
o
c
a
l p

ro
b
le
m
s
a
re
 re

s
e
a
rc
h
 in

 th
e
 s
m
a
ll 

n
e
ig
h
b
o
u
rh
o
o
d
 o
f a

 s
o
m
e
 p
o
in
t. D

iffe
re
n
t 

s
e
rie
s
 
is
 
a
 
v
e
ry
 
s
p
re
a
d
 
m
e
th
o
d
 
o
f 
lo
c
a
l 

a
n
a
ly
s
is
.

•
G
lo
b
a
l 
p
ro
b
le
m
s

a
re
 
re
s
e
a
rc
h
 
in
 
s
o
m
e
 

d
o
m
a
in
 o
f th

e
 p
h
a
s
e
 s
p
a
c
e
.

•
T
o
 
c
o
n
n
e
c
t 
lo
c
a
l 
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n
d
 
g
lo
b
a
l 
a
p
p
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e
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w
h

en
th

e
first

q
u

asi-h
o
m

o
g

en
eo

u
s

ap
p

ro
x
im

atio
n

o
f

(M
)

is

E
ach

au
to

n
o

m
o

u
s p

lan
ar q

u
asi-h

o
m

o
g

en
eo

u
s sy

stem
 (H

) h
as an

 in
teg

ral, b
u

t it can
 

b
e n

o
t an

 an
aly

tic
fo

rm
. W

e are in
terested

 to
 h

av
e th

e lo
cal in

teg
rab

ility
o

f (H
). It 

is n
ecessary

 fo
r th

e in
teg

rab
ility

o
f (M

).

If yo
u
 kn

o
w
 th
e first in

teg
ra
l o
f m

o
tio
n
 o
f a
 p
la
n
a
r system

 th
en

yo
u
 kn

o
w
 its 

so
lu
tio
n
.
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In
 th
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ap

er w
e w

ill stu
d
y
 sim

p
le p

artial case w
h

ere D
is ch

o
sen

 in
 su

ch
 w

ay
 

th
at c=

1
/b

. In
 v

iew
 o

f T
h

eo
rem

 1
, th

e first q
u

asi-h
o
m

o
g

en
eo

u
s ap

p
ro

x
im

atio
n
 

h
as an

 an
aly

tic in
teg

ral b
u
t it is n

o
t a H

am
ilto

n
ian

 sy
stem

. W
e w

ill stu
d

y
 th

e 

in
teg

rab
ility

 
p

ro
b
lem

 
fo

r 
en

tire 
sy

stem
 
(S

) 
w

ith
 
th

e 
first 

q
u

asi-h
o

m
o
g

en
eo

u
s 

ap
p

ro
x
im

atio
n

 (H
)

S
o

 w
e co

n
sid

er th
e 5

 p
aram

eters sy
stem

 w
ith

 b
 ≠

0
.
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T
h

e ratio
n

ality
o

f
th

e
ratio

λ
1 /λ

2
an

d
th

e co
n

d
itio

n
A

(see
[B

ru
n
o
:1

9
7

1
,1

9
7

9
]) 

are
n

ecessary
an

d
su

cien
t

co
n

d
itio

n
s

fo
r

lo
cal

an
aly

tical
in

teg
rab

ility
 o

f
a p

lan
ar

sy
stem

n
ear

an
elem

en
tary

statio
n

ary
p

o
in

t. 

T
h

e co
n

d
itio

n
A

is
a stro

n
g

alg
eb

raic
co

n
d
itio

n
o

n
co

efficien
ts

o
f

th
e n

o
rm

al

fo
rm

. It co
n

sists o
f in

fin
ite n

u
m

b
ers o

f alg
eb

raic eq
u

atio
n
s o

n
 p

aram
eters. 

F
o

r
a 

lo
cal

in
teg

rab
ility

 
o

f
o

rig
in

al
sy

stem
(1

) 
n

ear
a 

d
eg

en
erate

(n
o
n

elem
en

tary
) statio

n
ary

p
o
in

t, it
is

n
ecessary

to
h

av
e

lo
cal

in
teg

rab
ility

n
ear

each
o

f
elem

en
tary

statio
n

ary
p

o
in

ts, w
h

ich
are

p
ro

d
u

ced
b
y

th
e

b
lo

w
in

g
u

p

p
ro

cess
d

escrib
ed

b
elo

w
.

T
h

e 
alg

o
rith

m
fo

r
calcu

latio
n

o
f

th
e

n
o

rm
al

fo
rm

, 
an

d
o
f

th
e 

n
o

rm
alizin

g

tran
sfo

rm
atio

n
to

g
eth

er
w

ith
th

e co
rresp

o
n

d
in

g
co

m
p
u
ter

p
ro

g
ram

are
b

riefly

d
escrib

ed
in

[E
d

n
eral:2

0
0

7
].
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In
 [B

ru
n
o
:1
9
7
1
] w

a
s
 p
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v
e
d
 th

a
t th

e
re
 a
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o
n
d
itio

n
s
 o
n
 th

e
 

n
o
rm

a
l fo

rm
 (1

5
), w

h
ic
h
 g
u
a
ra
n
te
e
 th

e
 c
o
n
v
e
rg
e
n
c
e
 o
f th

e
 

n
o
rm

a
liz
in
g
 tra

n
s
fo
rm

a
tio
n
 (1

3
).
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